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Abstract As an extension of constraint networks, valued constraint networks (or
valued CSPs) define a unifying framework for modelling optimisation problems over
finite domains in which the cost domain (also denoted as the valuation structure) can
be symbolic or numeric but is totally ordered. As is the case for constraint networks,
valued CSPs can be viewed as graphical models, defined by a set of variables with
an associated finite domain and by a set of cost functions, each involving a subset
of the variables. Before reading this chapter, we strongly advise the reader to finish
reading chapter “Constraint Reasoning” of this Volume, dedicated to the Constraint
Satisfaction Problem.

1 Introduction

The modelling of a combinatorial problem as a constraint network is in general quite
natural: it consists in identifying the decision variables of the problem together with
the properties that they must satisfy to form a “solution”. In a scheduling problem,
for example, the variables correspond to the start times of jobs and the constraints
concern availability or delivery dates, priorities and durations of jobs, the capacity
of resources, etc.

In certain cases, a simple list of properties to be satisfied does not provide a
sufficiently accurate model. This is the case, for example, if the resulting problem
does not have any solutions (the problem is over-constrained). Indeed, the properties
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2 M. C. Cooper et al.

represented by constraints are often of different types: they can concern physical
impossibilities (such as a machine can only process one job at a time) or properties
whose satisfaction is desirable for economic reasons (such as the product must be
delivered on time). Modelling all these properties as hard constraints can lead to an
absence of a solution. On the other hand, neglecting properties which are merely
desirable, but not essential, leads to feasible but unsatisfactory solutions.

Historically, the first generalisation of the constraint satisfaction problem (CSP)
using cost functions goes back no doubt to Rosenfeld et al. (1976) who considered
“fuzzy” CSPs in which the constraints, usually defined in terms of a set of combina-
tions of authorised values, are replaced by “fuzzy sets” of authorised combinations,
each combination having a level of membership (between O and 1). Since fuzzy
sets generalise classical sets, it is thus possible to express classical constraints (with
membership levels being exclusively 0 or 1) but also combinations which are “pos-
sible” to different degrees. The aim is then to find an assignment to the variables
of the problem which avoids combinations of values which are unlikely or undesir-
able. More precisely, the aim is to maximise the minimum membership level used (a
max-min problem). Dedicated constraint propagation algorithms were also proposed
by Rosenfeld et al. (1976).

This extension was followed by different additional extensions (including addi-
tive Shapiro and Haralick 1981 or partial Freuder and Wallace 1992 constraint net-
works, possibilistic constraint networks Schiex 1992, lexicographic constraint net-
works Fargier et al. 1993, probabilistic constraint networks Fargier and Lang 1993)
which use different scales of costs (integers, reals, symbols) and which judge the
quality of a solution by combining the costs of the combinations of values by means
of a specific operator in each case, this giving a corresponding specific semantics
to “costs”: additive costs (financial or energy, for example), priorities, probabilities,
etc. In each case, dedicated algorithms were proposed.

2 Valued Constraint Networks

To capture the essence of the properties and algorithms which are common to all
these extensions, but also to better understand why some extensions are easier to
deal with than others, two general frameworks were proposed: semi-ring CSP or
SCSP Bistarelli et al. (1995, 1997) and valued CSP or VCSP Schiex et al. (1995).
In both cases, the constraints of the CSP, which classify the combinations of values
as authorised or forbidden, are replaced by cost functions (or valued constraints)
allowing a finer and graduated comparison of the combinations of values. Both the
VCSP framework and the SCSP framework are based on an abstract cost domain, in
which it is possible to express total authorisation or prohibition but also intermediate
levels. The cost domain is equipped in each case with an algebra adapted to the
problems which we wish to model.

The link between VCSP and SCSP is simple: VCSPs are SCSPs using a totally
ordered cost structure. Since most properties and algorithms have been designed
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Valued Constraint Satisfaction Problems 3

for the totally-ordered case, which is also the most frequently used in practice, we
only discuss the simpler VCSP framework. In this case, the cost structure is called a
“valuation structure”.

2.1 Valuation Structure

A valuation structure V is defined by a quintuplet V = (E, @, <, L, T) where E
is the set of possible costs, @ is an aggregation operator for combining costs and
where < defines a total order on E. L and T denote respectively the minimum and
the maximum elements of £ (L < T). We also have that:

e @ is commutative Vo, 8 € E, 0 @ 8 = B @ «) and associative (Vo, 8,y € E,
adBOY)=(@®B) DY)

e @ is monotone (Yo, B,y € E, (@< f) = (@ @) < (B®Y)))

e | isthe neutral element for & (Vo € E, L & o = «) and T the absorbing element
NVae E, T@®a=T).

The associativity and commutativity of @ capture the fact that only the set of costs
aggregated by @ has a meaning: the result of the aggregation does not depend on the
order in which costs are aggregated. Monotonicity guarantees that reducing a cost
within a set of costs cannot lead to an increase in the global cost. The last two axioms
(concerning the neutral and absorbing elements) allow us to capture hard constraints
of the constraint network using only the costs L (authorised combinations) and T
(forbidden combinations).

This algebraic structure is close to the structure of triangular co-norm, often
studied in a numerical context with £ = [0, 1] Klement et al. (2000). It is also
known as a tomonoid in algebra and includes tropical algebra Gondran and Minoux
(2008).

Table 1 gives several examples of cost structures which are valuation structures.
The following properties have important consequences concerning the algorithms
for the corresponding VCSP:

1. Idempotency of @ (VYa € E, a ® a = a): we know that the only operator @ ful-
filling this condition (together with the axioms of a valuation structure) is max
(for the order >) which also corresponds to A (logical and) in the classical CSP.
This property considerably simplifies inference because, as constraint propaga-
tion does in classical CSPs, it allows us to add implicit information in a network
explicitly, while preserving its meaning. On the other hand, it leads to undesirable
effects in terms of modelling (the “drowning effect” of possibilistic VCSPs Schiex
1992). Classical CSPs and possibilistic/fuzzy CSPs are idempotents.

2. Strict monotonicity (SM) of & (Va,b,c e E,(a<c)ANbD #T) = (a®b) <
(c @ b)) guarantees that in the situation where the costs are not already intoler-
able (equal to T), any local cost increase leads to an increase in the global cost.
This is an attractive property in terms of modelling but which renders inference
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4 M. C. Cooper et al.

Table1 Some classical valuation structures. SM indicates that & is strictly monotonic, Idemp. that
it is idempotent. The definition of & is given when it exists and is simple. In the lexicographic case,
[0, 17* represents the set of multi-sets of reals between 0 and 1, U represents the union of multi-sets
and >, the lexicographic comparison of sequences obtained by sorting multi-sets in decreasing
order. Thus {1, 0.2, 1} >, {0.8, 1, 0.8} because in the lexicographical order (1, 1,0.2) is larger
than (1, 0.8, 0.8). Although the lexicographic structure is not fair, it is possible to embed it in a
larger structure which is fair. See Cooper and Schiex (2004) for more details

Name E a®b < 1| T SM | Idemp. | a© b
Classical {t, f} anb t<f |t | f Yes | Yes a
Additive N a+b < 0 | +oo | Yes | No a—b
Weighted {0,...,m} | min(m,a+>b) | < 0 | m No | No (a =
mom :
a—b)
Probabilistic | [0, 1] axb > 110 Yes | No a/b
Possibilistic | [0, 1] max(a, b) < 0 |1 No | Yes max(a, b)
Fuzzy [0, 1] min(a, b) > 110 No | Yes min(a, b)
Lexico. [0, 17* U >lex g | T Yes | No NA

mechanisms significantly more complex. Indeed, any addition of information to
a network in this case changes its meaning. Additive, probabilistic, and lexico-
graphic VCSPs are strictly monotone.

It was to avoid the “loss of equivalence” of non-idempotent operators that a
pseudo-difference operator © was introduced in valuation structures. These struc-
tures are then called “fair” Schiex (2000), Cooper and Schiex (2004). We impose that
for each B < «, there exists a maximum y such that 8 & y = « (such a y may not
exist in infinite valuation structures). This element y is denoted « © 8 and defines
the operator ©. This extra axiom is satisfied by the majority of cost structures used
in practice (or can be satisfied by embedding the original valuation structure in a
larger structures which is fair Cooper 2003, Cooper and Schiex 2004). The pseudo-
difference operator defined in this way allows us to restore equivalence after the
addition of implicit information in a network (see Sect. 5) and hence to extend the
notion of constraint propagation to the non-idempotent case.

Not long afterwards, Cooper and Schiex (2004), Cooper (2005) showed that any
fair and countable valuation structure can be viewed as a stack of additive/weighted
valuation structures, which interact with each other as an idempotent structure
(thus using @ = max). The case & = max being very close to the case of classi-
cal CSPs (Meseguer et al. 2006, p. 293), most of the work has since then focused on
the weighted case.
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Valued Constraint Satisfaction Problems 5

2.2 Cost Function Networks

As for classical constraint networks, valued constraint networks (or cost function
networks) define a class of graphical models .

A network &7 is defined by a quadruplet (X, D, F, V) where X is a collection
of variables, D being composed of the set of domains D; of each of the variables
x; € X. V is a valuation structure and F a set of local cost functions with values
in the set E of the valuation structure V. Each cost function fs € F (also called
valued or soft constraint) is defined on the set S C X of variables and specifies the
cost associated with each combination of values (or fuple) that the variables of §
can take. § is called the scope of fs and |S| is its arity (number of variables that it
involves). We use £(S) = ]_[Xi <s Di to denote the Cartesian product of the domains
of the variables in S, i.e., the set of possible combinations of values for the variables
of S. For a combination of values ¢t € £(S) and any T C §, we use ¢[T] to denote
the combination of values assigned to the variables T in ¢ (called the projection of ¢
onto 7). For simplicity of notation, unary cost functions (involving a single variable
x;) will be noted f; and binary cost functions f;;. We often also use a cost function
f, involving no variables and representing a constant cost function.

The set of variables X and the set of scopes of the different cost functions fs € F
define a hyper-graph whose vertices are the variables of X and the hyper-edges the
different scopes. In the case in which the maximum arity is limited to 2, this hyper-
graph is a graph, called the constraint graph or problem graph (hence the name
graphical model).

Since this hyper-graph only captures the overall structure of the problem but
neither the domains nor the cost functions, a second more fine-grained representation,
known as the micro-structure graph, is often used to represent (binary) VCSPs. In
the micro-structure graph, the vertices correspond to the domain values of each of
the variables. The vertex associated with value a € D; is labelled by f;(a) if this
cost function is defined and f;(a) # L. Similarly, an edge linking vertices a € D;
and b € D; exists and is labelled by f;;(a, b) if the cost function f;; is defined and
fij(a, b) # L (see below Fig. 1).

The set of local cost functions fg of a network implicitly defines a cost function
on the set of all variables X. This global (or joint) cost function is defined simply by
combining, via the aggregation operator @, the set of costs produced by each of the
local cost functions. Thus, the global cost function of the VCSP & is defined as

Valy (1) = P fs[S)) with 1 € [(X)

fseF

The central problem of a VCSP is to find a preferred assignment ¢ to all its
variables, i.e., such that the cost Valz (¢) is minimum (recall that the set of costs
is totally ordered). This is an NP-hard problem (with the corresponding decision
problem being NP-complete).
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6 M. C. Cooper et al.

Fig. 1 The micro-structure oo
of the problem a1 R ol
b a1 b
X °°a - X
b \1
x3

Table 2 The three cost functions coding the binary constraints

flz‘ a b f23‘ a b f13‘ a b
a ‘ +o00 0 a ‘ +o00 0 a ‘ 0 +o0
b ‘ 0 +4o0 b ‘ 0 +4o0 b ‘ 400 0

We say that two networks & and ?’, defined on the same variables, are equivalent
if they define the same global cost function: Vale = Val .

To illustrate these definitions, consider, for example, an additive CSP. In this
example, the set of possible costs is the set N of natural numbers together with
+o00, the aggregation operator @ is integer addition, the minimum element of this
set is 0 and the maximum element +o00. We consider a VCSP on three variables
X = (x1, x2, x3). The domain of these variables is composed of two values D =
D, = D3 = {a, b}. We prefer that the variables take the value a if possible and we
insist that x; # x3, X, # x3 and x; = x3. This problem can be modelled via six cost
functions. The unary functions f; = f, = f; are identical and defined by f;(a) = 0
and f;(b) = 1, to indicate our preference for the value a. Three functions fi3, fi2
and f>3 will capture the constraints x; = x3, x; 7 x; and x, # x3. Since these are
hard constraints, the corresponding cost functions only use two specific costs: the
cost 0 (the neutral element for @ = +, and the minimum in the scale of costs) will be
associated with the authorised combinations of values and the cost +o0 (the absorbing
element for @ = +, and the maximum in the scale of costs) will be associated with
the forbidden combinations. The tables below describe the three functions.

This same network is illustrated in Fig. | by its micro-structure. The assignment
(a, a, a) has a global cost of +00 because fi>((a, a)) = +00. An optimal solution
is (a, b, a), of cost 1 (cost generated by f, since x, = b) (Table2).
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Valued Constraint Satisfaction Problems 7

Table 3 The aggregation of f] and fi2

f1® fi2 a b (x1)
a +00 1

b 0 400

(x2)

2.3 Operations on the Cost Functions

A very powerful toolbox on cost function networks can be built from only sim-
ple operations. These are instantiation (or conditioning), aggregation and variable
elimination.'

Given a cost function f5, it is possible to instantiate a variable x; € S with one
of the values a of its domain D;. We thus obtain a cost function on 7 = § — {x;}
defined by g7 (¢) = fs(t U {x; = a}). In our previous example, instantiating x; with
the value a transforms the binary function fj, into a unary function g, such that
g2(a) = fia(a,a) = +oo and g (b) = fi2(a, b) = 0. Note that if we instantiate all
the variables of a cost function, we obtain a function with an empty scope, like f5.
This operation has negligible complexity (we directly access a part of the original
cost function).

The second operation is an operation involving two cost functions fs and gg.
This is the equivalent of the relational join operation in a CSP: it combines two cost
functions into a single function, which is equivalent to the aggregation by & of the
two original functions. The resulting function has the scope S U §’ and is defined by
(fs @ gs) (@) = fs(t[S]) & gs (¢[S']). The calculation of the aggregation of the two
functions is exponential in time and space (O (d'5V*'1)). In our previous example, the
aggregation of f; and f}, produces a function g;,, defined in Table 3. Observe that
we can replace a set of functions by their aggregation without changing the meaning
of the cost function network (i.e., without changing the global cost function Val ).

Finally, the variable-elimination operation , consists in summarising the informa-
tion from the cost function fs on the subset of variables 7 C § under the hypothesis
that the eliminated variables S — T are instantiated in each case in the best possible
way (so as to minimise the cost).

The projection fs[T'] of fs onto T which results from the elimination of the vari-
ables of S — T is the cost function gr (1) = min,e¢s—7) fs(u Uv). Since variable-
elimination requires exhausting, in general, over the whole domain of f, this oper-
ation has a temporal complexity O(d'). The resulting function requires O (d'"!)
space. If S — T is a singleton {x;}, we will denote by fs[—x;] = fs[S — {x;}] the
result of the elimination of the single variable x;.

If fs[T] has a cost « on an assignment of the variables 7', this means that it is
possible to complete this assignment on the variables S — T to build an assignment

I'This latter operation is also often called projection. We have avoided this terminology because of
a possible confusion with the homonymic notion introduced in Sect. 5.
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8 M. C. Cooper et al.

to the variables S which has the cost « for fs. Thus, in our running example, the
elimination of x, in fi»[—x;] produces a unary function on {x;}, uniformly equal to
0. For example, it is possible to extend x; = a (of zero cost for fio[—x2]) by xp = b
which forms an assignment of the same (zero) cost for f,.

It is, of course, possible in VCSPs to manipulate cost functions represented by
other means than a simple table (for example, an analytic representation such as
f(x) = x? or a compact data structure such as an automaton or a decision dia-
gram Darwiche and Marquis 2004, Fargier and Marquis 2007).

2.4 Links with Other Approaches

Therefore, valued CSPs define a generic framework for expressing and combin-
ing preferences (whether numerical or symbolic, as discussed in chapter “Compact
Representation of Preferences” of Volume 1) together with required properties (or
constraints), expressed locally on a few variables, via cost functions. Strong links
exist with numerous formalisms born out of artificial intelligence and operations
research.

Notably, since the problem SAT defines a specialisation of CSP to propositional
logic, VCSPs allow us to capture variants of SAT such as MaxSAT (maximise the
number of clauses satisfied by an interpretation) and its weighted version or par-
tial version (the non weighted clauses being considered as hard constraints). These
problems are themselves close to quadratic pseudo-Boolean optimisation problems
in which the aim is to find the minimum of a second-degree polynomial over 0/1
variables Boros and Hammer (2002).

As a graphical model, VCSPs also allow us to capture Bayesian networks (see
chapter “Belief Graphical Models for Uncertainty Representation and Reasoning”
of this Volume: additive cost functions can be obtained by representing conditional
probabilities by the negative of their logarithm), Markov Random fields Chellappa
and Jain (1993) and factor graphs Kschischang et al. (2001). VCSP tools have demon-
strated their efficiency for solving the maximum probability explanation (MPE) prob-
lem in these domains in international competitions. However, in these formalisms,
problems are generally not restricted to optimisation but also concern counting (or
discrete integration) for which little work exists on VCSPs.

Looking wider afield, other formalisms for expressing preferences and utilities
such as GAI (Generalized Additive Independence models Bacchus and Grove 1995)
can be assimilated to VCSPs and hence sometimes use the techniques and solving
tools developed in the VCSP framework. Connections with more distant frameworks
for expressing preferences, such as “Ceteris Paribus” networks (or CP-nets) have also
been exhibited Domshlak et al. (2003).
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Valued Constraint Satisfaction Problems 9

3 Dynamic Programming and Variable Elimination

A first approach for solving VCSPs consists in using non-serial dynamic program-
ming Bertelé and Brioshi (1972), also called variable-elimination algorithms and
better known in the constraints community under the names of Bucket Elimina-
tion Dechter (1999) and Cluster Tree Elimination Dechter (2003). These techniques,
which were initially adapted to the CSP framework, extend very naturally to VCSPs.
We will only present here the simplest variable-elimination technique which pro-
ceeds variable by variable, known as “Bucket Elimination”. Dynamic programming
techniques extend naturally to a variety of problems beyond the basic optimisa-
tion problem (such as counting problems, for example). See for example Shafer
and Shenoy (1988), Aji and McEliece (2000) and Dubois and Prade (1991) for the
possibilistic case).

If we have a VCSP defined by a set of variables X and a set of cost functions
F, the variable-elimination algorithm consists in reducing iteratively the number of
variables while conserving the cost of an optimal solution. Finally, we end up with
a problem having 0 variables and a cost function f equal to the cost of an optimal
solution of the original problem.

Without loss of generality, suppose that the algorithm eliminates the variables in
the order x1, . . ., x,. The elimination of a variable x; can be described as a three-stage
process:

1. We define a set K; of all the cost functions which link variable x; to variables
which come after it in the elimination order.

2. We aggregate all these cost functions into a single cost function using . The
result is a cost function gg involving x; and all the variables linked to x; and
which come after it in the elimination order. This aggregation is equivalent to
the set of cost functions K;.

3. We then eliminate the variable x; from gg and we add the cost function obtained
to the network. This new cost function resumes the effect of all the cost functions
K; on these variables. We thus eliminate from the network the cost functions
in K; and the variable x; which is no longer involved in any cost function: the
variable has been eliminated.

The last two steps are in general performed simultaneously which reduces a little the
spatial complexity of an elimination. The problem obtained after the elimination of
x; has anew cost function but one variable less and all the cost functions K; have been
deleted. It nevertheless has the same optimum cost as the original problem due to the
invariance of the optimum cost under the operators of aggregation and elimination.
In some particular cases, known as context-specific conditional independences in
probabilistic graphical models, the new cost function can be decomposed into a
set of smaller arity cost functions, reducing memory space and improving further
variable eliminations Favier et al. (2011).

The order in which the variables are eliminated can have a strong influence on the
efficiency of the whole process. It is possible to estimate the global complexity of the
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10 M. C. Cooper et al.

procedure. Indeed, each elimination creates a new cost function but whose scope is
known. As each step is exponential in the number of variables in the neighbourhood
of the eliminated variable x; and which come after x; in the elimination order, we
can simulate the process and estimate the global complexity without actually per-
forming the calculations. It is the step for which the number w of neighbours (of
the eliminated variable x; which come after x; in the elimination order) is maximum
which determines the complexity (spatial and temporal): this complexity is exponen-
tial in w. The parameter w is called the induced width or treewidth of the constraint
graph for the given elimination order. Minimising w is an NP-hard problem but good
heuristics exist Bodlaender and Koster (2008).

These elimination procedures are used in many domains and allow us to deal
with optimisation but also counting problems, for example. Because of their spatial
complexity, they are, in general, employed only in problems for which a small w
exists.

3.1 Partial Variable Elimination or “Mini-Buckets”

Variable-elimination techniques are often inapplicable due to their high spatial (and
temporal) complexity when eliminating a variable with a large number of (non-
eliminated) neighbours. In order to keep this complexity under control, while sacri-
ficing the optimality of the procedure, we can use the following simple approach: if
the set of cost functions K; involves too large a number of variables other than x;,
we can simply partition K; into a set of disjoint subsets K; = UK;; each of which
involves a number of variables bounded by a given integer z.

We can then process each of the sets K;; separately (applying the aggregation and
elimination steps on each set K;;). Since these sets involve a bounded number of
variables, the operations have a bounded spatial and temporal complexity (which is
exponential in z). Of course, the good properties of variable elimination are lost since
itis not necessarily the same value of x; which optimises each of the K : the final cost
obtained after a series of “mini-eliminations” is only a lower bound on the optimum
cost. The intermediate cost functions generated during the processing of the K;; thus
allow us to calculate a lower bound on the cost of an optimum solution which can
then be exploited in tree search algorithms using a static variable ordering Dechter
and Rish (2003) or a dynamic one Marinescu and Dechter (2005, 2007). A major
strength of this approach is that the lower bounds are adjustable via the parameter z.
It is therefore possible to adapt it to the problem under consideration. However, this
is also a disadvantage in practice because there are no theoretical or empirical results
to help us to choose a priori a good value z (to obtain a good compromise between
time and space).

Another simple and effective approach to keep the complexity of variable elimina-
tion under control is to eliminate only variables having a small number of neighbour-
ing variables at each node of a tree search algorithm (using an arbitrary elimination
order at each node is optimal in the number of eliminations for z < 2) Larrosa (2000).
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Valued Constraint Satisfaction Problems 11

4 Search for Optimal Solutions

Given a VCSP, the central problem which is usually considered consists in identifying
an assignment to the variables of minimum cost. One of the most popular approaches
consists in using, as for CSPs, a depth-first tree search algorithm. The “Backtrack”
algorithm for CSPs is replaced by a Branch and Bound algorithm . This algorithm
supposes that it is possible, by a method which needs to be specified, to calculate a
lower bound /b4 on the cost of an optimal solution to any VCSP. From the initial
VCSP, the algorithm consists in comparing the lower bound /b 4 and the cost of the
best solution found so far. If /b4 is equal to or greater than this cost, then there is
no point continuing the search in this branch since it is impossible to do better then
the best solution found so far.

Otherwise, we have to simplify the problem. Usually, we choose one variable x; of
the problem and we exploit the fact that it must take one of the values from its domain.
We thus instantiate x; with a value chosen from its domain (conditioning). This
reduces the scopes of certain cost functions and decreases the number of variables in
the problem. We continue recursively by choosing a new variable. If the lower bound
is greater than or equal to the cost of the best solution found so far, we reconsider
the last choice we made. If it is possible to instantiate all the variables with a cost
less than that of the best known solution, we have a new best solution and the search
continues after updating the cost of the best solution seen so far.

When we reconsider a choice, several strategies are possible. We can simply
try a new value for the most recently instantiated variable x;; this known as k-ary
branching. We can also simply impose that the variable x; does not take the last value
tried (by deleting it from the domain of x;). This is called binary branching, and is
theoretically more powerful Mitchell (2003). Other strategies are possible.

Whatever the strategy, the choice of the next variable to instantiate or its next
value can have a strong influence on the efficiency of the algorithm and different
heuristics have been proposed. Concerning the choice of variable, since all variables
must be assigned, we will choose the one which has the most chance to rapidly lead
to the detection of the impossibility of improving the cost (e.g., the variable involved
in the largest number of cost functions). The choice is of considerable importance
and can capture a form of intelligent backtracking Lecoutre et al. (2006). In the
CSP framework, the choice of value is difficult and is generally considered to be
dependant on the application domain. In VCSPs, the costs given by the unary cost
function on the current variable can guide search and we will thus choose a value
minimising this cost.

The practical efficiency of this exact algorithm depends on the quality of the
lower bound /b . A simple lower bound can be obtained by aggregating the set
of cost functions with empty scope created by each instantiation. This defines a
constant cost which is a lower bound. But this lower bound (corresponding to the
backtracking algorithm for CSPs) is too naive. In practice, the lower bound must be
easy to calculate but as close as possible to the optimum, two contradictory aims
since the VCSP optimisation problem is NP-hard.
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12 M. C. Cooper et al.

Historically, various ad hoc procedures for calculating the lower bound were
proposed. But in the last ten or fifteen years, we can observe a convergence with
classical CSP approaches: “constraint propagation” procedures (also known as local
consistency filtering) generalised to VCSPs which are used to calculate a lower
bound. These methods work by transforming a given VCSP £ into another VCSP
&’ on the same variables and which is equivalent (Valy = Val /) but with an
increased cost function fg. This constant cost defines the lower bound, thanks to
the monotonicity of @. This approach by transformation has the advantage of being
incremental: the transformed version can again be used by other processes. It is the
hybridisation of search algorithms and valued-constraint propagation algorithms (to
calculate the lower bound) which, in general, gives the best results in practice over
various types of VCSP instances. In certain cases, the use of lower bounds produced
by the “mini-buckets” Dechter (1997) or other algorithms Verfaillie et al. (1996) can
provide an interesting alternative.

Other tree search procedures can be defined: instead of traversing the search tree
in a depth-first manner, we can give the priority to the exploration of the best current
partial solution (best-first search), an approach which has good properties in terms
of the search tree size but can have high space requirements, possibly overcome
by using a hybrid depth-first/best-first approach Allouche et al. (2015). More com-
plex schemes have also been considered, inspired by dynamic programming Larrosa
(2000), Verfaillie et al. (1996), Terrioux and Jegou (2003), Marinescu and Dechter
(2005), de Givry et al. (2006), Sanchez et al. (2009), Allouche et al. (2010), or others
designed to give rapidly a good quality solution (limited discrepancy search Harvey
and Ginsberg 1995 and partial search de Givry and Jeannin 2006).

Local search methods and meta-heuristics Aarts and Lenstra (1997) provide an
alternative which is easy to implement in order to solve VCSPs, but without any
guarantee of optimality, and with the difficulty that hard constraints can be generated
(forming a barrier in the landscape that may destroy ergodicity in search). These
optimisation methods are very generic and few developments specific to VCSPs have
been proposed, except INCOP Neveu et al. (2004), and in the domain of large/variable
neighbourhood methods Loudni and Boizumault (2006), Fontaine et al. (2013), Ouali
et al. (2015, 2017) for which complete search methods for VCSPs can be used to
explore a large neighbourhood.

5 Propagation of Valued Constraints

In a classical CSP, we have to find an assignment to n variables which satisfies a set
of constraints, where each constraint specifies the combinations of values that we can
assign to a subset of the variables. The notion of constraint propagation can reduce
the size of domains, tighten constraints or prune the search tree through the detection
of local inconsistencies between the constraints and the domains. This notion is
omnipresent in solution algorithms for CSPs. For example, during the search for a
3-colouring of a graph, as soon as we detect the existence of a vertex with three
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Valued Constraint Satisfaction Problems 13

neighbouring vertices assigned three different colours, we can prune this branch of
the search tree.

Classical constraint propagation operations in CSPs translate into the propagation
of implicit prohibitions corresponding to a cost T in valued CSPs. The set of local
consistency notions in VCSPs thus naturally include notions inherited from the CSP
framework, but considerably enriched through notions involving a lower or upper
bound.

In VCSPs known as weighted CSPs in which the aggregation operation @ is +,,
the addition operation with a ceilingm = T

Va,fe{0,1,....m} o +n B = minfa+ B, m)

new hard constraints can appear during cost propagation. For example, if f;(a) +,
fy = m,then increasing f; (a) to m (which amounts to eliminating a from the domain
D; sincem = T)leaves the function V al » invariant. In a similar way, if fi;(a, b) +,
fia) +n fj(b) +, fp = m,then we can assign the maximal costm to f;;(a, b). The
resulting VCSP defines exactly the same global cost function since the valuation T
is idempotent (T @ T = T).

The propagation of a non-idempotent cost & must be compensated for the func-
tion Val» to remain invariant. For example, if the aggregation operator is integer
addition, then we can increase the lower bound f; by @« = min{ f;(a) : a € D;} pro-
vided we decrease f;(a) by « for each value a € D;. This operation is called unary
projection. A VCSP instance is node consistent when it is no longer possible to apply
unary projections nor propagate an idempotent cost from fj to a unary cost function.

We call projection any shifting of costs from one cost function of scope S (| S| > 1)
to a unary cost function f;(a) (wherei € S and a € D;). The increasing of f;(a) by
o is compensated by the decreasing of each fs(#) (such that #[x;] = a) by «. The
new cost must belong to the valuation structure. For example, in the case of real
costs, a necessary condition for us to be able to use fj as a lower bound of Valy
is to have non-negative costs, which guarantees the monotonicity of . It follows
that the projected cost @ must not be greater than min{ fs(¢) : #[x;] = a}. A VCSP
instance is arc consistent if it is node consistent and if it is not possible to apply
a projection nor to propagate an idempotent cost to a constraint fs. In general, the
arc consistency closure is not unique. Thus, several different arc consistency notions
co-exist in the VCSP framework according to the time we are prepared to devote to
finding the best closure.

We call extension any shifting of a cost o from f;(a) to fs (where |S| > 1). In
the case of real costs, an extension is equivalent to the projection of a negative cost.
A well-chosen set of projection and extension operations can group together costs
in a single variable, which can trigger an increase in the lower bound fj via a unary
projection. Figure 2a shows the microstructure graph of a VCSP consisting of two
variables with domains {a, b}. There are two unary cost functions ( fi(a) = f2(a) =
1), and the edge which links the two values b represents a cost of 1: fj (b, b) = 1.
Figure 2b shows the result of an extension from f>(a) to the binary cost function,
whereas Fig.2c shows the result of a projection from this binary cost function to
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14 M. C. Cooper et al.

(a) (b) (©

X1 X2 X1 X2

Fig. 2 Extension and projection operations applied to a VCSP

f1(D). Finally, a unary projection from the unary cost function f; would allow us to
deduce a lower bound of f; = 1. When costs belong to Q=% U {o0}, it is possible to
find a set of operations producing the best possible increase of fj by solving a linear
program Schlesinger (1976), Cooper et al. (2007, 2010). This operation is known
as optimal soft arc consistency (OSAC). Unfortunately, for the moment, the size of
the linear program that needs to be solved limits this technique to the preprocessing
step.

We can, however, get close to the optimal closure without having to solve a linear
program. Given a VCSP instance &7, we can transform it into a CSP instance by
replacing each cost function fs (except fy) by the relation

Rp = {t € £(S) : fs(1) =0}

We call the resulting CSP instance Bool(4?) because its valuation structure has
become Boolean. The solutions to Bool(£?) are assignments ¢ such that Val () =
fy- The VCSP instance & is virtual arc consistent (VAC) if the closure by arc
consistency (in the CSP sense) of Bool(Z?) is non-empty. Let S be a sequence of
constraint propagation operations (in the CSP sense) which eliminates all the values
in some domain D; of Bool(£?). Itis always possible to translate S into a sequence S’
of projections, extensions and unary projections which increase fj; in & Cooper et al.
(2008, 2010). To establish virtual arc consistency, it suffices to look for a sequence S,
to apply the corresponding S’ and to start over again until the arc-consistency closure
of Bool(Z?) is non-empty. Even if, in theory, convergence is not guaranteed in finite
time, in practice, this algorithm is sufficiently fast to be applied during search. Since
it is quite complex, it is no doubt open to many improvements.

A technique which is heuristic but less time-consuming tries to group together
costs by always sending them towards variables which appear earlier in the instanti-
ation order. We can guarantee convergence by allowing only those extension opera-
tions which respect this order. EDAC combines this directional approach with a local
version of VAC on the neighbourhood of each variable de Givry et al. (2005).

Up until now, most research has been concentrated on forms of arc consis-
tency, based only on cost movements involving a single cost function of arity 2
or more Sanchez et al. (2008). There remains theoretical, algorithmic and experi-
mental research to be done to explore the world of higher-level consistency notions,
involving several cost functions of arity 2 or more Nguyen et al. (2017).
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Global Cost Functions

Part of the success of constraint programming arise from the introduction of so-called
“global constraints”. Global constraints are constraints with a restricted semantics
that can be exploited in order to define constraint propagation algorithms which are
more efficient than the generic algorithms (exponential time in the arity). This can
also be achieved with some cost functions if their minimum can be identified more
efficiently than in the general case: efficient bound consistency algorithms have been
proposed in these cases Zytnicki et al. (2009).

A famous example of a global constraint is the “A11Dif£” constraint which
requires a set of variables to take all different values (as introduced in chapter “Con-
straint Reasoning” of this Volume). This constraint’s semantics admits an efficient
propagation algorithm based on matching theory.

If various soft “global constraints™ have been proposed that rely on the introduction
of extra cost variables, it is only quite recently that it has been shown how cost
propagation on global cost functions similar to A11Di££f can be achieved Lee and
Leung (2009, 2012). This result paves the way for a long series of results targeting
the transfer of the list of existing hard global constraints to VCSP. Specifically, this
was achieved for global cost functions which are decomposable in well-organised
networks of cost functions of bounded arity Allouche et al. (2012, 2016).

Another approach is to transfer cut generation techniques from integer program-
ming to VCSP, like in the clique global constraint de Givry and Katsirelos (2017).

6 Complexity and Tractable Classes

The complexity of the VCSP depends on its valuation structure. However, every
valuation structure contains an idempotent valuation L (which represents total satis-
faction and hence a zero cost) and an absorbing valuation T # L (corresponding to
a totally unsatisfactory and hence forbidden assignment). Since it is always possible
to code all CSP instances via the valuations L and T, the VCSP is NP-hard for any
valuation structure.

Nevertheless, there are polynomial-time algorithms for certain subproblems of the
VCSP and for certain valuation structures. If the aggregation operator is idempotent
(which is the case in fuzzy and possibilistic CSPs), the study of the complexity of
the VCSP reduces to the study of the complexity of the CSP, because solving the
VCSP comes down to solving cut problems (Meseguer et al. 2006, p. 293), which
we obtain by replacing each cost function fp by the relation

Ry = {tel(P): fp(t) < a}.

when the aggregation operator is not idempotent, the study of the complexity of
the VCSP does not follow directly from the study of the complexity of the CSP.
For example, 2SAT € P but MAX- 2SAT is NP-hard. There is only one non-trivial
class of cost functions defining a tractable subproblem of the VCSP which comes
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16 M. C. Cooper et al.

out of the study of MAX- SAT: the class of submodular functions. Let fp : D" —
R=% U {00} be a cost function where the domain D has a total order. The function fp
is submodular Fujishige (2005) if Vx = (xy,...,x,) € D",y = (y1,..., yr) € D",

fp(min(x, y)) + fp(max(x,y)) =< fp(x) + fr(y)

where min(x, y) = (min(xy, yy), ..., min(x,, y,)) and max(x, y) is defined simi-
larly. The class of submodular functions includes all unary functions, the binary
functions /x2 + y2, ((x > y)?(x — )" : m) (for t > 1), K — xy, the cut function
of a graph, the rank function of a matroid (Gondran and Minoux 2009, Chap. 9) as
well as the function 1/ (for p > 0), where

0 = {O if (x; <a Ao AXy <)V (Xpg1 > Al A oo AXg > ay)
o otherwise.

An algorithm developed in Operations Research solves VCSPs with submodular cost
functions in O (n*elog? n + n*10g®® n) time, where n is the number of variables
and e the number of cost functions Lee et al. (2015). Another approach Cooper
et al. (2008) consists in establishing virtual arc consistency (which preserves the
submodularity of the cost functions). By the definition of VAC, the arc-consistency
closure 2 of Bool(Z?) is non-empty and, by definition of submodularity, its cost
functions are both min-closed and max-closed Jeavons and Cooper (1995); to find a
solution of 2 (which is necessarily an optimal solution of &?), it suffices to assign
always the minimum (or always the maximum) value in each domain of 2.

A VCSP can be coded as as an integer programming problem (whose variables
include v;, € {0, 1} which is equal to 1 if and only if x; = a in the original VCSP
instance Hurley et al. 2016). The linear relaxation of this integer programming prob-
lem (in which v;, is now a real number in the interval [0, 1]) has integer solutions
if all cost functions are submodular, meaning that the VCSP can be solved by lin-
ear programming. The dual of this relaxation is exactly the linear program used by
OSAC Cooper et al. (2010) to transform the original instance into an equivalent
instance with an explicit lower bound on costs Werner (2007); for instances with
submodular cost functions, this explicit lower bound is thus equal to the cost of
an optimal solution. Indeed, the VCSP restricted to a language of finite-valued cost
functions over the valuation structure Q=° U {oo} is tractable if and only ifitis solved
by this linear program Thapper and Zivny (2013). This notably includes languages
of cost functions that are submodular on arbitrary lattices. State-of-the-art results
concerning the tractability of languages of cost functions are covered in detail in a
recent comprehensive survey article Jeavons et al. (2014). These theoretical results
demonstrate the importance of submodularity and linear programming in the search
for tractable subproblems of the VCSP.
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7 Solvers and Applications

Various solvers have been developed to solve either cost function networks or
their specialisations such as Weighted Partial Maximum Satisfiability problems
(MaxSAT). MaxSAT problems can be described as cost function networks using
Boolean domains and cost functions defined using (weighted) clauses.

The MaxSAT international competition attracts the most famous solvers. One
can easily access the associated web site at http://maxsat.ia.udl.cat/. These solvers
are usually able to tackle problems that are formalised using weighted propositional
logic using the conjunctive normal form as a set of clauses. Clauses can be weighted
or hard. However, some solvers can still be restricted to non-weighted clauses or
unable to express hard clauses.

If we consider the more general VCSP case, most existing solvers focus on
weighted VCSPs, using additive costs (bounded or not) because they have a large
application area and can also be used to represent stochastic graphical models such
as Bayesian nets and Markov random fields. MaxCSP and graphical model solving
competitions are again very useful to access all these tools.>

A large collection of real, academic and random cost function networks is main-
tained and accessible at http://costfunction.org. Part of this collection has been com-
pleted with MaxCSP, MaxSAT, Constraint Programming, and Markov random fields
used in image processing and other problems to define a challenging collection of
benchmarks for solver evaluation® Hurley et al. (2016).

Several of the techniques introduced in this chapter are also implemented in the
open source award-winning t oulbar2* solver which is able to process cost function
networks but also problems represented as stochastic graphical models. Mini-buckets
techniques combined with branch and bound form the core of the daocopt solver.’

Applications

The application target of these models and associated solvers is wide and covers any
problem that can be reduced to the optimisation of a sum of local cost functions
over discrete variables. They have been used among others to tackle resource man-
agement problems (such as frequency assignment problems Cabon et al. 1999 or
observation satellite scheduling Verfaillie et al. 1996), cost-optimal planning Cooper
et al. (2006), structured RNA gene finding Zytnicki et al. (2008), complex pedi-
gree analysis Sanchez et al. (2008), haplotype reconstruction Favier et al. (2010),
genetic analysis Silberstein et al. (2013), protein design Allouche et al. (2014); Traoré
et al. (2013); Simoncini et al. (2015), crop allocation problems Akplogan et al.

2See  http://www.cril.univ-artois.fr/CPAI08/, http://www.cs.huji.ac.il/project/ UAT10/, http://
www.cs.huji.ac.il/project/PASCAL/index.php, http://www.hlt.utdallas.edu/~vgogate/uail4-
competition/, http://www.hlt.utdallas.edu/~vgogate/uail 6-evaluation/.

3See http://genoweb.toulouse.inra.fr/~degivry/evalgm/ in LP, MINIZINC, UAIL, WCNF, and WCSP for-
mats.

4See http://www.inra.fr/mia/T/toulbar2.
3See https://github.com/lotten/dacopt.
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(2013), judge assignment problems de Givry et al. (2014), in inductive logic pro-
gramming Alphonse and Rouveirol (2007), natural language processing,® flowchart
structure recognition Bresler et al. (2013), multi-agent planning Kumar and Zilber-
stein (2010), partially observable Markov decision processes processing Dibangoye
et al. (2013), model abstraction Struss et al. (2011), diagnosis Maier et al. (2011),
music processing and Markov logic Papadopoulos and Tzanetakis (2012, 2013),
probabilistic counting Ermon et al. (2013) and inference Ghosh et al. (2015),

Beyond pure discrete optimisation, Valued CSPs also capture the Maximum Prob-
ability Explanation (MPE) in Bayesian networks and the maximum a posteriori
(MAP) problem in Markov random fields, commonly used in image analysis Kappes
et al. (2015), that are immediately reducible to additive VCSPs Hurley et al. (2016).
They are therefore able to capture problems on related probabilistic models such
as complex hidden Markov models or conditional random fields, as long as a finite
horizon is used.

Beyond probabilistic criteria, less purely numerical criteria such as the “lexico-
graphic” ordering that can be used over possibilistic VCSPs can also be reduced to
additive VCSPs Schiex et al. (1995).

8 Conclusion

This rapid presentation obviously does not claim to be exhaustive. We have not, for
example, mentioned knowledge compilation techniques, well known in the CSP
propositional logic communities (see the chapter “Reasoning with Propositional
Logic: from SAT Solvers to Knowledge Compilation” of this Volume) and which have
also been extended towards optimisation Bergman et al. (2016) including
VCSPs Darwiche and Marquis (2004), Fargier and Marquis (2007) or semi-ring
CSPs Wilson (2005).

Nevertheless, this chapter shows that the VCSP formalism, within the last fifteen
years, has been enriched by a set of theoretical results (tractable classes), techniques,
algorithms (tree search, local consistencies, variable elimination ...) as well as soft-
ware tools which make it a solid model for expressing and solving combinatorial
optimisation problems on graphical models (whether deterministic or stochastic).
The recent extensions of the notion of global constraint (or global cost function)
based on dedicated local consistencies should provide the modeller with a tool which
is asrich as in classical constraints, but with a greater expressive power and efficiency
for optimisation problems. Other domains, such as the exploitation of symmetries in
VCSPs and pruning by dominance de Givry et al. (2013), for example, have yet to
be studied.

The notion of valued graphical model has, in fact, been used beyond the con-
straint programming community. The notions of discrete stochastic graphical mod-
els such as Bayesian networks or Markov random fields Chellappa and Jain (1993)

6See https://code.google.com/p/hitdi-13.
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or factor graphs Kschischang et al. (2001) are formalisms which are essentially
equivalent to cost function networks but for which the probabilistic interpretation
naturally begs the question of how to count the solutions—linked to the calculation
of “marginals”—rather than optimisation problems. The notions of local consistency
in VCSPs, preserving joint distributions, could find a new domain of application, as
global cost functions could increase the expressive power of these formalisms, which
are often limited, in the discrete case, to express cost functions (conditional prob-
abilities, potentials, factors) involving a small number of variables and defined by
tables.

Cost function networks thus provide an ideal tool for expressing and process-
ing simultaneously preferences/utilities, uncertainties/probabilities (see the chapter
“Representations of Uncertainty in Artificial Intelligence: Probability and Possibil-
ity” of Volume 1) and classic feasibilities and constraints. In this framework, we
usually distinguish control variables (controlled by the decider) from non-controlled
variables (representing the environment and the source of uncertainty). We could
refer to Dubois et al. (1996) for the possibilistic case, the algebraic treatment of such
problems having been studied especially in Pralet et al. (2007).
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