Possibilistic Constraint Satisfaction Problems or łHow to handle soft constraints ?ž

Proceedings of the Eighth Conference of Uncertainty in Artiőcial Intelligence, USA, Stanford (CA), Juillet 1992, pp. 269ś275

Thomas Schiex^∗ CERTśONERA (DERAśGIA) 2, Av. Edouard Belin, BP 4025 31055 Toulouse Cedex FRANCE

Abstract

Many AI synthesis problems such as planning or scheduling may be modelized as constraint satisfaction problems (CSP). A CSP is typically deőned as the problem of őnding any consistent labeling for a őxed set of variables satisfying all given constraints between these variables. However, for many real tasks such as job-shop scheduling, time-table scheduling, design. . . , all these constraints have not the same signiőcance and have not to be necessarily satisőed. A őrst distinctioncan be made between hard constraints, which every solution should satisfy and soft constraints, whose satisfaction has not to be certain. In this paper, we formalize the notion of possibilistic constraint satisfaction problems that allows the modeling of uncertainly satisőed constraints. We use a possibility distribution over labelings to represent respective possibilities of each labeling. Necessity-valued constraints allow a simple expression of the respective certainty degrees of each constraint.

The main advantage of our approach is its integration in the CSP technical framework. Most classical techniques, such as Backtracking (BT), arcconsistency enforcing (AC) or Forward Checking have been extended to handle possibilistics CSP and are effectively implemented. The utility of our approach is demonstrated on a simple design problem.

1 Introduction

There are a lot of publications about constraints, and more speciőcally in the CSP framework, but most of these papers try to tackle the highly combinatorial nature (NP-Hard) of such problems, only considering hard constraints.

This paper gives a clear meaning to what could be a soft constraint, how it may be expressed and how soft constraint satisfaction problems may be solved. Our aim is not to

∗e-mail : schiex@cert.fr or schiex@irit.fr give a łgeneralž theoretical framework for expressing soft constraints (such approaches may be found in [26] using őrst and second order logic to express preferences or in [12], relying on a problem space and a general measure on this space), but to give a speciőc (and hopefully useful) meaning to such constraints leading to łefőcientž solving techniques.

Non standard logics are manifold that allows the expression of probabilities [22], or preferences [27]. In particular, Zadeh’s possibility theory [28] has already been successfully used for modeling uncertainty and preferences in the frame of propositional and őrst-order logic by Dubois, Prade and Lang leading to the so-called łpossibilistic logicž [17]. One of the desirable feature of possibilistic semantics is the tolerance to łpartialž consistency, which allows a sort of paraconsistent reasoning. Another interesting feature of possibilistic logic is the close relationships between necessity measures and GaÈrdenfors łepistemic entrechmentž relation [13].

The main idea is to encapsulate preferences (or respective certainty degree) among labelings in a łpossibility distributionž over labelings. Such a distribution naturally induces two (possibility and necessity) measures over constraints. However, it is not clear how to simply express such a distribution.

A possible answer is to express bounds on necessity (or possibility) measures of constraints, deőning a set of possibility distribution among labelings. One can then deőne a set of łmost possiblež labelings satisfying these bounds.

The structure of the paper is as follows : the section 2.1 recalls how a Constraint Satisfaction Problem may be deőned and which objects are involved ; the section 2.2 presents how a possibility distribution implicitly deőnes measures on constraints ; the section 2.3 shows how bounds on necessity measures over constraints deőne łbestž labelings.

The next section rapidly presents algorithmic issues for possibilistic CSP solving and shows how speciőc satisfaction (Backtrack) and consistency enforcing (Arc-consistency [18]) techniques may be built, taking into account the induced possibility distribution.

In section 3, we give an example of application of possibilistic CSP to a simple design problem. Both representation and solving issues are addressed. Section 4 compares our results with related works and is followed by a presentation of further possible researches.

2 Possibilistic constraint satisfaction problems

2.1 An informal meaning

Let us breaŕy recall the deőnition of a classical Constraint Satisfaction Problem as deőnitions may change among authors.

A typical CSP involves a set X = {x_1, . . ., x_n} of n variables and a set D of n associated domains. Each variable x_i takes its value in its associated domain d_i. In the following, we shall restrict ourself to őnite domains.

Domains and variables are intrinsically bound together to form what we will call a domain-variable. The domainvariable i is deőned as a pair (x_i, d_i) where x_i is a variable and d_i its associated domain. We will call V the set of domain-variables deőned by X and D.

The fact that some domain-variables take some speciőc values in their domains will be represented by a labeling. A labeling l_W of a set W of domain-variables is simply deőned as an application on W such that : ∀i ∈ W, l_W (i) ∈ d_i Alternatively, a labeling l_W will be considered as its map (the set {(x, l_W (x))/x ∈ W }).

Further, a set of constraints C is considered. Each constraint k_i(i_1, . . . , i_{ni} ) on the set of domain-variables V_i = {i_1, . . ., i_{ni} } is a set of labelings of V_i.

We will say that a labeling l_W of W satisőes a constraint k_i(i_1, . . . , i_{ni} ) (noted l_W |= k_i) iff V_i ⊂ W and ∃l ∈ k_i(i_1, . . . , i_{ni} )/l ⊂ l_W . We will say that a labeling is complete iff it is deőned on V , it will be partial otherwise.

Deőnition 2.1 Let us consider l_A and l_B two partial labelings (A ⊂ V , B ⊂ V ). We will say that l_A is more deőned than l_B (noted l_A ⪰ l_B ) iff l_B ⊂ l_A.

A partial labeling l typically represents the set of every complete labeling that are more deőned than l.

We őnally deőne the following algebra over constraints :

For any given constraint k_i(i_1, . . . , i_{ni} ), we will note ¬k_i(i_1, . . . , i_{ni} ) the constraint on V_i that is unsatisőed when k_i is satisőed. ¬k_i(i_1, . . ., i_{ni} ) is simply the complement of k_i(i_1, . . . , i_{ni} ) in the set L_{Vi} of every labelings over V_i ;

Given two constraints k_i and k_j, we will note k_i ∧ k_j the constraint on V_i ∪ V_j that is satisőed when both k_i and k_j are satisőed. k_i ∧ k_j is simply deőned as the set of every labeling l over V_i ∪ V_j such that l |= k_i and l |= k_j ;

Given two constraints k_i and k_j, we will note k_i ∨ k_j the constraint on V_i ∪ V_j that is satisőed when one of k_i or k_j are satisőed. k_i ∨ k_j is simply deőned as the set of every labeling l over V_i ∪ V_j such that l |= k_i or l |= k_j ;

The usual problem is then to őnd a labeling of the domainvariables in V that satisőes the conjunction of every constraint in C. Cryptograms (such as SEND+MORE=MONEY,

LYNDON*B=JOHNSON), the n queens problem,. . . are typ-

ical instances of CSP.

2.2 Modeling soft constraint with possibility and necessity measures

In classical őrst order logic, soft constraint may be formalized through interpretationordering [26]. PossibilisticCSP, as indicated by their name, relies on a possibility distribution over labelings.

Let L_V be the őnite set of all possible labeling of the domain-variables in V . A possibility distribution on L_V is a function π from L_V to [0, 1]. π is said to be normalized if and only if ∃l ∈ L_V such that π(l) = 1. We deőne the sub-normalization degree of π as the quantity SN(π) = 1 − max({π(l)/l ∈ L}). Obviously, SN(π) = 0 iff π is normalized.

Let K be the set of every possible constraints on any nonempty subset of V . The possibility distribution π on L_V induces two functions on K called possibilityand necessity measures respectively noted Π_π and N_π deőned as follows:

Π_π : K → [0, 1] ∀k ∈ K, Π_π(k) = max({π(l), l ∈ L_V , l |= k} ∪ {0})

N_π : K → [0, 1] ∀k ∈ K, N_π (k) = min({1 − π(l), l ∈ L_V , l |= ¬k} ∪ {1}) N_π (k) = 1 − Π_π(¬k)

Let us denote by ⊥ any unsatisőable constraint (there is no l ∈ LV /l |= ⊥ i.e, ⊥ is a constraint that contains no labeling) and by ⊤ the ever satisőed constraint (i.e, the set of all labelings on V , LV ). Nπ(⊤) is obviously equal to 1 i.e., ever satisőed constraints are satisőed ;

Nπ(⊥) = SN(π) which is generally not equal to 0 ! This means that unsatisőable constraint may be somewhat required to be satisőed. This is dependant upon the fact that the possibility distribution π is not required to be normalized. This choice has been made to cope with partial inconsistencies. ∀k1, k2 ∈ K, Nπ(k1 ∧ k2)= min({1 − π(l), l ∈ LV , l |̸= k1 ∧ k2} ∪ {1})

= min({1 − π(l), l ∈ LV , l |̸= k1} ∪{1 − π(l), l ∈ LV , l |̸= k2 } ∪ {1}) = min({Nπ(k1), Nπ(k2)}). The possibility Π_π(k) represents what its name suggests i.e., the possibilityfor the constraint k to be satisőed according to the knowledge of reference. The necessity N_π (k) tends towards 1 when the possibilitythat k being unsatisőed tends toward 0, measuring to what extent the satisfaction of k is entailed by the knowledge of reference (given by π).

Clearly, possibilisticCSP, as possibilisticlogic, is not meant to express fuzzy constraints^1 as measures are attached to precise constraints. The statement łIt is 0.7 necessary that the product be delivered before the 21thž may be translated in possibilistic CSP to something like N_π (D ≤ 21) = 0.7 where D is the variable corresponding to the delivering day. Possibilistic CSP is not intended to modelize a statement such as łThe product should be delivered not too late after the 21thž^2.

Because of the min and max operators, the precise values of necessity or possibility is not so important. The essential is the total pre-order induced by them. Thus, necessity degrees express preference degrees, N_π (k) > N_π (k^′) expressing that the satisfaction of k is preferred to the satisfaction of k^′. Therefore, possibilistic CSP are closely related to Hierarchical CSP as described in the frame of Constraint Logic Programming in [3].

2.3 Possibilistic CSP : deőnition and semantics

The only difference between a classical and a possibilistic CSP is the introduction of necessity-valued constraint instead of simple constraint. A necessity valued constraint is a pair : (k_i(i_1, . . . , i_{ni} ), α) where k_i(i_1, . . . , i_{ni} ) is a classical constraint and α ∈ [0, 1].

A typical possibilistic CSP is then deőned by a őnite set X of variables, a őnite set D of associated őnite domains (deőning a set V of domain-variables) and by a őnite set C of necessity valued constraints. It will be noted either (X, D, C) or (V, C). The necessity-valued constraint (k, α) expresses that N_π (k) ≥ α i.e., that the satisfaction of k is at least αnecessary. The necessity-valued constraint (k, 1) expresses that k should absolutely be satisőed, and therefore takes the usual meaning of a constraint in classical CSP ; (k, 0) is totally useless as it expresses that the necessity measure of k should be at least 0, which is always true.

1Vague relations seen as a fuzzy set of authaurized labeling. See [19,9,25].

2In fact, such a predicate may be decomposed in a set of crisp predicates (α-cuts of the vague constraint). In our case, the domains being őnite, the set of α-cuts is őnite and a given fuzzy constraint may be decomposed in a őnite set of possibilistic constraints. However, this (possibly automatic) conversion may be heavy and the result is (from an expressive view-point) quite distant from the original knowledge.

The notion of łconstraint satisfactionž will now depend on a possibility distribution π on L_V . Let us consider (k, α) a necessity-valued constraint.

We will say that (k, α) is satisőed by π (noted π |= (k, α)) iff the necessity measure N_π induced by π on K veriőes N_π (k) ≥ α. Considering the whole constraint set C, we will say that the CSP (V, C) is satisőed by a possibility measure π iff the necessity measure induced by π veriőes : ∀(k, α) ∈ C, N_π(k) ≥ α Thus a possibilistic CSP has not a set of consistent labeling, but a set of possibilitydistributionson the set of all labelings on V .

If we consider a speciőc distribution π, the most possible labeling will have a possibility equal to (1 − SN(π)) ;

On another hand, if we consider a speciőc (complete) labeling l, its compatibility with the knowledge of reference (noted C(l)) will be the maximum of π(l) for every π which satisőes C. Its incompatibility (noted

I(l)) will be its complement to 1.

Thus the degree of consistency of the possibilistic CSP or

C (V, C) may be deőned as the maximum of 1 − SN(π) for

every π which satisőes C or, equivalently, as the compatibility of the most compatible labeling. Its inconsistency degree I(V, C) will be the complement to 1 of its consistency degree :

C (V, C) = max_{π|=C} (maxl∈L_V (π(l)))

= max_{π|=C} (1 − SN(π)) = max_{l∈LV} (C(l)) ;

I(V, C) = 1 − C (V, C)

= min_{π|=C} (SN(π)) = min_{π|=C} (N_π (⊥)) = min_{l∈LV} (I(l)) ;

Thus, the inconsistency degree of a possibilistic CSP is equal to the smallest necessity degree of the unsatisőable constraint ⊥ for all possibility distribution satisfying C.

The computation of the inconsistency degree of a possibilistic CSP is made easier by the fact that one can deőne a maximal possibility distribution among all possibility distribution satisfying (V, C).

Theorem 2.1 Let P = (V, C) be a possibilistic CSP, we deőne the possibility distribution π^∗_P on L_V by : ∀l ∈ L_V , π^∗_P(l) = min_{(ki,αi)∈C}({(1 − α_i)/l |= ¬k_i} ∪ {1}) Then for any possibility distribution π on L_V , π satisőes P iff π ≤ π^∗_P .

Proof :

π satisőes P iff ∀(ki, αi) ∈ C, π satisőes (ki, αi) iff ∀(ki, αi) ∈ C, Nπ(ki) ≥ αi iff ∀(ki, αi) ∈ C, Inf({1 − π(l)/l |= ¬ki} ∪ {1}) ≥ αi iff ∀(ki, αi) ∈ C, ∀l |= ¬ki, π(l) ≤ 1 − αi iff ∀l ∈ LV , π(l) ≤Inf_{(ki ,αi )∈C}({1 − αi/l |= ¬ki} ∪ {1}) iff ∀l ∈ LV , π(l) ≤ π^∗_P (l).2 Corollary 2.1 We simply conclude that :

C(l) = π^∗_P (l) ;

I(l) = (1 − π^∗_P(l)) ; C (P)= maxl∈L_V (π^∗_P (l))

= 1 − SN(π^∗_P ) = max_{l∈LV} ({min_{(ki,αi)∈C} ({(1 − α_i)/l |= ¬k_i} ∪{1})}) I(P)= 1 − maxl∈L_V (π^∗_P (l))

= SN(π^∗_P ) = min_{l∈LV} (max_{(ki,αi)∈C} ({α_i/l |= ¬k_i} ∪ {0})}) Proof : The two őrst points are immediate.

According to theorem 2.1, we know that :

∀π that satisőes P, π ≤ π^∗_P , i.e., ∀π that satisőes P, ∀l ∈ LV , (1 − π(l)) ≥ (1 − π^∗_P (l)) ∀π that satisőes P, SN(π) ≥ SN(π^∗_P ).

So :

I(P)= minπ|=C (SN(π))

= SN(π^∗_P ) = minl∈L_V (max_{(ki,αi )∈C} ({αi/l |= ¬ki} ∪ {0})}). The corresponding result for the consistency degree is immediate.2

Then, computing the inconsistency degree of a CSP means computing the sub-normalization degree of the distribution π^∗_P . The set of all labeling L_V being őnite, we can deőne the set L^∗_V of all labelings of V such that ∀l^∗ ∈ L^∗_V , π^∗_P(l) = 1 − SN(π^∗_P ). This will be called the set of the best labelings of P. Its elements are the most compatible labelings with the CSP P = (V, C) among every labeling. The problem of őnding a łbest labelingž may be reduced to őnd a labeling l^∗ that solve any of the following equivalent Min-Max optimization problems : C (V, C) = max_{l∈LV} ( min_{(ki,αi)∈C}({1 − αi/l |= ¬ki} ∪ {1})) I(V, C) = min_{l∈LV} ( max_{(ki,αi)∈C}({αi/l |= ¬ki} ∪ {0})) Such problems may be tackled through many classical treesearch algorithms, namely Depth őrst Branch and Bound (DFBB) , α − β, or SSS^∗. . .

2.4 Extending classical CSP algorithms

2.4.1 Generate and Test

The more obvious algorithm to solve classical CSP is the łgenerate and testž algorithm. It traverses the domainvariables in a predetermined order (1, . . . , n). In the tree explored, each node corresponds to a labeling. The root of the tree is the empty labeling, the sons of a node l are obtained by extending the labeling l on (1, . . ., i) with a new variable i + 1 and every possible label in d_{i+1}. The leafs of the trees are complete labelings that may (or not) satisfy every constraint. In a depth őrst exploration of the tree, the őrst labeling that satisőes every constraint is retained.

The corresponding approach in possibilistic CSP will be an optimization problem on the same tree. For each leaf of the tree, we may compute the value of π^∗_P on the corresponding complete labeling. In a depth őrst exploration of the tree, we will retain the set of the labelings that maximize π^∗_P (l).

2.4.2 Test and Generate

The next step towards sophistication (and efőciency) is the łtest and generatež approach, often referred as the łBacktrackž algorithm (BT). The obvious idea is to cut each branch that will necessarily lead to complete labelings that do not satisfy every constraint. Each non-terminal node corresponds to a partial labeling l. To possibly lead to a complete labeling that satisőes every constraint, a partial labeling should be consistent :

Deőnition 2.2 Given a classical CSP (V, C), a partial labeling l_A on the set of domain-variables A ⊂ V will be consistent iff ∀k_i ∈ C such that V_i ⊂ A, l_A |= k_i.

If a partial labeling l looses its consistency property, every labeling l^′ more deőned than l will also be non-consistent. In the case of complete labeling, non-consistency is equivalent with non-satisfaction.

In the case of a depth őrst tree exploration, the property of consistency is simply checked at each node. Backtrack occurs when it is not veriőed. One should note that if a labeling l on {1, . . ., i} is consistent, each labelings l^′ on {1, . . ., i, i + 1} is consistent iff it satisőes the constraints k_j such that V_j ⊂ {1, . . ., i, i + 1} and V_j ⊄ {1, . . . , i}. In the framework of possibilistic CSP, we extend the notion of compatibility to partial labelings.

Deőnition 2.3 The compatibilityof a partiallabeling l_A on A is deőned as the maximum of the compatibility of every complete labeling more deőned than l_A :

C(l_A) = max({C(l)/l ∈ L_V , l ⪰ l_A})

Our aim will be to compute, for each node (i.e. each partial labeling) an upper bound on the compatibility of the partial labeling. An easily computed upper bound of this value is given by : min (k_i,α_i)∈C ({(1 − α_i)/V_i ⊂ A, l_A |= ¬k_i} ∪ {1}) This bound is exact for complete labelings. Moreover, it may be incrementally computed as the tree is traversed downwards : if a labeling l on A has been granted an upperbound β, each labeling l^′ on A ∪ {(x_j, d_j)}, more deőned than l is granted the upper-bound β^′ : β^′ = min({β} ∪ {(1 − α_i) / (k_i, α_i) ∈ C, V_i ⊂ A ∪ {(x_j, d_j)}, V_i ⊄ A, l^′ |= ¬k_i}) For the sake of clarity, given an explicit ordering O = (1, . . . , n) on the domain-variables, we will note C^{j+1}_j the set of the necessity valued constraints (k_i, α_i) such that V_i ⊂ {1, . . . , j, j + 1} and V_i ⊄ {1, . . ., j}. If we note β the upper-bound previously computed on a labeling l on {1, . . ., j} and l^′ a labeling on {1, . . ., j + 1}, more deőned than l, we may compute the upper-bound β^′ on the compatibility of l^′ via :

β^′ = min({β} ∪ {(1 − α_i)/(k_i, α_i) ∈ C^{j+1}_j , l^′ |= ¬k_i})

This decreasing bound is used in a DFBB algorithm to compute one (or every) best labeling. The algorithm simply starts with the empty labeling and extends it according to the vertical ordering O. It maintains two parameters of importance : the number α under which a cutoff should take place (increased each time a complete labeling with an augmented compatibility has been found. It should be initially set to zero to ensure optimality, a cutoff takes place as soon as β ≤ α) and the number β over which no improvement is possible (the bound on the compatibility of the current partial labeling. It should initially be set to 1). These two bounds offer a great deal of ŕexibility :

Typically, if a labeling whose possibility is lower than a is considered as useless, the algorithm should be called with α set to a,allowing a more efőcient pruning of the tree ;

On the opposite side, if a labeling of possibility b is considered as enough, the algorithm should be called with β set to b, allowing the algorithm to stop as soon as a β consistent labeling has been found.

Naturally, in the őrst case we may fail to őnd a best labeling if its consistency degree is lower than α ; in the second case, we have no guarantee that the best labeling has been found. Alternatively, one may stop the algorithm execution upon any event (time exhausted,. . . ) and get the best labeling found up to the occurrence of the event (getting closer to an łanytime algorithmž [4]).

Every usual vertical heuristic ordering (max. cardinality, max. degree,. . . ), may be applied to this tree search. An horizontal heuristic is given by the current bounds obtained for the various labels, but its efőciency is yet to be evaluated (it is well known that horizontal ordering has a strong inŕuence on the efőciency of Min-Max problems solving, e.g. in Alpha-Beta algorithm applied to games [24]).

2.4.3 Consistency enforcing

A further step is to extend the various local consistency notions (node, arc, path and k consistency [18,21]) and their corresponding őltering algorithms[20,6].

A classical n-ary CSP is said to be arc-consistent iff for every domain-variable j, the domain d_j is not empty, and for every label ν ∈ d_j, for every constraint k_i such that j ∈ V_i, there is a labeling l on V_i, more deőned than the labeling {(j, ν)}, that satisőes k_i.

The algorithm that converts a CSP in an equivalent^3 arcconsistent CSP (if it exists) is usually embodied in a single procedure Revise, applying to a domain-variable j and a constraint k_i (j ∈ V_i), that suppresses every label in the domain d_j that does not satisfy the previous property. This procedure is applied repeatedly on the whole CSP until stabilization (AC1 to AC3).

In our case, such a label may still be possible if the constraint k_i is not 1-necessary. In general, the knowledge we may extract is an upper bound on the compatibility of the partial labelings that maps a single variable to a label.

If we consider a variable j and a (non-unary) constraint k_i such that j ∈ V_i and if we note U_{Vi} the set of unary constraint on any of the variables in V_i, the upper bound^4 on the compatibility of the partial labeling {(j, ν)}, ν ∈ d_j, taking into account k_i and every unary constraint in U_{Vi} is equal to : b({(j, ν)}, k_i) = max_l0_{∈LVi ,l}0_{⪰{(j,ν)}} (min_{(kn,αn)∈(UVi ∪{(ki,αi)})} ({(1 − α_n)/l^′ |= ¬k_n} ∪ {1})) A possibilistic CSP will be said arc-consistent if for every domain-variable j, the domain d_j is not empty, and for every label ν ∈ d_j, the compatibility of {(j, ν)} with respect to the possibilistic CSP ({j}, U_{{j}}) is strictly positive and equal to the minimum of the b({(j, ν)}, k_i) for every k_i such that j ∈ V_i.

More precisely, if we note P_j the CSP deőned by ({j}, U_{{j}}), a possibilistic CSP is δ-arc-consistent if it is arc-consistent, and :

δ = min_{j∈V} (max_{ν∈dj} (π^∗_{Pj} ({(j, ν)})))

It may be shown that δ is an upper-bound on the overall consistency C (V, C).

The main idea to convert a possibilistic CSP into an equivalent^5 arc-consistent possibilistic CSP is then to add unary necessity-valued constraints (rather than suppressing labels) reŕecting this bound and to take these new unary

3Two CSP P1 and P2 are equivalent if they have the same set of solutions, i,e, ∀l, l |= P1 ⇔ l |= P2.

4It is precisely the compatibility of the labeling {(j, ν)} in the CSP ({j} ∪ Vi, {ki} ∪ UV_i ). 5Two possibilistic CSP P1 and P2 are equivalent if they have the same set of satisfying possibility distributions, i.e. ∀π, π |= P1 ⇔ π |= P2, or equivalently π^∗_{P1} = π^∗_{P2} .

constraints in account when the process is repeatedly applied.

The Revise_π procedure we have deőned not only őlters out necessarily inconsistent labels, but also compute for each label ν ∈ d_j the upper bound b({(j, ν)}, k_i) on the compatibility of the partial labeling l that maps the variable j being őltered to this label ν taking into account the constraint k_i. This bound b may be simply encoded in the CSP by adding a simple unary constraint^6 on j indicating that this label is forbidden with a necessity 1 − b(l, k_i).

The additional information obtained is taken into account in the tree search algorithm and may greatly enhance the performances of the algorithm (tighter bounds on partial inconsistencies are obtained earlier). The termination (which is quite trivial) and complexity of the algorithm, the unicity of the problem obtained are yet to be formally determined.

Limited applications of the Revise_π procedure during the tree search exploration (so-called Forward Checking, or Partial Look-Ahead) that are usual in CSP are immediately usable in possibilistic CSP and have been implemented.

It should be noted that a possibilistic CSP containing only HARD constraints is strictly equivalent to a classical CSP and that extended algorithms (tree exploration, arc-consistency) behave exactly as corresponding classical CSP algorithms. Therefore łsoftnessž costs (almost) nothing when left unused. The only overhead is due to the manipulation of the ŕoating point numbers 1.0 and 0.0 and the operators min/max instead of boolean true and false and logical operators and/or.

3 A design problem

A great restaurant want to offer to its clients a computer aided menu designer. The system should integrate łknowhowž knowledge and customer desires to compose a łbest menužcomposed of a drink (white or red wine, beer or water), an entrance (smoked salmon, caviar, łfoie grasž, oysters or nothing), a main dish (ősh of the day, leg of wild boar, sauerkraut) and a dessert (apple-pie, strawberry ice, fruit or nothing).

We shall őrst consider the following knowledge :

The sauerkraut should be accompanied by a beer (a, 0.8), white whine may be possibly considered (b, 0.3), or even water (c, 0.2) ;

Fish may not be eaten twice in the menu (caviar and oysters will be considered as łőshesž) (d, 0.7), and should be accompanied with white wine (e, 0.9) or water (f, 0.2) ;

Meat should (almost) certainly be eaten with a red wine (g, 0.9) ;

Foie gras should be accompanied by a soft white wine (h, 0.9) ;

6One may also deőne γ-weak arc-consistency enforcing by limiting the Reviseπ to the inference of unary constraints whose necessity is greater or equal than γ. 1-weak arc-consistency leads to label suppression. 0-weak arc-consistency is possibilistic arcconsistency.

Figure 1: Gastronomic CSP hypergraph

After the leg of wild boar, a strawberry ice as very good digestive effects (i, 0.5) ;

No entrance or no dessert is not appreciated (by the restaurant) (j, 0.4), having both no entrance and dessert is even less appreciated (k, 0.6) ;

Having water as a drink is no good (l, 0.5) ;

Our client now integrate its preferences :

I surely do not want any oysters in my menu (m, 1.0) ;

I would like to eat some ősh (n, 0.8) ;

I would like to taste the sauerkraut (o, 0.2) ;

The encoding in a 4 variables possibilistic CSP is immediate (Cf. őgure 1). The basic constraints are represented by the continuous arcs, the client constraints are represented by dotted arcs). The tree explored with the previously outlined łDFBBž algorithm using the ordering (Dish, Drink, Entrance, Dessert) is given őgure 2. Labels are given by their capitals, cutoffs are indicated by thick lines. The őrst łbest menuž found (compatibility 0.8) is as follows :

main dish : Fish of the day ;

drink : White wine ;

entrance : Foie gras ; dessert : Apple-pie ;

The overall consistency degree of the CSP is therefore equal to 0.8. As the knowledge introduced makes no difference between a soft and a dry white wine, our customer will

Figure 2: DFBB search

either drink its łfoie grasž with a dry wine or its ősh with a soft wine. Nobody is perfect. . .

The size of this problem makes arc-consistency enforcing and forward-checking useless. Nevertheless, one may note that the problem is actually 0.8 arc-consistent. As an example, one of the unary constraint inferred by arc-consistency enforcing is a constraint that forbids the label łwhite vinež with a 0.2 necessity (as b({(drink, white wine)}, a) = 0.8).

We are currently trying to apply these techniques in the frame of job-shop scheduling. It is clear that the particular nature of the constraints that appears in this framework could (and should) be taken into account in the propagation process, as it may be done in the AC-5 [6] algorithm in classical CSP.

4 Related works

The obviously related work is łpossibilistic logicž [17] which has been a fundamental basis for possibilistic CSP deőnition. J. Lang [16] has applied propositionalpossibilistic logic to constraint satisfaction problems. In our opinion, our approach offers greater expressive power (let us recall that the encoding of the SEND+MORE=MONEY problem in propositional logic leads to no more than 2060 clauses and 88 propositional variables) and more varied and powerful techniques (the only resolution technique used in propositional possibilistic logic being essentially a łbackjumpinglikež algorithm [23,14]).

Other related works include Hierarchical Constraint Logic Programming [3] that allows the expression of prioritized constraints in the body of an Horn clause. Satoh [26] proposes a formalization of soft constraints based on an interpretations ordering but does not provide any algorithmic issue.

The system GARI [5] which is more oriented towards production rules is very close to ours as it compute a solution that is the best compromise under a set of antagonist constraints. It is also close to the OPAL scheduling system [2,1] which has been extended to take in account fuzzy antagonist temporal constraints.

5 Further researches

We are currently working on the conversion of the possibilistic AC1 like algorithm to more sophisticated schemes as AC4 [20]. A matter of study is also the őx-point semantics of the possibilistic arc-consistency as is has been done for classical CSP [15].

Several extension of possibilistic CSPs may be considered :

Many CSP techniques (AC-n, path or k-consistency, backjumping, learning, tree clustering, cycle cutset) and useful properties (Freuder theorems [11]) should be adapted or extended to possibilistic CSP ;

The integrationof fuzzy constraints (deőned as a fuzzy set of authorized labelings) is almost immediate and leads to an even greater expressive power.

As is has been shown for possibilistic logic [10], the pre-order induced by necessity-valued constraints is a numerical łepistemic entrenchmentž relation [13]. The consistency degree of a possibilistic CSP may be considered as an indicator of the constraints that should be suppressed for the łcontractionž of a CSP upon revision. However, as an anonymous referee pointed out, that means excluding every constraint below the inconsistency degree. This is somewhat too drastic, for some of these constraints may be not łinvolvedž in inconsistencies. This could be corrected by an adequate redeőnition of the labeling compatibility, or by complete redeőnition of the measure used. However, algorithmic issues will have to be reconsidered.

Possibilityand necessity measures may be seen as speciőc decomposable measures [8]. We think that most of this work could be easily extended to such measures (including probabilistic measures). Algorithmic issues will again have to be reconsidered.

Possibilistic logic programming as been experimented in [7]. The integration of Possibilistic logic programming and possibilistic CSP is a őrst step toward Possibilistic Constraint Logic Programming.

Acknowledgements

The author wants to thank HeÂleÁne Fargier, JeÂrome Lang and the anonymous referees for their fruitful comments on previous releases of this paper.

References

[1] Bel (G.), Bensana (E.) et Dubois (D.). ś Opal : a multi-knowledge based system for job shop scheduling. International Journal of Production Research, vol. 26, nÊ 5, May 1988, pp. 795ś819.

[2] Bel (G.), Bensana (E.), Dubois (D.) et Koning (J.L.). ś Handling Fuzzy Priority Rules in a Job-shop Scheduling system. In : 3rd IFSA. ś Seattle, USA, August 1989.

[3] Borning (Alan), Mahert (Michael), Martindale (Amy) et Wilson (Molly). ś Constraint hierarchies and logic programming. In : International conference on logic programming.

[4] Dean (Thomas) et Boddy (Mark). ś An analysis of time-dependent planning. In : Proceedings of AAAI’88, pp. 49ś54.

[5] Descottes (Y.) et Latombe (J.C.). ś making compromises among antagonistic constraints. Artiőcial Intelligence, vol. 27, 1985, pp. 149ś164.

[6] Deville (Yves) et van Hentenryck (Pascal). ś An efőcient arc consistency algorithm for a class of csp problems. In : ECAI’91, pp. 325ś330.

[7] Dubois (D.), Lang (J.) et Prade (H.). ś Towards possibilistic logic programming. In : Int. Conf. on Logic Programming. ś Paris, June 1991.

[8] Dubois (D.) et Prade (H.). ś A class of fuzzy measures based on triangular norms. a general framework for the combination of uncertain information. Int. Journal of Intelligent Systems, vol. 8, nÊ 1, 1982, pp. 43ś61.

[9] Dubois (D.) et Prade (H.). ś Processing fuzzy temporal knowledge. IEEE Transactions on Systems, Man, and Cybernetics, vol. 19, nÊ 4, August 1989, pp. 729ś 744.

[10] Dubois (D.) et Prade (H.). ś Epistemic entrenchment and possibilistic logic. Artiőcial intelligence, vol. 50, 1991, pp. 223ś239.

[11] Freuder (E.). ś A sufőcient condition for backtrackś free search. Journal of the ACM, vol. 29, nÊ 1, 1982, pp. 24ś32.

[12] Freuder (E.C.). ś Partial constraint satisfaction. In :

IJCAI’89, pp. 278ś283.

[13] GaÈrdenfors (P.) et Makinson (D.). ś Revision of knowledge systems using epistemic entrenchment. In : Second conf. on theoretical aspects of reasonning about knowledge, pp. 83ś96. ś Paciőc Grove (CA), 1988.

[14] Gashnig (J.). ś Performance measurement and analysis of certain Search Algorithms. ś TheÁse de PhD, Carnegie-Mellon University, 1979.

[15] GuÈsgen (Hans-Werner) et Hertzberg (Joachim). ś Some fundamental properties of local constraint propagation. Artiőcial Intelligence, vol. 36, 1988, pp. 237ś 247.

[16] Lang (J.). ś Possibilistic logic as a logical framework for min-max discrete optimisation problems and prioritized constraints. In : FAIR’91.

[17] Lang (Jerome). ś Logique possibiliste : aspects formels, deÂduction automatique et applications. ś

Toulouse, France, TheÁse de PhD, Institut de recherche en informatique de Toulouse, 1991.

[18] Mackworth (Alan K.). ś Consistency in networks of relations. Artiőcial Intelligence, vol. 8, 1977, pp. 99ś 118.

[19] Martin-Clouaire (R.). ś Dealing with soft constraints in a constraint satisfaction problem. In : Personnal communication, submitted to Processing of Uncertainty in Knowledge based Systems. ś Palma de Mallorca, July 1992.

[20] Mohr (R.) et Henderson (T.). ś Arc and path consistency revisited. Artiőcial Intelligence, vol. 28, 1986, pp. 225ś233.

[21] Montanari (U.). ś Network of constraints: Fundamental properties and applications to picture processing. Inf. Sci., vol. 7, 1974, pp. 95ś132.

[22] Nilsson (N.). ś Probabilistic logic. Artiőcial Intelligence, vol. 28, 1985, pp. 71ś87.

[23] Oxusoff et Rauzy. ś Evaluation seÂmantique en calcul propositionnel. ś Marseille, France, TheÁse de PhD, FaculteÂ des sciences de Luminy, 1989.

[24] Pearl (Judea). ś Heuristics ś IntelligentSearch Strategies for Computer Problem Solving. ś Addson- Wesley Publishing Comp., 1985.

[25] Rosenfeld (Azriel), Hummel (Robert A.) et Zucker (Steven W.). ś Scene labeling by relaxation operations. IEEE Transactions on Systems, Man, and Cybernetics, vol. 6, nÊ 6, 1976, pp. 173ś184.

[26] Satoh (Ken). ś Formalizing soft constraints by interpretation ordering. In : ECAI 90, pp. 585ś590. ś Stockholm, 1990.

[27] Shoham (Y.). ś Nonmonotonic logics : Meaning and utility. In : Int. Joint Conf. on AI, pp. 388ś393.

[28] Zadeh (L.A.). ś Fuzzy sets as a basis for a theory of possibility. Fuzzy sets syst., vol. 1, nÊ 1, 1978, pp. 3ś28.