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Figure: Uncertainty study and management in an industrial approach.
Source: Bertrand Iooss, ENBIS-EMSE 2009 Conference, Saint-Étienne, July 2009.
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Context: hydraulic modelling in presence of uncertainties

Mean estimation by Monte-Carlo sampling

Mean estimation by multilevel Monte-Carlo (MLMC) sampling

Extension of this MLMC estimator to various statistics

Extension of these MLMC tools to data assimilation

Extension of these MLMC tools to sensitivity analysis

Application: modelling the hydraulic state of the Garonne

Conclusion, perspectives and references

Miscellaneous
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Computer experimentation in hydraulics
Application: the Garonne river between Tonneins and La Réole

Framework: hydraulic network over the Garonne river

I length: 647 km,

I drained area: 55.000 km2,

I a Garonne flood in 2009 at Marmande.
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Computer experimentation in hydraulics
Application: the Garonne river between Tonneins and La Réole

Framework: hydraulic network over the Garonne river

I length: 647 km,

I drained area: 55.000 km2,

I a Garonne flood in 2009 at Marmande.

Application: focus on the section Tonneins - La Réole

I from Tonneins (s = 13 km) to La Réole (s = 62 km),

I observation station at Marmande (s = 13 km),

I length: 50 km,

I mean slope: 3.3 m.km−1,

I mean width: 250 m,

I bank-full discharge ≈ mean annual discharge = 1.000 m3.s−1.
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Computer experimentation in hydraulics
Discharge and water level, solutions of the shallow water equations

Navier-Stokes equations (NSE)

modeling the free surface flow dynamics with the hydraulic state:

{Q(s, t) : discharge [m3.s−1]; h(s, t) : water level [m]}

Shallow water equations (a.k.a. Saint-Venant equations in 1D)

derived from NSE based on the following assumptions:

I height � width,

I small bathymetry variations,

I hydrostatic pressure.

⇒ Hyperbolic system of partial differential equations representing:

I subcritical flows (flow velocity < wave velocity),

I supercritical flows (flow velocity > wave velocity),

I hydraulic jumps (abrupt slowing down ⇒ rather abrupt rise).
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Computer experimentation in hydraulics
The software MASCARET in the field of free-surface flow
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Computer experimentation in hydraulics
Modelling water levels and flow rates for a river using MASCARET

Simulator: MASCARET software (using our Python API)

I simulates the one-dimensional shallow water equations,

I returns the hydraulic state (Q, h),

I over a discrete hydraulic network {sin, sin + ∆s, . . . , sout},
I at different times {t1, t1 + ∆t, . . . , tT}.

Applications: dam-break wave simulation, reservoir flushing and
flooding, low flow, flood spreading, ...

MASCARET inputs
I bathymetry and roughness coefficients,

I upstream/downstream boundary conditions,

I lateral inflows,

I initial conditions.
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Computer experimentation in hydraulics
Water level uncertainty quantification by Monte-Carlo methods

Uncertain parameters

I Strickler coefficient Ks ,

I upstream flow Qin.

Quantities of interest

I water level at Marmande,

I even at different sites.

Uncertainty management

I statistics (e.g. mean or
variance),

I sensitivity indices (e.g.
Sobol’ indices),

I excess probabilities,

I covariance matrices for
data assimilation,

I ...

Bottleneck
Variance of Monte-Carlo
estimators vs. Simulator cost
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Monte Carlo (MC) sampling
Implementation facility vs. computational cost

The physical phenomenon

f : X → R
x 7→ y = f (x)

The considered simulator

fL : X → R
x 7→ yL = fL(x)

where L denotes an accuracy level assumed satisfying.

Uncertainty framework

Input parameters x = (x1, . . . , xd) are uncertain:

I x is an instance of the r.v. X = (X1, . . . ,Xd) ∼ L(X1, . . . ,Xd)

Thus, the outputs y := f (x) and yL := fL(x) are uncertain:

I y is an instance of the r.v. Y = f (X) ∼ L(Y ) = ?

I yL is an instance of the r.v. YL = fL(X) ∼ L(YL) = ?
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Monte Carlo (MC) sampling
Implementation facility vs. computational cost

MC estimation of mean, covariance, variance, ...
For any application g : X → R and any sample size N:

1. Build a N-sample
(
X(i), g

(
X(i)

))
1≤i≤N .

2. Estimate statistics of interest by MC sampling:

Mean: m̂N [g(X)] =
1

N

N∑
i=1

g
(

X(i)
)

Covariance: ĉN

[
g(X), g(X̃)

]
=

1

N − 1

N∑
i=1

(
g
(

X(i)
)
− m̂N

)(
g
(

X̃(i)
)
− m̂N

)

Variance: ŝ2
N [g(X)] =

1

N − 1

N∑
i=1

(
g
(

X(i)
)
− m̂N

)2

⇒ Accuracy ∼ O
(
N−1/2

)
vs. computational cost ∼ O (m,h,d,w) .
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Solution: The multi-level MC (MLMC)
e.g. MC expectation using codes with increasing accuracy and cost

Let {f`}`≥0 be a sequence of simulators with:

I Y` ≡ f`(X) and Y−1 ≡ 0,

I increasing accuracy |E [Y` − Y ]|,
I increasing computational cost C`.

Expressing the expectation as a telescoping sum

E[YL] = E[Y0] +
∑L

`=1 E[Y`] − E[Y`−1]

EML
L [Y ] = E0[Y0] +

∑L
`=1 E`[Y`] − E`[Y`−1]

where

I E`[Y`′ ] := m̂N` [f`′(X)] = 1
N`

∑N`
i=1 Y

(`,i)
`′ ≈ E[Y`′ ]

I Y
(`,i)
`′ ≡ f`′

(
X(`,i)

)
I X(`,1), . . . ,X(`,N`) a N`-sample with X(`,1) ∼ L(X).
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Solution: The multi-level MC (MLMC)
e.g. MC expectation using codes with increasing accuracy and cost

Cost and variance of the MLMC estimator (Giles, 2008)

C ≡
L∑
`=0

N`C` V ≡
L∑
`=0

V`/N`

I C` = computational cost of Y` − Y`−1.

I V` = variance of Y` − Y`−1.

∀ accuracy ε s.t. E
[(
EML
L [Y ]− E[Y ]

)2
]
< ε2, there are

N0,N1, . . . ,N` satisfying the optimal cost:

C = ε−2

(
L∑
`=0

√
V`C`

)2

.

⇒ When V`C` increases (resp. decreases), C is reduced by factor
VL/V0 (resp. C0/CL) compared to standard MC with level L.
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Solution: The multi-level MC (MLMC)
e.g. MC expectation using codes with increasing accuracy and cost

Theorem (Giles, 2008)

Let {M`}∞`=0 ∈ N+ with an exponential increase s.t. M`/M`−1 ≥ a
for some fixed a.

Let α, β, γ be positive constants s.t.:

(i) |E [Y` − Y`−1]| . M−α` (ii) V` . M−β` (iii) C` . Mγ
` .

Then, ∀ε > 0, ∃L, ∃{N`}0≤`≤L s.t. E
[(
EML
L − E[Y ]

)2
]
< ε2, the

overall computational cost verifies:

C . ε−
γ
α + ε−2

(
1β>γ + |log(ε)|2 1β=γ + ε−

γ−β
2 1β<γ

)
⇒ Up to a logarithmic term, the computational cost is reduced by

a factor of the order of ε
min(2α,β,γ)

α vs. standard MC with level L.
Remark: M` represents the “complexity” of the software at level `.
For example, we can choose M` = 2` when the size of the mesh
differs by a factor of 2 between levels `− 1 and `.
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Efficient computation of MLMC expectation
Sequential selection of N` and L (Giles, 2015)

1. Initialization:

I Lmin, Lmax = minimal, maximal number of levels
I L := Lmin = current number of levels
I N

[1]
0 ,N

[1]
1 , . . . ,N

[1]
L = small initial sample sizes

2. For each iteration it and each level l :

2.1 Simulate the N
[it]
` -sample of (Y`−1,Y`).

2.2 Compute empirical mean and variance of Y` − Y`−1.
2.3 Estimate α and β by linear regression
2.4 Estimate the optimal number of simulations N`,opt

2.5 If N`,opt � N`,
Back to Step 2. with it := it + 1

Else if accuracy not reached and L < Lmax

Add a finer level L := L + 1
Initialize the variance and the cost YL − YL−1

Update N0,opt, . . . ,NL,opt

Back to Step 2. with it := it + 1
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Extension of the MLMC approaches
to more general quantities (Bierig and Chernov, 2015)

MLMC estimator built from unbiased MC estimators
Let:

I θ be the quantity to be estimated

I {θ`}`≥0 be a sequence of approximations of θ = lim`→∞ θ`
I θ̂` be an unbiased MC estimator of θ`,

Then, we may defined the corresponding MLMC estimator:

θ̂ML
L =

L∑
`=0

θ̂`,` − θ̂`−1,`, θ̂−1,0 ≡ 0,

with:

I E
[
θ̂ML
L − θL

]
= 0,

I E
[
θ̂ML
L − θ

]
= θL − θ

L→∞−→ 0.
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General MLMC framework
MLMC estimators of covariance and variance

For uncertainty quantification and data assimilation purposes, we
are particularly interested in estimating variances and covariances.

Unbiased covariance MLMC estimator
Let Y and Z be two r.v. Then, we have:

CML
L [Y ,Z ] =

L∑
`=0

C`[Y`,Z`]− C`[Y`−1,Z`−1]

where C`[Y`′ ,Z`′ ] = N`
N`−1E` [(Y`′ − E`[Y`′ ]) (Z`′ − E`[Z`′ ])].

Special case: the unbiased variance MLMC estimator

VML
L [Y ] ≡ CML

L [Y ,Y ] =
L∑
`=0

V`[Y`]− V`[Y`−1]

where V`[Y`′ ] ≡ C`[Y`′ ,Y`′ ].
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General MLMC framework
Mean square error decomposition and bias/variance trade-off

Mean square error (MSE) of a MLMC estimator

MSE
(
θ̂ML
L , θ

)
≡ E

[(
θ̂ML
L − θ

)2
]

= V
[
θ̂ML
L

]
+ Bias

(
θ̂ML
L , θ

)2

= MSE
(
θ̂ML
L , θL

)
︸ ︷︷ ︸

sampling error
COST

+ |θL − θ|2︸ ︷︷ ︸
discretization error

ACCURACY

if θ̂ML
L is unbiased

Objective

Controlling the MSE of the MLMC estimator θ̂ML
L using a sequence

of number of evaluations {N`}0≤`≤L balancing:

I its cost (= sampling error)

I its accuracy (= discretization error).
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General MLMC framework
Bounding the variance of a MLMC estimator2

θ̂ML
L = . . . V

[
θ̂ML
L

]
≤ . . .

EML
L [Y ]

∑
`≤L

1

N`
V[∆Y

` ] (equality)

CML
L [Y ,Z ]

1

2

∑
`≤L

1

N` − 1

[√
M4[∆Y

` ]M4[ΣY
` ] +

√
M4[∆Z

` ]M4[ΣZ
` ]

]

VML
L [Y ]

∑
`≤L

1

N` − 1

√
M4[∆Y

` ]M4[ΣY
` ]

where:

I ∆Y
` ≡ Y` − Y`−1,

I ΣY
` ≡ Y` + Y`−1,

I M4 denotes the fourth central moment.

2
For EML

L [Y ], see Giles, 2008. For VML
L [Y ], see Bierig and Chernov, 2015.
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Estimating a covariance by MLMC methods
Extending the results of Bierig and Chernov, 2015

Theorem
Let Y and Z be r.v. Let Y` and Z` be their approximations at level `.

Let C` be the cost of an evaluation at level `.
Let (M`)`≥0 be an exponentially increasing sequence of positive integers
satisfying M`/M`−1 ≥ a for some fixed a > 1.
Moreover, assume that there exist constants α, β, γ > 0 s.t.:

(i) |C[Y`,Z`]− C[Y ,Z ]| . M−α
` ,

(ii)
√
M4[∆Y

` ] +
√
M4[∆Z

` ] . M−β
` , (iii) C` . Mγ

` ,

and assume that M4[Y`] and M4[Z`] are uniformly bounded.
Then for any 0 < ε < e−1, there exist an integer L and a sequence of
positive integers (N`)`≥0 s.t. E

[
(CML

L [Y ,Z ]− C[Y ,Z ])2
]
< ε2 and:

Costε
(
CML
L [Y ,Z ]

)
. ε−

γ
α + ε−2

(
1β>γ + log(ε)21β=γ + ε−

γ−β
2 1β<γ

)
.
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Let (M`)`≥0 be an exponentially increasing sequence of positive integers
satisfying M`/M`−1 ≥ a for some fixed a > 1.
Moreover, assume that there exist constants α, β, γ > 0 s.t.:

(i) |C[Y`,Z`]− C[Y ,Z ]| . M−α
` ,

(ii)
√
M4[∆Y

` ] +
√
M4[∆Z

` ] . M−β
` , (iii) C` . Mγ

` ,

and assume that M4[Y`] and M4[Z`] are uniformly bounded.

Then for any 0 < ε < e−1, there exist an integer L and a sequence of
positive integers (N`)`≥0 s.t. E

[
(CML

L [Y ,Z ]− C[Y ,Z ])2
]
< ε2 and:

Costε
(
CML
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Numerical experiments for MLMC covariance
Study case: a stochastic differential equation - Presentation

An ordinary differential equation with a random coefficient
du(t, ω)

dt
= a(ω)u(t, ω), t ∈ (0, 1], a ∼ N (µ, σ2)

u(0, ·) = U0,

whose solution u(t, ·) = U0e
at ∼ lnN (µt + lnU0, σ

2t2) is a
log-normal process.

Statistics with analytical formulation

E[u(t, ·)], V[u(t, ·)], C[u(t1, ·), u(t2, ·)], C[a, u(t, ·)], M4[u(t, ·)]
and M4[a].

Definition of the different levels
M` = 16× 2` esquispaced points at level `
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Numerical experiments for MLMC covariance
Study case: a stochastic differential equation - Results
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Extending the MLMC techniques
to data assimilation

Ensemble Kalman filtering

I MLMC covariance matrices based:
I either on a direct application of the MLMC covariance, using a

worst-case strategy and sparse matrices
I either on an extension of the theorem dedicated to the

covariance, using a MSE definition dedicated to covariance
matrices.

I MLMC Ensemble Kalman filtering (see Hoel et al, 2016)
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Extending the MLMC techniques
to sensitivity analysis

Sobol’ index S(Xi) = V[E[Y |Xi ]]/V[Y ]

1. S(Xi ) ∝ V[E[Y |Xi ]] ← trick for MLMC + dimensioned value

2. Rewrite V[E[Y |Xi ]] = C
[
Y ,Y {i}

]
with Y {i} = f (X∼i ,X

′
i )

where X ′i is an independant copy of Xi .

3. Apply MLMC techniques for the covariance.

Extension of Janon, 2013
Let

{
S

(`)
i ,Ψ`(N)

}
0≤`≤L

be a sequence of pick-and-freeze estimators

of the Sobol’ index S(Xi ) where Ψ` : N∗ → N∗ and
Ψ0(N) > Ψ1(N) > . . . > ΨL(N) ≡ N.
Then, we define the multi-fidelity estimator:

SML
i ,N =

L∑
`=0

S
(`)
i ,Ψ`(N) − S

(`−1)
i ,Ψ`(N)
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Extending the MLMC techniques
to sensitivity analysis

Theorem (Concentration inequality; extension of Janon, 2013))

If ∀` ∈ {0, 1, . . . , L}, limN→∞Ψ`(N) =∞,
Then, for any sequence of accuracy levels {α`}0≤`≤L in ]0, 1[, we
have:

lim
N→∞

P

[∣∣∣SML
i ,N − Si

∣∣∣ ≤ L∑
`=0

q(α`)
σ`√

Ψ`(N)

]
≥ 1−

L∑
`=0

α`

with q(a) = Φ−1(1− a/2) σ0 = V[A0−B0/2]

(V[Y0])2

σ` = σ`−1 + V[A`−B`/2]

(V[Y`])2 − 2 Cov[A`,A`−1]−(Cov(A`,B`−1)+Cov(B`,A`−1))+Cov(B`,B`−1)/2

V[Y`]V[Y`−1]
, ` > 0

with A` = (Y` − E[Y`])(Y
{i}
` − E[Y`]) and B` = (Y` − E[Y`])

2 + (Y
{i}
` − E[Y`])

2.
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Application of MLMC in hydraulic modeling
Coming back to the Garonne river

Output of interest:

I Water level at Marmande h

Uncertain inputs:

I Strickler coefficient Ks

Ks ∼ N (35, 3.6)

I Upstream flow Q
Q ∼ N (1500, 102)

MLMC parameters:

I Levels:
` ∈ {0, 1, . . . , Lmax}

I Finest level: Lmax = 6

I Number of nodes by level:

I Nx,0 = 25 nodes
I Nx,` = 2` × N0 nodes

CPU time(Y`) ∼ O(20.98`):

0. 0.2 s

1. 0.3 s

2. 0.6 s

3. 1.1 s

4. 2.3 s

5. 4.5 s

6. 8.9 s
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Application in hydraulic modeling
Results concerning the mean of the water level

|Mean (Y` − Y`−1)| ∼ O
(

2−α`
)

α = 1.21

|Variance (Y` − Y`−1)| ∼ O
(

2−β`
)

β = 1.90
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Application in hydraulic modeling
Results concerning the mean of the water level

Accuracy: ε = 5.000e − 03
I Number of runs:

I Level 0: 14738 runs
I Level 1: 624 runs
I Level 2: 268 runs
I Level 3: 86 runs
I Level 4: 38 runs
I Level 5: 34 runs
I Level 6: 13 runs

I Comparison at ` = 6:
I MLMC ≈ 317 runs
I MC ≈ 11482 runs

I Savings: 36.24
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Application in hydraulic modeling
Results concerning the variance of the water level

Accuracy: ε = 1.000e − 02
I Number of runs:

I Level 0: 3030 runs
I Level 1: 257 runs
I Level 2: 146 runs
I Level 3: 42 runs
I Level 4: 15 runs

I Comparison at ` = 4:
I MLMC ≈ 294 runs
I MC ≈ 11482 runs

I Savings: 4.39
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Application in hydraulic modeling
Results concerning a Sobol’ index

Accuracy: ε = 1.000e − 03
I Number of runs:

I Level 0: 341489 runs
I Level 1: 46837 runs
I Level 2: 15202 runs
I Level 3: 9915 runs
I Level 4: 4273 runs
I Level 5: 1347 runs
I Level 6: 677 runs

I Comparison at ` = 6:
I MLMC ≈ 11407 runs
I MC ≈ 97651 runs

I Savings: 8.56
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Conclusion

I General framework for MLMC approach
I Extension to the covariance case:

I Theorem
I Adaptative algorithm

I Practical extension to the target “cost” (adaptative algorithm)
I Successfully applied to an analytical test case

I Expectation, variance, covariance
I Comparison of the computed and theoretical bounds

I Successfully applied to an hydraulic problem
I Expectation, variance, covariance, numerator of Sobol’ indices
I Important reduction of the computation cost

I Straightforward extension of the multi-fidelity estimator for
Sobol’ indices
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Perspectives

I Publication: work in progress :-)
I Extension of the MLMC covariance estimator to the case of

covariance matrices
I Data assimilation

I Extension of the MLMC pick-and-freeze Sobol’ index to the
case of a set of MLMC pick-and-freeze Sobol’ indices

I Sensitivity analysis

I Application of the MLMC methods to an hydraulic problem
based on an unstructured mesh

I MLMC strategy for the construction of multifidelity surrogate
models (e.g. cokriging)

I MLMC strategy for excess probabilities
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Assimilation de données par filtre de Kalman

Modèle d’observation

Yo = GXb + ε

où Xb ∼ N
[
Xt ,B

]
, ε ⊥ Xb et ε ∼ N [0,R]

↓

Vecteur gaussien de l’observation et de l’analyse(
Xa

Yo

)
∼ N

[(
xb

Gxb

)
,

(
B BGT

GB GBGT + R

)]
↓

Estimation de l’analyse (accompagnée d’une mesure d’erreur)

xa = E[Xa|Yo = yo ]

= xb + BGT
(

GBGT + R
)−1 (

yo − Gxb
)
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