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Central Dogma of Molecular Biology (F. Crick, 1970, Nature)

 The study of the genetic
information contained in any
organism:

1 Finding coding sequences
in the DNA.

2 Measuring the abundance
of RNAs.

3 Studing the diversity of
Proteins.
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DNA Microarray : A ”new” technology for transcriptome studies.

National Human Genome Research Institute, http://www.genome.gov/
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The ratio of red and green fluorescence intensities for each spot is
intended to be indicative of the relative abundance of the transcripts in
the test condition compared to the reference condition:

M = log2

(
R

G

)
= log2(R)− log2(G )

A =
1

2
(log2 (R) + log2 (G )) = log2

(√
RG
)
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Example

Genomic and Biotechnology of the Fruit laboratory (GBF)

tomato microarrays

Data:

18 conditions
13056× 2 measures per microarray
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High variability of microarray data:

RNA extraction

hybridization conditions (temperature, humidity, . . . )

image acquisition

heat and light sensitivities for Cy3 (Green) and Cy5 (Red)

. . .

 Normalization procedures!
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Two ”standard” normalization procedures:

within arrays (print-tip loess)

between arrays (quantile normalization)

Software package limma:

Smyth, G. K. (2005). Limma: linear models for microarray data. In:
’Bioinformatics and Computational Biology Solutions using R and
Bioconductor’. R. Gentleman, V. Carey, S. Dudoit, R. Irizarry, W.
Huber (eds), Springer, New York, pages 397–420.
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Warping model:
G = F ◦ H−1

where

F is a stochastic function such as E(F ) = f (amplitude variation)

H is a strictly increasing stochastic function such as E(H) = φ (phase
variation)

The structural expectation:

fES
def
= f ◦ φ−1
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Data:
Yij = Fi ◦ H−1

i (tij) + εij , i = 1, . . . , n, j = 1, . . . ,m

where

Fi ∼ F are iid

Hi ∼ H are iid

tij ∈ [a, b] ⊂ R
εij are iid with mean 0 and variance σ2

Elie Maza INP-ENSAT – INRA (laboratoire GBF)

Manifolds, a new framework for warped curves analysis



Plan Microarray data analysis Issue Some solutions New framework

−3 −2 −1 0 1 2 3

0.
0

0.
2

0.
4

0.
6

0.
8

1.
0

1.
2

Elie Maza INP-ENSAT – INRA (laboratoire GBF)

Manifolds, a new framework for warped curves analysis



Plan Microarray data analysis Issue Some solutions New framework

−3 −2 −1 0 1 2 3

0.
0

0.
5

1.
0

Elie Maza INP-ENSAT – INRA (laboratoire GBF)

Manifolds, a new framework for warped curves analysis



Plan Microarray data analysis Issue Some solutions New framework

−3 −2 −1 0 1 2 3

0.
0

0.
5

1.
0

Elie Maza INP-ENSAT – INRA (laboratoire GBF)

Manifolds, a new framework for warped curves analysis



Plan Microarray data analysis Issue Some solutions New framework

Solution:

1 Alignement of curves.

2 Estimation of mean of aligned curves.
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Shift model

Model:
Yij = f (tj − θ∗i ) + εij , i = 1, . . . , n, j = 1, . . . ,m,

with

f : R→ R an unknown T -periodic function

θ = (θ∗i )i=1,...,n an unknown shift parameter

∀j = 1, . . . ,m, tj = j−1
m T ⊂ [0,T [

∀i = 1, . . . , n, (εij)j=1,...,m are iid and N (0, 1)
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Shift model

Other model:

dil = e−ilα∗i cl(f ) + wil , i = 1, . . . , n, l = −(m − 1)/2, . . . , (m − 1)/2,

with

(cl(f ))l∈Z the Fourier coefficients of f :

∀l ∈ Z, cl(f ) =
1

T

∫ T

0
f (t)e−i2π tl

T dt

α∗ = (α∗i )i=1,...,n =
(

2π
T θ
∗
i

)
i=1,...,n

the normalized shift parameter

∀i ∈ {1, . . . , n}, (wil)l=−(m−1)/2,...,(m−1)/2 are complex iid variables

with mean 0 and variance 1
n
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Shift model

Contraste:

Mn(α) =
1

n

n∑
i=1

l=m−1
2∑

l=−m−1
2

δ2l |c̃il(α)− ĉl(α)|2

with

c̃il(α) = e ilαi dil are the scaled Fourier coefficients

ĉl(α) = 1
n

∑n
i=1 c̃il(α) are the mean coefficients

(δl)l∈Z is such that
∑

l∈Z δ
2
l < +∞

Remark: c̃il(α
∗) = cl(f ) + e ilα∗i wil and ĉl(α

∗) = cl(f ) + 1
n

∑n
i=1 e ilα∗i wil
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Shift model

Semi-parametric Estimation of Shifts. F. Gamboa, J-M. Loubes
and E. Maza. Electronic Journal of Statistics, Vol. 1, 2007, 616–640.
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Phase model

Model:
Yij = f ◦ H−1

i (tj), i = 1, . . . , n, j = 1, . . . ,m,

with

f : [a, b]→ R a continuous function

∀j = 1, . . . ,m, tj = a + (j − 1) b−a
m−1 ⊂ [a, b]

Hi ∼ H are iid, continuous and strictly increasing
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Phase model

Idea: if f is strictly increasing, then(
f ◦ H−1

i

)−1
= Hi ◦ f −1

hence
E
((

f ◦ H−1
i

)−1
)

= E (Hi ) ◦ f −1 = φ ◦ f −1 = f −1
ES
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Quantile normalization

Bolstad et al. (2003)

Let X ∼ F a random variable.

Let X 1, . . . ,X i , . . . ,Xm iid such that Fi = F .

Let, for all i ∈ {1, . . . ,m}, X i
1, . . . ,X

i
j , . . . ,X

i
n iid such that X i

j ∼ X i .

Let, for all i ∈ {1, . . . ,m}, X i
(1), . . . ,X

i
(j), . . . ,X

i
(n) the order statistics.

The quantile normalization is defined, for all j ∈ {1, . . . , n}, by

X̂(j) =
1

m

m∑
i=1

X i
(j)
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Quantile normalization

Remark

For all i ∈ {1, . . . ,m}, assuming

X i = Hi (X )

we have
Fi = F ◦ H−1

i

Remark: Bolstad et al. (2003) assume that H = Id .
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Quantile normalization

Proof

1 Non parametric estimation of the structural expectation of a
stochastic increasing function. J.-F. Dupuy, J.-M. Loubes and
E. Maza, Statistics and Computing, 2011.

F̂−1 =
1

m

m∑
i=1

F̂−1
i

P−−−−−→
m→+∞

F−1

2 Statistical properties of the quantile normalization method for
DNA microarray analysis. S. Gallón, J.-M. Loubes and E.
Maza, preprint.

X̂(j) =
1

m

m∑
i=1

X i
(j)

P−−−−−→
m→+∞

X(j)
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Quantile normalization

Example: for i ∈ {1, 2}, let

fi = P1i ×N
(
M1i ,S

2
1i

)
+ P2i ×N

(
M2i ,S

2
2i

)
with M1i ∼ U [−1.8,−1.2], M2i ∼ U [1.2, 1.8], n = 1000 and

Simulation 1:

P11 = P12 = 0.6

P21 = P22 = 0.4

S1i ∼ U [0.2, 0.8]

S2i ∼ U [0.7, 1.3]

Simulation 2:

P1i ∼ U [0.45, 0.75]

P2i = 1− P1i

S11 = S12 = 0.5

S21 = S22 = 1
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Quantile normalization
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Quantile normalization
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Quantile normalization
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Quantile normalization

Limites

Simulation 1:
Fi ≈ F ◦ H−1

i

Simulation 2:
fi ≈ f ◦ H−1

i
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Idea

Euclidean mean µ ∈ Rn :

µ̂ = arg min
µ∈Rn
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[
d
(
X i , µ

)]2

Intrinsic mean η ∈M :

η̂ = arg min
η∈M

m∑
i=1

[
δ
(
X i , η

)]2
Intrinsic mean η ∈M :

η̂ = arg min
η∈{X 1,...,Xm}

m∑
i=1

[
δ̂
(
X i , η

)]2
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Shift model

Model:
X j

i = f (tj − Ai ) , i ∈ {1, . . . , n}, j ∈ {1, . . . ,m}

with

f : R→ R an unknown function

A an unknown real valued variable

Ai ∼ A iid

tj ∈ R
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Shift model

We define the structural median of the stochastic function f (· − A) by

fSM = f (· −med(A))

A natural estimator of fSM is

f̂SM =
(
f
(
t1 − m̂ed(A)

)
, f
(
t2 − m̂ed(A)

)
, . . . , f

(
tm − m̂ed(A)

))
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Shift model

Let

X : R → Rm

a 7→ X (a) = (f (t1 − a) , f (t2 − a) , . . . , f (tm − a))

Lemma: The set
C = {X (a) ∈ Rm, a ∈ R}

is a 1-dimensional embedded manifold, with distance

δ (X1,X2) =

∣∣∣∣∫ a2

a1

∥∥X ′(a)
∥∥da

∣∣∣∣
where X1 = X (a1) and X2 = X (a2).
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Shift model

Theorem: we have µ̂1
I = f̂SM.
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Shift model
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Example:

f (t) = exp
(
−t2

)
A ∼ U (]− 1, 1[)

n = 30, m = 2

t1 = 0.5, t2 = 1

Elie Maza INP-ENSAT – INRA (laboratoire GBF)

Manifolds, a new framework for warped curves analysis



Plan Microarray data analysis Issue Some solutions New framework

Shift model
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Shift model

−2 −1 0 1 2

0.
0

0.
2

0.
4

0.
6

0.
8

1.
0

Elie Maza INP-ENSAT – INRA (laboratoire GBF)

Manifolds, a new framework for warped curves analysis



Plan Microarray data analysis Issue Some solutions New framework

Application
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3 Some solutions
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Phase model
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Idea
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Shift model
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Application

0 5 10 15

0.
00

0.
05

0.
10

0.
15

0.
20

0.
25

Bolstad
Intrinsic mean 

Elie Maza INP-ENSAT – INRA (laboratoire GBF)

Manifolds, a new framework for warped curves analysis



Plan Microarray data analysis Issue Some solutions New framework

Application
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Application
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Application
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Thank you for your attention!
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