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Combinatorial Optimization expressed as
Weighted Constraint Satisfaction Problem (WCSP)

 Applications in Genetics
◦ Mendelian error detection in complex pedigrees
◦ Haplotype reconstruction in half-sib families
◦ TagSNP selection
◦ Optimizing the reference population in a genomic selection design
◦ Multipopulation integrated genetic and radiated hybrid mapping 

(carthagene)

 Applications in Bioinformatics
◦ Searching RNA motifs and their intermolecular contacts
◦ Computational protein design
◦ Gene regulatory network reconstruction using bayesian networks
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Mendelian error detection in 
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WCB 2005, WCGALP 2006, Constraints 2008
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Cleaning the data after genotyping

Genotype: unordered 

pair of alleles

(possibly unobserved)

Marriage loop

 For each marker, detects Mendelian inheritance errors

Today, about 1% errors remain after SNP genotyping

Individual (founder)
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Task 1: Consistency Checking

 Assuming the pedigree is correct, checks if it exists a complete  

genotype assignment consistent with the observed genotypes 

and with the Mendelian laws of inheritance

 Complexity results

(Aceto et al., 2003)

NP-complete for a 

pedigree with loops

and more than three 

alleles

Polynomial if no loops

or just two alleles
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Constraint Satisfaction Problem (X,D,C)

 X: one variable per individual

 D: domain of every variable is 

defined as the set of all possible 

genotypes

Here: { 1/1, 1/2, 1/3, 2/2, 2/3, 3/3 }

 C: 

 Ternary constraints to encode 

Mendelian laws for any non 

founder

 Unary constraints to encode 

genotyping data



{1/2,2/2,2/3}

Generalized Arc Consistency

(Mackworth, AIJ 1977) 



{1/2,2/2,2/3}

{1/2,2/2,2/3}

{1/2,2/2,2/3} {1/2,2/2,2/3}

{1/2,2/2,2/3}

Generalized Arc Consistency

(Mackworth, AIJ 1977) 



{1/2,2/2,2/3}

{1/2,2/2,2/3}

{1/2,2/3} {1/2,2/3}

{1/2,2/2,2/3}

Generalized Arc Consistency on nuclear family

(Lange, Goradia, Am J Hum Genet 1987)



{1/2,2/3}

{1/2, 2/3}

{1/2,2/3} {1/2,2/3}

{1/2,2/3}

Generalized Arc Consistency on nuclear family

(Lange, Goradia, Am J Hum Genet 1987)



{1/2,2/3}

{1/2, 2/3}

{1/2,2/3} {1/2,2/3}

{1/2}

Backtrack search on loop-breaker individuals

(O’Connell, Weeks, Am J Hum Genet 1997)

(Dechter, AIJ 1990)



{1/2}

{1/2, 2/3}

{1/2,2/3} {1/2}

{1/2}

Backtrack search on loop-breaker individuals

(O’Connell, Weeks, Am J Hum Genet 1997)

(Dechter, AIJ 1990)



{1/2}

{}

{2/3} {1/2}

{1/2}

Backtrack search on loop-breaker individuals

(O’Connell, Weeks, Am J Hum Genet 1997)

(Dechter, AIJ 1990)



{2/3}

{}

{1/2} {2/3}

{2/3}

Backtrack search on loop-breaker individuals

(O’Connell, Weeks, Am J Hum Genet 1997)

(Dechter, AIJ 1990)



16

Task 2: Error Detection

 Finds a complete assignment 

with the minimum number of 

errors

Follows the parsimony principle
1/2

1/22/2

1/22/2

2/2



 (X, D, F)
◦ X={X1,..., Xn} n variables

◦ D={D1,..., Dn} n finite domains of maximum size d

◦ F={fS1
,…,fSe

}, e cost functions

fSi
: associates a finite or infinite (k) positive integer to every tuple in l(Si)

 Goal: find a complete assignment A minimizing

∑fSF fS ( A[S] )

NP-hard problem
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(Schiex, Fargier, Verfaillie, IJCAI 95)

(Shapiro, Haralick, IEEE PAMI 81)

(Freuder, Wallace, AIJ 92)
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Weighted Constraint Satisfaction Problem (X,D,F)

 X: one variable per individual

 D: domain of every variable is 

defined as the set of all possible 

genotypes

Here: { 1/1, 1/2, 1/3, 2/2, 2/3, 3/3 }

 F: 

 Ternary hard constraints to 

encode Mendelian laws for any 

non founder

 Unary soft constraints to encode 

genotyping data

1/1 1/2 1/3 2/2 2/3 3/3

f10 1 1 1 0 1 1



Generalized Soft Arc Consistency

1/1 1/2 1/3 2/2 2/3 3/3

f8 0 0 0 0 0 0

1/1 1/2 1/3 2/2 2/3 3/3

f11 1 0 1 1 1 1

1/1 1/2 1/3 2/2 2/3 3/3

f12 1 1 1 1 0 1

1/1 1/2 1/3 2/2 2/3 3/3

f10 1 1 1 0 1 1

1/1 1/2 1/3 2/2 2/3 3/3

f9 0 0 0 0 0 0

(Schiex, CP 2000), (Givry et al, Constraints 2008), (Lee & Leung, IJCAI 2009),…



Generalized Soft Arc Consistency

(Schiex, CP 2000), (Givry et al, Constraints 2008), (Lee & Leung, IJCAI 2009),…

1/1 1/2 1/3 2/2 2/3 3/3

f8 1 0 0 0 0 0

1/1 1/2 1/3 2/2 2/3 3/3

f12 0 0 0 1 0 1

1/1 1/2 1/3 2/2 2/3 3/3

f9 0 0 0 0 0 0
1/1 1/2 1/3 2/2 2/3 3/3

f11 1 0 1 1 1 1

1/1 1/2 1/3 2/2 2/3 3/3

f10 1 1 1 0 1 1



Generalized Soft Arc Consistency

(Schiex, CP 2000), (Givry et al, Constraints 2008), (Lee & Leung, IJCAI 2009),…

1/1 1/2 1/3 2/2 2/3 3/3

f8 2 0 1 0 0 2

1/1 1/2 1/3 2/2 2/3 3/3

f11 1 0 0 1 0 0

1/1 1/2 1/3 2/2 2/3 3/3

f12 0 0 0 1 0 1

1/1 1/2 1/3 2/2 2/3 3/3

f10 0 0 0 0 0 0

1/1 1/2 1/3 2/2 2/3 3/3

f9 0 0 0 0 0 0



Variable elimination

1/1 1/2 1/3 2/2 2/3 3/3

f12 1 1 1 1 0 1

(Dechter, AIJ 1999)



Variable elimination

(Dechter, AIJ 1999)

f8,9 1/1 1/2 1/3 2/2 2/3 3/3

1/1 1 1 1 1 1 1

1/2 1 1 0 1 0 0

1/3 1 0 1 0 0 1

2/2 1 1 0 1 0 0

2/3 1 0 0 0 0 0

3/3 1 0 1 0 0 1



 Condition, condition, condition … and then 
only eliminate (Cycle-Cutset)

 Eliminate, eliminate, eliminate … and then 
only search

 Interleave conditioning and elimination















...

...
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B&B with dom/deg

B&B with last conflict

B&B-VE(2) with dom/deg

B&B-VE(2) with last conflict

CPU time in seconds to find and prove optimality

on a linux PC 3 GHz with 16 GB using toulbar2 v0.5

(Givry et al, Constraints 2008)



Cork, May 2008 33

B&B-VE(2)

CPU time in seconds to find and prove optimality

on a linux PC 3 GHz with 16 GB using toulbar2 v0.5
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Task 3: Error Correction using Probabilistic Model

 Finds a complete assignment with 

maximum posterior probability

Bayesian network
1/2

1/22/2

1/22/2

2/2

Prior on genotyping error: 1%
(and equifrequent alleles)
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Task 3: Error Correction using Probabilistic Model

 Finds a complete assignment with 

maximum posterior probability

Bayesian network
2/2

2/22/2

2/22/2

2/2

Prior on genotyping error: 10%
(and equifrequent alleles)

2/2



P( O, T ) = Perror( Oi | Ti ) Pmendel( Ti | parents(i) ) Pfreq( Ti )

 Finds a complete assignment with 

maximum posterior probability

Bayesian network
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Task 3: Error Correction using Probabilistic Model

Pmendel(T10 |T8,T9)

O1

T1Perror(O1 | T1)
Pfreq(T2)



 Probabilistic models

(Markov Net, Bayes Net,..)
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1

( ) ( )

e

i i

i

P X f S



 

 Deterministic models

(Max-SAT, 
Weighted CSP,...)

1

( ) ( )

e

i i

i

score X f S


 

0  k 

◦ X, a set of n variables

◦ D, finite domains of maximum size d

◦ F={fS1,…,fSe}, a set of e functions with Si  X

(finite or infinite positive integer)



• Restoring consistency on large animal pedigrees
• M. Sánchez, S. de Givry, and T. Schiex. Mendelian error detection in complex pedigrees using weighted 

constraint satisfaction techniques. Constraints, 13(1):130-154, 2008

• MendelSoft http://www7.inra.fr/mia/T/MendelSoft/

• Optimal haplotype reconstruction in half-sib families
• A. Favier, J-M. Elsen, S. de Givry, and A. Legarra. Optimal haplotype reconstruction in half-sib families. In 

ICLP-10 workshop on Constraint Based Methods for Bioinformatics, Edinburgh, UK, 2010

• Optimizing the reference population in a genomic 
selection design
• J-M. Elsen, S. de Givry, G. Katsirelos, F. Shumbusho. Optimizing the reference population in a genomic 

selection design. In WCB’13, Uppsala, Sweden, 2013

http://www7.inra.fr/mia/T/MendelSoft/
http://www7.inra.fr/mia/T/MendelSoft/


(IJCAI workshop 2005), (Bioinformatics 2006), (Constraints 2008)



















NP-complete problem (Vialette 2004)



 CSP model

 WCSP model
◦ Minimizes sum of errors in word and helices (intra & inter)





• RNA motif search in genomic 
sequences
• P. Thébault, S. de Givry, T. Schiex, C. Gaspin. Combining constraint network 

processing and pattern matching to describe and locate structured motifs in 
genomic sequences. Bioinformatics, 22(17), 2006

• M. Zytnicki, C. Gaspin, T. Schiex. DARN! A weighted constraint solver for RNA 
motif localization. Constraints, 13(1), 2008

• Computational Protein Design
• D. Allouche, S. Traoré, I. André, S. de Givry, G. Katsirelos, S. Barbe, T. Schiex. 

Computational Protein Design as a Cost Function Network Optimization 
Problem. In CP'2012, Québec, Canada.

• S. Traoré, D. Allouche, S. de Givry, G. Katsirelos, T. Schiex, S. Barbe. A New 
Framework for Computational Protein Design through Cost Function Network 
Optimization. Bioinformatics, 2013

• toulbar2 https://mulcyber.toulouse.inra.fr/projects/toulbar2/













……TPSDLRLDQFMKRWAPTLTEAEASAY……Parental

3D Protein Structure 

Representation of a sequence-conformation model. A) Partial view of protein 3D structure showing as example three mutable

positions. B) Zoom on a polypeptide segment. C) Illustration of accessible rotamers for an amino acid type. 

D
Q

Y

L

R
E

rotamer 1 rotamer 2

……TPSDLRLLQFMKQWAPTLTYAEASAY……Mutant

Amino acid sequences

Backbone

ARG amino acid

rotamers

Side Chains

3 mutable residues
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 X: one variable per mutable residue

 D: domain of every variable is defined 
as the set of all combinations of amino 
acids (20) and spatial conformations

 F: unary and binary soft constraints to 
encode the energy function for every 
pair of residues





 AI & OR

◦ E Freuder. Eliminating interchangeable 
values in constraint satisfaction problems. In 
AAAI 1991

◦ A Koster. Frequency assignment: Models and 
Algorithms. Ph.D. thesis, 1999

◦ R Niedermeier, P Rossmanith. New upper 
bounds for maximum satisfiability. J. 
Algorithms 36(1), 2000

◦ S Bistarelli, B Faltings, N Neagu. 
Interchangeability in Soft CSPs. In CP 2002

◦ A Jouglet, J Carlier. Dominance rules in 
combinatorial optimization problems. EJOR 
212(3), 2011

◦ G Chu, P Stuckey. A generic method for 
identifying and exploiting dominance 
relations. In CP 2012

◦ C Lecoutre, O Roussel, D Dehani. WCSP 
Integration of Soft Neighborhood
Substitutability. In CP 2012

 Computational Protein Design
◦ J Desmet, M Maeyer, B Hazes, I 

Lasters,. The dead-end elimination 
theorem and its use in protein side-
chain positioning. Nature 356, 1992

◦ R Goldstein. Efficient rotamer
elimination applied to protein side-
chains and related spin glasses. 
Biophysical Journal 66(5), 1994

◦ N Pierce, J Spriet, J Desmet, S Mayo. 
Conformational splitting: A more 
powerful criterion for dead-end 
elimination. Journal of Computational 
Chemistry. 21(11), 2000

◦ I Georgiev, R Lilien, B Donald. 
Improved pruning algorithms and 
divide-and-conquer strategies for 
dead-end elimination, with application 
to protein design. Bioinformatics 
22(14), 2006
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A



Prune value (x,b), dominated by (x,a) if:

 Rule 1: (Desmet et al, Nature 1992)

 Rule 2: (Goldstein, Bio. J. 1994) (Koster, 1999)

Rule 2 is always stronger than rule 1 and it has been improved 
in (Givry et al, CP 2013)
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A

D

B

1
C

A

D

B

1
C2

f = 1

2

k = 5f = 1

Problem is EDAC 
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A

D

B

1
C

A

D

B C

f = 1

2

k = 5f = 1

Rule 1 and Rule 2(+) find

(C,red) is dominated by (C,green)

Problem is EDAC 
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A

D

B

1
C

A

D

B C

f = 1

2

k = 5f = 1

Rule 1 and Rule 2(+) find

(C,red) is dominated by (C,green)

1

Problem is EDAC 
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A

D

B

1
C

A

D

B C

f = 1

2

k = 5f = 1

Rule 1 and Rule 2(+) find

(C,red) is dominated by (C,green)

Problem is EDAC 
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A

D

B

1
C

A

D

B C

f = 1

2

k = 5f = 1

Rule 1 and Rule 2(+) find

(C,red) is dominated by (C,green)

Problem is EDAC 

1
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A

D

B

1
C

A

D

B C

f = 1

2

k = 5f = 1

Rule 1 and Rule 2(+) find

(C,red) is dominated by (C,green)

Problem is EDAC 







 toulbar2
http://mulcyber.toulouse.inra.fr/projects/toulbar2

(Open source WCSP, MaxSAT, MPE solver in C++)

◦ Contribution by UPC (J. Larrosa’s team) & CSIC (P. Meseguer’s team)

◦ Contribution on soft global cost functions by CUHK (J. Lee’s team)

◦ Contribution on large neighborhood local search by Caen University (P. 
Boizumault’s team)

 numberjack
http://github.com/eomahony/Numberjack/tree/fzn
◦ Multi-solver (Mistral,CPLEX,Gurobi,SCIP,Minisat,toulbar2) platform in python

◦ minizinc reader

 Large set of benchmarks
http://mulcyber.toulouse.inra.fr/projects/costfunctionlib

http://www.costfunction.org
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http://mulcyber.toulouse.inra.fr/projects/toulbar2
http://github.com/eomahony/Numberjack/tree/fzn
http://mulcyber.toulouse.inra.fr/projects/costfunctionlib
http://costfunctionlib/


 Workshop on Constraint-Based-Methods for 
Bioinformatics

◦ Held with 20th International Conference on Principles 
and Practice of Constraint Programming (CP 2014)

◦ Lyon, France

◦ September 8th  2014

◦ Organizers : Nicos Angelopoulos and Simon de Givry



 Structure learning (Bayesian net, GGM, RF)
◦ M. Vignes, J. Vandel, D. Allouche, N. RamadanAlban, C. CiercoAyrolles, T. Schiex, B. Mangin, S. de Givry. Gene regulatory 

network reconstruction using bayesian networks, the Dantzig selector, the lasso and their meta-analysis. PLoS ONE, 
6(12), 2011.

◦ J Vandel, B Mangin, and S de Givry. New Local Move Operators for Bayesian Network Structure Learning. In Proc. of 
PGM-12, Granada, Spain, 2012.

◦ DREAM5 System Genetics evaluation, 2010

◦ GeneBayesNet
http://carlit.toulouse.inra.fr/genebayesnet


