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Matrix factorisation in data processing

Data often available in matrix form.
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Matrix factorisation in data processing

Data often available in matrix form.
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Matrix factorisation in data processing

Data often available in matrix form.
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Matrix factorisation in data processing

Data often available in matrix form.
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Matrix factorisation in data processing

dictionary learning
low-rank approximation
factor analysis

latent semantic analysis
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Matrix factorisation in data processing

dictionary learning
low-rank approximation
factor analysis

latent semantic analysis
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Matrix factorisation in data processing

for dimensionality reduction (coding, low-dimensional embedding)
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Matrix factorisation in data processing

for unmixing (source separation, latent topic discovery)
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Matrix factorisation in data processing

for interpolation (collaborative filtering, image inpainting)
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Nonnegative matrix factorisation
N A
\LQQ;\\ v[ H ]

N samples

A

F features
<
N

\J

» data V and factors W, H have nonnegative entries.

» nonnegativity of W ensures interpretability of the dictionary, because
patterns wy and samples v,, belong to the same space.

» nonnegativity of H tends to produce part-based representations, because
subtractive combinations are forbidden.

Early work by Paatero and Tapper (1994), landmark Nature paper by Lee and Seung (1999)
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PCA dictionary with K = 25

red pixels indicate negative values
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NMF dictionary with K =

UEEEFE

experiment reproduced from (Lee and Seung, 1999)
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NMF for latent semantic analysis

(Lee and Seung, 1999; Hofmann, 1999)

court president
government | served
council governor
culture secretary
supreme senate

. constitutional | congress
Encyclopedia entry: 9

'Constitution of the
United States'

president (148) flowers disease
congress (124) leaves behaviour
power (120) plant glands
united (104) perennial contact
constitution (81) flower symptoms
amendment (71) plants skin

pain

infection

~ X

A\ w hn

reproduced from (Lee and Seung, 1999)
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NMF for hyperspectral unmixing

(Berry, Browne, Langyville, Pauca, and Plemmons, 2007)
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reproduced from (Bioucas-Dias et al., 2012)
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NMF for audio spectral unmixing

(Smaragdis and Brown, 2003)

Input music passage
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reproduced from (Smaragdis, 2013)
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Maximum marginal likelihood estimation
Definition
Algorithms
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Traditional NMF

Minimise a measure of fit between V and WH, subject to nonnegativity :

Wm0, D(V|WH) = Zd V]| [WH]z),

where d(x|y) is a scalar cost function, e.g.,

squared Euclidean distance (Paatero and Tapper, 1994; Lee and Seung, 2001)
generalised KL divergence (Lee and Seung, 1999; Finesso and Spreij, 2006)
Itakura-Saito divergence (Févotte, Bertin, and Durrieu, 2009)

a-divergence (Cichocki et al., 2008)

[B-divergence (Cichocki et al., 2006; Févotte and Idier, 2011)

Bregman divergences (Dhillon and Sra, 2005)

and more in (Yang and Oja, 2011)

vV vV VY VY VY VY

Regularisation terms often added to D(V|WH) for sparsity, smoothness,
dynamics, etc.
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Probabilistic viewpoint

> Let V ~ p(V|WH) such that
(1) p(VIWH) =TT, p(vin|[WH])
(2) E[V|WH] = WH
» then the following correspondences apply with

D(V|WH) = — log p(V|WH) + cst

l data support \ distribution/noise \ divergence \ examples ‘
| real-valued [ additive Gaussian [ squared Euclidean [ many ‘

integer multinomial weighted KL word counts

integer Poisson generalised KL photon counts

. multiplicative .
nonnegative P Itakura-Saito spectral data
Gamma

enerally non- . . eneralises

& 2y Tweedie [B-divergence &

negative above models
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Probabilistic viewpoint

> Let V ~ p(V|WH) such that
(1) p(VIWH) =TT, p(vin|[WH])
(2) E[V|WH] = WH
» then the following correspondences apply with

D(V|WH) = — log p(V|WH) + cst

l data support \ distribution/noise \ divergence \ examples ‘
| real-valued [ additive Gaussian [ squared Euclidean [ many ‘

integer multinomial weighted KL word counts
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. multiplicative .
nonnegative P Itakura-Saito spectral data
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enerally non- . . eneralises

& 2y Tweedie [B-divergence &

negative above models

» NMF sometimes cast as maximum likelihood estimation of W and H.

» ill-posed estimation, because the number of parameters grows with data
(one hy, for every v,)
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Maximum marginal likelihood estimation

(Dikmen and Févotte, 2011, 2012)

» treat W as a deterministic variable.
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Maximum marginal likelihood estimation

(Dikmen and Févotte, 2011, 2012)

> treat W as a deterministic variable.
> treat H as a random latent variable with prior p(H).
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Maximum marginal likelihood estimation

(Dikmen and Févotte, 2011, 2012)

> treat W as a deterministic variable.
> treat H as a random latent variable with prior p(H).
» optimise the marginal likelihood of V and W :

min — log p(V|W) = — Iog/ p(VIWH)p(H)dH.
W>0 H
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Maximum marginal likelihood estimation

(Dikmen and Févotte, 2011, 2012)

» treat W as a deterministic variable.

> treat H as a random latent variable with prior p(H).

® + + +

optimise the marginal likelihood of V and W :
min — log p(V|W) = — Iog/ p(VIWH)p(H)dH.
w>0 H

better-posed than traditional NMF (fixed number of parameters)
better-behaved with respect to scales

self-regularisation of the rank observed in practice

hard-to-obtain estimator that mingles optimisation and integration steps
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Maximum marginal likelihood estimation

(Dikmen and Févotte, 2011, 2012)

> treat W as a deterministic variable.
> treat H as a random latent variable with prior p(H).
» optimise the marginal likelihood of V and W :

min — log p(V|W) = — Iog/ p(VIWH)p(H)dH.
W>0 H

better-posed than traditional NMF (fixed number of parameters)
better-behaved with respect to scales
self-regularisation of the rank observed in practice

® + + +

hard-to-obtain estimator that mingles optimisation and integration steps

Background

> inspired by ICA & sparse coding, latent Dirichlet allocation (LDA),
statistical estimation with nuisance parameters

» fully-Bayesian methods treat both W and H as random parameters and
aim at p(W,H|V)
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Maximum marginal likelihood estimation

(Dikmen and Févotte, 2011, 2012)

Expectation-Maximisation : complete data V with H and optimise
QUWIW) = - [ log p(V. HIW)p(HIV. W)dH
H

p(H|V, W) not available in most models.
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Maximum marginal likelihood estimation

(Dikmen and Févotte, 2011, 2012)

Expectation-Maximisation : complete data V with H and optimise
QUWIW) = - [ log p(V. HIW)p(HIV. W)dH
H

p(H|V, W) not available in most models.

Resort to
» variational EM : g(H) ~ p(H|V, W)

QYB(WIW) = - [ log p(V. HIW)q(H)dH
H
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Maximum marginal likelihood estimation

(Dikmen and Févotte, 2011, 2012)

Expectation-Maximisation : complete data V with H and optimise
QUWIW) = - [ log p(V. HIW)p(HIV. W)dH
H

p(H|V, W) not available in most models.
Resort to

» variational EM : g(H) ~ p(H|V, W)
QYB(WIW) = - [ log p(V. HIW)q(H)dH
H
» Monte-Carlo EM : H®) ~ p(H|V, H)

QVE(WIW) = = "log p(V,H?|W)
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Experiments
Toy example
Text retrieval
Audio spectral decomposition
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Models
Gamma-Poisson Gamma-Exponential
p(VIWH) | []g, Pois(vam|[WH]sm) | T1f, Exp(vin [WH] )
(Poisson) (multiplicative exponential noise)
p(H|B) [, G(hknlak, Br)
Estimators

» Maximum marginal likelihood estimation (MMLE)

CuL(W, B) = —log p(V|W, 3)

Optimisation with variatjonal EM or MC-EM.
Estimation of H given W in a second step by MAP.

» Maximum joint likelihood estimation (MJLE)
CiL(W, H, 8) = —log p(V,H|W, 3) = — log p(V|WH) — log p(H|3)

Equivalent to penalised NMF.
Optimisation with state-of-the-art majorisation-minimisation.

25



Scales

Let A be a nonnegative diagonal matrix.

MMLE is scale-invariant
CuL (WA AB) = Cu(W, B)

We may set 5y = 1 and let W free.
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Scales

Let A be a nonnegative diagonal matrix.

MMLE is scale-invariant

GuL (WA, AB) = Gu (W, B)
We may set 5y = 1 and let W free.
MJLE is not scale-invariant

CLWA™  AH,AB) = CL (W, H,3) + N log A
k

= degenerate solutions |W| — oo, |H|| = 0, ||3|| — 0.

if ax > 1, we mayset By =1 and let W, H free.
if ap <1 the norm of W needs to be controlled.
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swimmer data

Gamma-Exponential model

Swimmer dataset corrupted by multiplicative exponential noise.

(a) pure samples

T B LT
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swimmer data

Gamma-Exponential model

Swimmer dataset corrupted by multiplicative exponential noise.

(2) pure samples
B I S I 2 (e

(b) marginal log-likelihoods (c) joint log-likelihoods

MJILE

x 10° MMLE

4
-1.25 -gX10
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swimmer data

Gamma-Exponential model

data samples W miLe WyLe
. - - = - T -
¥ _I _F-- f—
T T H —
i S N H 1
[ T
H L7 O P ]
4 I [ |
T ]
w — = M B 3 b
H ) ! -_"'H-\. : : - bt P |
) I-- . . . . - - E

MMLE returns four null columns in W (self-regularisation of rank).
MJLE overfits.
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musiXmatch data

Gamma-Poisson model

v

lyrics of 10,000 songs.

v

bag-of-words representation of each song using the 5,000 most frequent
(stemmed) words.

semantic analysis with MMLE and MJLE.
K = 200.

# occurrences of word f from topic k in song n is reconstructed by :

v

v

v

Wit hin v
[WH]g ™

C.fm =

It follows that V.=, Cv.

29



musiXmatch data

Gamma-Poisson model

Norms ||Cy|| of the components from the two estimators.

5 MMLE . MJLE

20 40 60 80 100 120 140 160 180 200 20 40 60 80 100 120 140 160 180 200

MMLE cancels out about 50 of the components (self-regularisation of rank).
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musiXmatch data

Gamma-Poisson model

4 topics extracted by MMLE and their 5 most representative songs.

(a) hip-hop
(k = 2) get nigga the ya shit like fuck em got hit bitch up off yall ass they that cmon money and
UGK (Underground Kingz) - Murder i the to nigga my a you got murder and it is am from we so with they yo cuz
Big Punisher - Nigga Shit shit that nigga the i and my what to out am in on for love me with gettin you do
E-40 - Turf Drop [Clean] gasolin the my i hey to a it on you some fuck spit of what one ride nigga sick gold
Cam’Ron - Sports Drugs & Entertainment a the you i got yo stop shot is caus or street jump short wick either to on but in
Foxy Brown - Chyna Whyte the nigga and you shit i not yall to a on with bitch no fuck uh it money white huh
(b) metal

(k = 8) god of blood soul death die fear pain hell power within shall earth blind human bleed scream evil holi peac
Demolition Hammer - Epidemic Of Violence  of pain death reign violenc and a kill rage vicious the to in down blue dead cold

Disgorge - Parallels Of Infinite Torture of the tortur by their within upon flow throne infinit are no they see life eye befor
Tacere - Beyond Silence silenc beyond a dark beauti i the you to and me it not in my is of your that do
Cannibal Corpse - Perverse Suffering to my pain of i me for agoni in by and from way etern lust tortur crave the not be
Showbread - Sampsa Meets Kafka to of no one die death loneli starv i the you and a me it not in my is your
(c) girls

(k = 26) she her girl beauti woman & queen sex sexi cloth herself doll shes pink gypsi bodi midnight callin dress hair
Headhunter - Sex & Drugs & Rock’N Roll & sex drug rock roll n is good veri inde and not my are all need dead bodi brain i
Holy Barbarians - She she of kind girl my is the a littl woman like world and gone destroy tiger me on an
X - Devil Doll devil doll her she and a the in is of eye bone & shoe rag batter you to on no
Kittie - Paperdoll her she you i now soul pain to is down want eat fit size and not in all dead bodi
Ottawan - D.I.S.C.O. is she oh disco i 0 s d ¢ super incred a crazi such desir sexi complic special candi

(d) French
(k = 13) je et les le pas dan pour des cest qui de tout mon moi au comm ne sur jai

Veronique Sanson - Feminin cest comm le car de bien se les mai a fait devant heur du et une quon quelqu etre
Nevrotic Explosion - Heritage quon faut mieux pour nous qui nos ceux de la un plus tous honor parent ami oui
Kells - Sans teint de la se le san des est loin peur reve pour sa sang corp lumier larm
Stille Volk - Corps Magicien de les ell dan la se le du pass est sa par mond leur corp vivr lair voyag feu
Florent Pagny - Tue-Moi si plus que un tu mon mes jour souvenir parc
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Spectral data

Gamma-Exponential model

Log power data spectrogram

500F T T T T T T

200 400 600 800 1000 1200 1400 1600
Temporal data

0 5 10 15 20 25 30 35 40

> 40 seconds of God Only Knows by the Beach Boys.

» MMLE decomposition of the spectrogram vg, = |xs,|? with K = 50
components.

» Gamma-Exponential model shown to be a valid generative model of the
spectrogram in (Févotte et al., 2009).

» component reconstruction 6k7fn = %X{n.
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Spectral data

Gamma-Exponential model

" Variance of reconstructed components

x 10
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Spectral data

Gamma-Exponential model

Time—frequency Wiener mask of component 13

re— —

== ! I I =) I
200 400 600 800 1000 1200 1400 1600

Reconstructed component 13
1 T T T T T

audio
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Spectral data

Gamma-Exponential model

Time—frequency Wiener mask of component 18

500 3z
400
300 FESEESEE: EERRREERR 1 wEBED x s owiiie o nEE Ehﬁﬂlﬂﬁiﬁ#
ey rm:nmmﬂg&l!gg
200
100~
200 400 600 800 1000 1200 1400 1600
Reconstructed component 18

1 T T T T T

0 > + danaanss aaadcied
a ‘ ‘ ‘ ‘ ‘ ‘ ‘ ‘

0 5 10 15 20 25 30 35 40
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Conclusions

» MMLE leads to a better-posed estimator than MAP/MJLE
> statistically well-posed (finite number of parameters)
> scale-invariant

» MMLE found empirically to self-regularise rank (for the two models
considered)
> surprising and very appealing result
» Laplace approximation of the marginal likelihood provides a start to explain
this phenomenon, see (Dikmen and Févotte, 2012)
» similar findings in Bayesian Matrix Factorisation in (Nakajima and Sugiyama,
2011; Nakajima et al., 2013), “model-induced regularisation”
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Additive Gaussian model

(Schmidt et al., 2009; Zhong and Girolami, 2009)

Generative model :

Vin = [WH] fn Tt €fn
em ~ N(0,0?)

Anti log-likelihood :
1
—log p(V|WH) = ;DEUC(V|WH) + cst
with Deuc(X[Y) = X = Y|

lll-posed model for nonnegative data as it may generate negative values in
large variance settings.
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Poisson model

(Canny, 2004; Buntine and Jakulin, 2006; Cemgil, 2009)

Generative model :
Vi ~ POiS([WH]fn)

Domain : v4, € N
Anti log-likelihood :

—log p(VIWH) = D¢k (V|WH) + cst

where Deki (X|Y) = 37 x; log ;—; — X;j + yj is the generalized
Kullback-Leibler divergence.

Application : relevant model for counts, long history in photon tomography,
text analysis.
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Multinomial model

(Hofmann, 1999; Blei et al., 2003)

Generative model

Vp ~ Mult(z Vin, Wh),)
f'

where the columns of W and h,, sum to 1.
Domain : vg, € N
Anti log-likelihood :

—log p(VIWH) = " ||vy[|1 Dke (Vs Wh,) + cst
n
where ¥, is the normalized data and Dy (x|y) = }_; x;log 2 is the

Kullback-Leibler divergence between normalized vectors.

Application : relevant model for counts, popular in text analysis.
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Multiplicative Gamma model

(Févotte, Bertin, and Durrieu, 2009)

Generative model :

Vfn = [WH]fn - €fm

€ G(O@ a) (= Gamma distribution with expectation 1)

Domain : v, € RT
Anti log-likelihood :

—log p(V|WH) = a D;s(V|WH) + cst

where Dis(X[Y) = 3", % —log % _
u ij
Application : decomposition of spectrograms.

1 is the Itakura-Saito divergence.
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Tweedie model

(Yilmaz, 2012; Tan and Févotte, 2013)

Additive Gaussian, Poisson and multiplicative Gamma models are special
cases of

Vi ~ T([WH]fnv ¢7 ﬁ)

where T(u, ¢, 8) refers the Tweedie distribution (Tweedie, 1984; Jgrgensen,
1987) defined by

T(x|p, &, B) = h(x, d) exp [; (,6’ i - ;uﬁﬂ

with expectation p, dispersion ¢ and shape 5.
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Tweedie model

(Yilmaz, 2012; Tan and Févotte, 2013)

Additive Gaussian, Poisson and multiplicative Gamma models are special
cases of

Vi ~ T([WH]fnv ¢7 ﬁ)

where T(u, ¢, 8) refers the Tweedie distribution (Tweedie, 1984; Jgrgensen,
1987) defined by

p\B—1 iia

with expectation p, dispersion ¢ and shape 5.

T(x|u, ¢, 8) = h(x, $) exp [1 ( ! xpPt = 1 aﬂ

Underlies the S-divergence Dg(V|WH), a common divergence in NMF, see,
e.g., (Févotte and Idier, 2011).
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