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Context
Observations:

Bacteria has limited (external) resources to growth
In steady-state conditions, (colony) growth is exponential

Main idea of resource allocation and growth rate 
modeling

RBA (Resource Balance Analysis) framework: idea 
successfully applied and validated [1]
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Bacteria allocates their limited resources 
optimally to maximize their growth rate

[1] Goelzer et al., Quantitative prediction of genome-wide resource allocation in bacteria, 
Metabolic Engineering, 2015



Objective

RBA based on a deterministic assumption of gene 
expression: the bacteria is capable of producing an 
exact number (the optimal one) of each type of 
proteins

Observation: protein production (gene expression) 
is stochastic

Objective

Presentation of ongoing work (on metabolism)
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Add stochastic behavior of gene expression in the 
modeling of resource allocation and growth rate



Brief overview of RBA (1/2)
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Brief overview of RBA (2/2)
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C1/C4: E, nu
C2: R, C

C3: E, R, C

C1

C2

C3

C4

!Simplification to add stochastic behavior!
Metabolism only



Modeling of stochasticity

Assumptions:
Biomass composition is known: 𝑐 is known

Stochastic behavior follows an exponential distribution

Modeling as a stochastic optimization problem
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max
𝐸∈ℝ+

𝑛 , 𝜈∈ℝ𝑛
𝔼  𝐸 ~ exp(𝐸) max(𝑐𝑇𝜈)

𝑠. 𝑡.  

𝑆𝜈 = 0
Σ 𝛼𝑖𝐸𝑖 ≤ 𝑐𝑜𝑠𝑡

𝜈 ≤ 𝑘  𝐸



Modeling as a two stage problem
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 𝐸 ~ exp 𝐸 ⟺  𝐸 = 𝐸𝜉 𝑤𝑖𝑡ℎ 𝜉~ exp 1 : same distribution

max
𝐸∈ℝ+

𝑛 , 𝜈∈ℝ𝑛
𝔼  𝐸 ~ exp(𝐸) max(𝑐𝑇𝜈)

𝑠. 𝑡.  

𝑆𝜈 = 0
Σ 𝛼𝑖𝐸𝑖 ≤ 𝑐𝑜𝑠𝑡

𝜈 ≤ 𝑘  𝐸

max
𝐸∈ℝ+

𝑛
𝑓 𝐸 = 𝔼𝜉 ~ exp 1 𝑔 𝐸, 𝜉

𝑠. 𝑡. Σ 𝛼𝑖𝐸𝑖 ≤ 𝑐𝑜𝑠𝑡

𝑔 𝐸, 𝜉 = max
𝜈∈ℝ𝑛

(𝑐𝑇𝜈)

𝑠. 𝑡.  
𝑆𝜈 = 0
𝜈 ≤ 𝑘𝐸𝜉

 Two-stage with recourse problem [2]
 Algorithm exists if a stochastic sub-gradient of f can be computed [3]

[2] R.J.B. Wets, Programming under uncertainty: the equivalent convex problem, SIAM 
Applied Mathematics, 1966
[3] Nemirovski et al., Robust stochastic approximation approach to stochastic programming, 
SIAM Journal Optimization, 2009



Algorithm
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Results

“Full rank” network: it is possible to parameterize 
all the network fluxes by one flux                               
𝑆𝜈 = 0 ⟺ 𝜈 = 𝑀𝜈0

Analytical solution can be obtained

𝜈0
𝑠𝑡𝑜 =

𝑐𝑜𝑠𝑡

Σ𝑖=1,…,𝑛 𝛼𝑖/𝑘𝑖

2 < 𝜈0
𝑑𝑒𝑡 =

𝑐𝑜𝑠𝑡

Σ𝑖=1,…,𝑛𝛼𝑖/𝑘𝑖

𝐸𝑖
𝑠𝑡𝑜 =

𝛼𝑖/𝑘𝑖 𝑐𝑜𝑠𝑡

Σ𝑖=1,…,𝑛 𝛼𝑖/𝑘𝑖

𝐸𝑖
𝑑𝑒𝑡 =

𝛼𝑖/𝑘𝑖 𝑐𝑜𝑠𝑡

Σ𝑖=1,…,𝑛𝛼𝑖/𝑘𝑖

Numerical experiments are consistent with 
analytical results on a “full rank” CCM network
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Improvements

Exponential distribution assumption: not 
consistent with observations

Taniguchi et al., Quatifying E. Coli proteome and transcriptome

with single-molecule sensitivity in single cells, Science, 2011

Behavior of algorithm on non “full rank” networks 
and results on whole metabolism

How to include the other processes and how to 
compute a solution
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