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Chapitre 1

Introduction

1.1 Statistiques non paramétriques

Considérons 'estimation d’une application f a partir d’un échantillon (V4,...,V},) de variables
ou de vecteurs aléatoires. Un estimateur de f est une application f entierement déterminée
par la donnée de I’échantillon (V4,...,V,,). Dans le cadre des statistiques non paramétriques,
on ne suppose aucune forme a priori sur la fonction f a estimer. Néanmoins, des hypotheses
générales sur f peuvent étre nécessaires (f bornée, a support compact, dérivable...).

La performance d’un_estimateur f est mesurée par une fonction de perte, aussi appelée
risque, de la forme E[d(f, f)] ou d(.,.) est une distance ou une semi-distance sur ’ensemble
des fonctions. Les risques les plus classiques sont le risque L? ol d(s,t) = [s — t||b est la
distance associée a la norme L?, et le risque ponctuel d’ordre p ou d(s,t) = |(s — t)(zo)[? et g
est un point fixé. On peut également considérer une distance d qui dépend des observations.
Ainsi, la performance d’un estimateur dépend du risque considéré, et les méthodes d’estimation
développées sont différentes selon le risque auquel on s’intéresse.

Plus précisément, deux types de risque sont considérés dans ce manuscrit.

(i) Le risque quadratique intégré : E [Hf— fH?,} ou v est une fonction a valeurs positives et

]2 = [ t?(x)v(z)dz.

(ii) Le risque quadratique ponctuel : E [(]?— f )2(950)} ol xy est un point de I fixé.

On notera
It|l, dans le cas (i)

1£llo = (1.1)
|t(zo)| dans le cas (ii)



Remark 1 En alternative au risque (i), on peut considérer son équivalent empirique,

~ 1 n
E[IF-7I2] avee 2= - £(X
=1

ot X; est un vecteur composé de coordonnées de V;. En effet, ||t||,, est la moyenne empirique
associ€e a ||t]| s, ou fx est la densité de X; et sous certaines conditions ces deux normes sont
équivalentes sur un ensemble de forte probabilité.

On distingue deux catégories principales d’estimateurs non paramétriques: les estimateurs
construits a partir d’un noyau, brievement présentés en Section 1.1.1, et les estimateurs con-
struits par minimisation d’un contraste, qui est la méthode utilisée dans ce manuscrit.

1.1.1 Estimateurs a noyaux

Considérons I'exemple de I'estimation de densité. Soit (X7,..., X,,) des variables aléatoires i.i.d.
(indépendantes identiquement distribuées) de densité f a support dans I C R. Considérons
I'estimateur intuitif de f suivant. Soit = € I, h > 0 et [x — h,x + h| un petit intervalle autour

de z,
) (1.2)

ot Ko(z) = (1/2)1-1,1). Ko est appelé le noyau et h la fenétre de I'estimateur ﬁ? (cf Figure
1.1)
Par ailleurs, on remarque que

F(z) ~ %/KG (x}:t) f)dt =E [21hK0 (th_t)} (1.3)

si h est petit. Ainsi ﬁ? est la moyenne empirique associée a (1/h) Ky (X7 —t)/h).

Le choix de la fenétre h dans le calcul de 'estimateur ﬁ est déterminant.

* Si h est trop grand, l'erreur d’approximation dans (1.3) est trop importante.

* D’apres Dexpression (1.2), si h est trop petit, il n’y a pas suffisamment de valeurs {X;}
dans l'intervalle [x — h, x 4 h] pour obtenir une bonne estimation.

La fenétre optimale h,, qui réalise un compromis entre ces deux erreurs d’estimation dépend
de n et tend vers zéro quand n tend vers I'infini. En effet, si h est fixé, I’erreur d’approximation
dans (1.3) est fixée et le nombre de valeurs {X;} dans 'intervalle [x — h, x + h] augmente, donc
I'erreur d’approximation dans (1.2) diminue. Ainsi, plus n est grand, plus il sera intéressant de
considerer une fenétre petite.

ﬁ() 2hCa7"d{zX€[x—ha:+h hz (

La définition de l'estimateur (1.2) se généralise en considérant d’autres formes de noy-
aux. Plus précisément, on appelle noyau une application K : R — R intégrable, qui vérifie
fR K(u)du = 1. La Figure 1.2 présente quelques exemples de noyaux classiques.
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£,

(llh)K((x—t)/f:1)f(x)§

x—h X

Figure 1.1: Estimateur a noyau

=21z <) (A= 2Dl(lzl 1) Frexp(—2?/2)1(|z| < 1)

Figure 1.2: Exemples de noyaux classiques
L’estimateur associé au noyau K et de fenétre h est
) = — K .
i) = ok (F5)

La méthode d’estimation par noyaux, présentée ici dans le cadre de ’estimation de densité,
est tres générale et s’applique dans de nombreux problemes d’estimation. Elle est partic-
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ulierement adaptée a 1’étude de risques ponctuels. Par ailleurs, la fenétre peut-étre choisie en
fonction des données, notamment a 1’aide d’une procédure developpée par Lepski and Spokoiny
(1997). Nous reviendrons sur ce point dans la Section 1.2.7.

1.1.2 Estimation par minimisation d’un contraste

a) Construction d’un contraste.

Soit f une fonction & estimer & partir d'un échantillon (Vi,...,V,) de variables ou de
vecteurs aléatoires, et F un sous-ensemble des fonctions de I dans R tel que f € F. Un
constraste empirique est une application

Yot €F — () €R

entierement déterminée par les observations. L’estimateur considéré est la fonction fqui min-
imise v, (¢) sur un ensemble de fonctions a déterminer. On considere essentiellement deux types
de contraste empirique 7, : les constrastes construits par maximum de vraisemblance, et les
contrastes de type projection (les deux pouvant coincider dans certains cas).

Les estimateurs présentés dans ce manuscrit sont construits a partir de contrastes de type
projection. On considere une application v : t € F — () € R telle que

= in(t).
J = argmin~y/(t)

Plus précisément, les contrastes considérés dans ce manuscrit sont de la forme suivante :

A(t) = [t — fIP, = / (t — 1) ()v(x)de

I

oll v est une fonction & valeurs positives, définie sur F = L*(I). On constate que pour tout
teF,y(t) > 0ety(f) =0, donc f minimise bien v sur F. L’application =, inconnue (car
elle dépend de f) est estimée par un contraste empirique ,. Plus précisément, =, est une
application de F dans R uniquement déterminée par les observations et de la forme suivante.

RS S

avec E[u(V;,t)] = ~v(t) + co, et ¢o est une constante indépendante de V; et t (et généralement
dépendante de f). On remarque que

= i t) = i t .
f = argminy(t) = argminy(t) + co
Soit S un sous-ensemble de F, on définit I'estimateur fAS suivant.

12



fs = arg min Yn(1). (1.4)

j/ig n’est calculable que sous certaines conditions, la plus usuelle étant de supposer que ’espace S
est de dimension finie. On se restreint donc a un ensemble S = Vect{¢y,...,¢p} ot (¢1,...,¢p)
est une base orthonormée de S pour la norme L?.

b) Décomposition biais-variance

Tout comme le choix de la fenétre h pour les estimateurs a noyaux, le choix de la dimension
D est déterminant. R

* Si D est trop petit, le modele S n’est pas assez riche et fs ne pourra pas approcher
correctement f.

* 51 D est trop grand, le nombre de parametres a estimer (c’est a dire le nombre de coeffi-

cients de J?D dans la base {¢1,...,¢p}) est trop élevé.

La Figure 1.3 illustre ce phénomene dans le cadre de I'estimation de densité, en considérant
des espaces Sp = Vect{cos(rkx/6),k = 0,...,D}. Si D est petit, 'ensemble Sp n’approche
pas suffisamment f, et si D est trop grand, l'estimateur s’adapte trop aux fluctuations des
données. R

Cette heuristique est confirmée par I’étude du risque de I'estimateur fs,

E[I(fs - 13]
ott ||.]|2 est la semi-norme sur F définie en (1.1). Soit
= iny(t) = in||f — t||2.
fs(x) = argmin~(t) = argmin || f — |,
Alors, le risque de 'estimateur ]?5 se décompose en deux termes appelés biais et variance.

E[Ifs =713 < 207~ fsllg + 2 [1Fs— 5ol

biais variance

Cette décomposition fournit une majoration du risque de 'estimateur ]/”\5, et il sera per-
tinent par la suite de s’interroger sur l'optimalité de cette majoration. La notion de vitesse
minimax présentée en Section 1.2.2 permet une étude précise de cette question, mais on peut
déja constater que dans certains cas cette inégalité devient une égalité, au facteur 2 pres. En
effet, considérons le risque ||.||>. D’apres le Théoreme de Pythagore,

E(Ifs— 2] = Wos— 11 + E[IFs - 5sl2].

-~

(1.5)

biais variance
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S trop petit S trop grand

Figure 1.3: Fonction f & estimer (en trait plein) et estimateur fg (en pointillés).

L’expression “variance” fait référence a la situation ou E [J?S(x)} = fs(x) pour tout z. Soit

S =Vect(¢y,...,¢p) ou les (@) sont orthonormés pour la norme ||.||,, alors
o D
fo= adr et fs=> appp avec E[ay] = a.
k=1 k=1
D’ou
R D D
E [Hfs—fs”?,] Z k—ak =Var (Zak) .
k= k=1

Si fs n’est pas toujours égal a I'espérance de fg, il est néanmoins assez proche car

1) +eo=EMm@)], vtes
fS = arg minges Yo (t)
fs = argminges y(t) + co.

Plus l'espace S est grand, plus le terme de biais, égal a la distance de f a S, est petit.
Par ailleurs, on verra dans la section suivante que le terme de variance augmente lorsque la
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dimension de S augmente. Un “bon” espace S doit donc réaliser un compromis entre ces deux
¢éléments et la procédure de sélection de modele permet de choisir cet espace S en fonction des
observations.

1.2 Sélection de modeles

1.2.1 Principe général

Considérons une collection de sous-espaces vectoriels de F, appelés modeles
M, ={Sn,m e J,}.

Pour tout modele S, € M,,, on définit fm = argminyeg, Vn(t) et f, = argmingeg,, y(t). On
dispose donc d'une collection d’estimateurs {fm, m € J,}. Le but de la sélection de modele est
de construire un critere basé sur les données permettant de choisir un estimateur parmi la collec-
tion. Plusieurs criteres de sélection de modeles existent (AIC, BIC...), basés sur des heuristiques
différentes, mais dans ce manuscrit nous ne considérons que la méthode développée par Birgé
and Massart (1998), particulierement adaptée aux estimateurs par projection. Le meilleur es-

timateur f,, pour le risque ||.||2 est celui pour lequel I'erreur E [H]?m —f Hg] est minimale, mais

cette erreur n’est pas observable. On cherche donc a I’estimer, ou plus préciément a estimer la
somme biais-variance

EIlfm = FI] <20 = full} + 2B 1o = S|, ¥ € o (1.6)

On construit une quantité qui estime la somme biais-variance, a une constante indépendante
de m pres, et le modele m € J,, sélectionné est celui qui minimise cette quantité. Si le principe
général de la sélection de modele demeure le méme pour I'étude des risques ponctuel et intégré,
les techniques mises en oeuvre sont sensiblement différentes. Nous nous contenterons donc,
dans cette introduction, de donner un apercu global de la démarche, qui sera détaillée dans les
différents chapitres.

* Le terme de biais est estimé par la quantité %(J?m) ou 7, est une application de U,¢ s, Sin
dans R déterminée par les observations et telle que E[7,(t)] est de ordre de ||f — t]|3 + co on
o est une constante indépendante de ¢. La construction de 7, constitue la principale différence
entre la sélection de modele pour les risques ponctuel et intégré.

* Sous certaines hypotheses concernant la collection de modeles M,,, le terme de variance
est majoré par une quantité non aléatoire :

E [IF — full)] < 072
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ou C' est une constante et D,, est la dimension de I'espace S,,. Par ailleurs, cette majoration
est optimale en un sens défini en Section 1.2.2.

Finalement, on sélectionne le modele m qui vérifie
m = arg min [%(fm) + pen(m)]
medJdn

ou la fonction pen(m), appelée pénalité, est égale a C'D,,/n. L’estimateur de sélection de

modele est fz. Dans le cadre du risque (i) (cf (1.1)), on parlera de sélection de modele globale,
et dans le cadre (ii) de sélection de modele ponctuelle.

1.2.2 Inégalité oracle et risque minimax

Dans le cas le plus favorable, I'estimateur de sélection de modele vérifie le résultat suivant,
appelé inégalité oracle.

E[Ifn = £I] < A int {Ifn = I} +pen(m)} + 7. (1.7)

ou le terme de reste r, est négligeable devant le terme principal
Ainfez {lfm — I3 + pen(m)}. Ceci signifie que le risque de I'estimateur de sélection de
modele fm est inférieur ou égal, a constante multiplicative pres, a la somme biais-variance du
meilleur estimateur de la collection. Dans ce manuscrit, nous obtenons de telles inégalités dans
le cas du risque intégré.

Néanmoins, d’apres (1.6) la somme biais-variance {|| f,, — f||2 + pen(m)} n’est quun majo-
rant du risque de I'estimateur fm Une minoration est donc nécessaire pour prouver que cette
somme converge a la méme vitesse que le risque E [Hfm — f||(2)} sur des classes de régularité

classiques. Pour cela, on définit le risque de convergence minimax.

Definition 1.2.1 Soit (Vi,...,V,,) un échantillon a partir duquel on veut estimer une fonction
f et soit F une classe de fonctions qui contient f. Soit d(.,.) une distance ou semi-distance. On
définit le risque minimax sur F, associé a la distance d comme le risque du meilleur estimateur

construit a partir de (Vi,..., V), pour la fonction f € F la moins favorable. Plus précisément,
R, = inf sup E[d(fy, f)]
n fEF

ot linfimum est considéré sur ’ensemble de tous les estimateurs de f. Le risque minimax
dépend de la taille de l’échantillon (Vi,...,V,). Soit (¥n)nen une suite de réels strictement
positifs. On dit que 1, est la vitesse optimale de convergence ou vitesse minimaz sur F si il
existe deux constantes positives ¢ et C telles que

c<lim inf 'R, <lim sup ¥, 'R, <C.

n—+00 n—+o0
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On remarque que la vitesse de convergence minimax est définie a une constante multiplicative
pres.

Ainsi, soit F(f3) une classe de régularité indexée par un parametre de régularité 3, et ¢, g
la vitesse minimax sur F((3). Soit 8 un ensemble de parametres (généralement un intervalle
de R) tel que pour tout 3 € B, il existe un modele m € J, et une constante positive C' tels que

[t —¢]15 + pen(m) < Ctby

pour tout ¢t € Fy. Alors, d’apres 'inégalité oracle (1.7), si f € F(3) avec 5 € B, 'estimateur
de sélection de modele fz converge a la vitesse minimax sur F(3). L’estimateur s’adapte donc

~

a la régularité 3 de f sans que celle-ci soit connue : on dit que fz est adaptatif.

1.2.3 Risque minimax adaptatif

Dans certains cas, notamment en sélection de modele ponctuelle, le résulat obtenu n’est pas tout
a fait une inégalité oracle : 'estimateur f5 ne converge pas exactement a la vitesse minimax
sur les espaces de régularité classiques.

Considérons 'exemple de l'estimation ponctuelle de densité sur un intervalle 7, developpé
au Chapitre 3. On considere le risque ponctuel E[(f — f)*(z)] ot zo est un point fixé. Soit
H(B, L) les classes de régularité suivantes : pour tout (3, L) € R

H(B,L) = {f : I — R fois dérivable, |f")(z) — f7(y)| < L|lz — y|°~", Y&,y € I}.

ou r est le plus grand entier strictement inférieur a 3 (ces classes seront étudiées plus précisément
dans la Section 1.2.6). On prouve que la vitesse minimax sur H(3, L) est n=2%/(26+1) mais
I'estimateur de sélection de modele ponctuelle vérifie

~ n \ —26/(26+1)

E — Hixo)] < C <—)

(F = Do) < C (5=

si feH(B,L). fAm ne converge pas a la vitesse minimax, son risque comporte une perte loga-

rithmique. Néanmoins, on prouve que la perte logarithmique est inévitable pour un estimateur

adaptatif dans ce contexte et que cette vitesse est optimale. Pour cela, Lepski (1991) définit la
notion de vitesse de convergence minimax adaptative.

Soit {F(B), 5 € B} un ensemble de classes de régularité et d une semi-distance. Pour tout
B € ‘B, soit

Ry =inf sup E[d(f, f)].
Fu fEF(B)
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Soit {1, 3,n € N*, 5 € B} une suite de nombres strictement positifs. 1, 5 est le taux de conver-
gence minimax adaptatif sur les classes {F(3), 5 € B} si il existe deux constantes strictement
positives c et C' telles que

c<lim inf sup BRng <lim sup sup, 572 s <C.
n—+00 gy n—-+oo B€B

Ainsi, dans le cadre de I'estimation ponctuelle de densité, Butucea (2001) démontre que la
vitesse de convergence minimax adaptative est (n/Inn)=2%/(26+1),

1.2.4 Inégalités de déviation

Les méthodes développées pour prouver 'adaptativité en sélection de modele ponctuelle et
globale sont tres différentes. Néanmoins, elles sont essentiellement basées sur des inégalités de
déviation de processus empiriques. Plus précisément, les preuves s’appuient sur la majoration
de termes de la forme suivante. Pour la sélection de modele globale

Z/ [ sup  (u(t) — [12) = pen(m) + 2

= t€Sum, tlo=1

dx (1.8)

et pour la sélection de modele ponctuelle

S [ () = 1f = £l = pentm) + o] (19)

medn

En effet, f minimise () +co et fm minimise 7, (t)+pen(m) ou 7,(t) est un processus empirique
qui estime ~y(t) + ¢y, donc la distance entre fs et f est majorée par la déviation entre 7, et 7.

a) Inégalités de Talagrand

Les inégalités de Talagrand majorent des déviations de suprema de processus empiriques par
rapport a leur espérance, c’est-a-dire des variables aléatoires de la forme : sup,c z % o (X)) —
E[t(X;)]), ou les (X;) sont des variables ou des vecteurs aléatoires indépendants et F est un en-
semble de fonctions. Ces résultats peuvent étre exprimés sous forme de probabilité de déviation

ou d’espérance, pour des variables indépendantes ou i.i.d.

Le résultat suivant, issu de Klein and Rio (2005) s’appuie sur les travaux de Talagrand et
Ledoux.

Theorem 1.2.1 Soit (Xi,..,X,,) des variables aléatoires indépendantes. Soit F un ensemble
dénombrable de fonctions de R dans [—1,1]". Soit

n

Z =sup Yy sO(X,).
seF ; ( )
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On suppose que E[s")(X;)] = 0 pour tout i. Alors pour tout x > 0,

.%2
PlZ 2BZ + 1] < exp (_2(V+2EZ) +3x)

o V =supyer Var(d !, s (X))).

Par des arguments de densité, ce résultat peut s’étendre a un ensemble de fonctions F non
dénombrable qui possede une partie dénombrable dense pour la norme infinie. C’est le cas en
particulier, si F est une boule pour la norme L? d'un sous-espace vectoriel de dimension finie
de L? N L.

Cette inégalité est majoritairement utilisée pour des fonctions s dont toutes les composantes

-----

considérant les fonctions s/b a valeurs dans [—1, 1]", le Théoréme 1.2.1 peut étre réécrit ainsi.

Theorem 1.2.2 Soit F un ensemble de fonctions de R dans R, uniformément bornées en
norme infinie, qui posséde une partie dénombrable dense pour la norme infinie. Soit (X, .., X,)
des variables aléatoires indépendantes. Soit

n

Z—sup =S (F(X.) — ELf(X)]) ou Z = sup

n
feF M4 feF

LS () - E[f(Xi)D‘

n <
=1

et
1 n
b>sup || flle, v >sup— Z Var(f(X;)), H>E(Z).
feFr ferF i1

Pour tout X > 0,

n\?
PZ>H4+ )\ <exp (- . 1.1
2= H+ ]—eXp( 2(v+4b]1-]1)+6b/\> (1.10)

Par ailleurs,
+oo
E[(Z° - (1+20)H%),] < / P[Z? = (14 20)H* > z] da
0

En effet, pour toute variable Z de densité f7 et de fonction de survie Fz(z) = P[Z > z.

E[Z,] = /0 " efala)de = — /0 T AT, (2)de = — [P ()™ + /O T Fy(@)dz < /0 T Fy(@)de

Le Théoreme 1.2.2 entraine alors le résultat suivant.
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Theorem 1.2.3 Soit F un ensemble de fonctions uniformément bornées en norme infinie, qui
posséde une partie dénombrable dense pour la norme infinie. Soit (Xi,...,X,) des variables
aléatoires indépendantes. Soit

Pour tout

1 n
b>sup | flleo, v zsup—ZVar(f(Xi)), H>E(Z)
fer feF T

et pour tout @ > 0, il existe des constantes numériques C, 6,, R, K (qui ne dépendent que de
0) telles que

2 2
E [(Z2 -1+ QQ)Hﬂ < C’ exp ( H@) —1—6/2— exp (—E’@) )

Une preuve détaillée de ces deux Théoremes est fournie au Chapitre 6, dans le cas plus
général de fonctions f@ non identiques.

b) Inégalité de Bernstein

L’inégalité de Bernstein permet de majorer la probabilité de déviation de processus em-
piriques.

Theorem 1.2.4 Soit (X,..X,,) des variables aléatoires indépendantes. Soit

1 n
:E;Xi—E[X

Supposons que

1 & k!
=N E[X?Z < E[(X. <— k=2 vk > 2. 1.11
nZZI (X7 <w Z X VX C Vk > (1.11)

1) Pour tout x > 0,

P[S > V2vx + cx] < exp(—nx),
P||S]| > V2vz + cz] < 2exp(—nx).
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2) De maniére équivalente, pour tout € > 0,

P[S > € < exp (—"—62)

2(v? + ce)
ne
P[S] = €] < 2exp (—m> :

Remark 2 En particulier, la condition (1.11) est satisfaite si les {X;} sont i.i.d. et
E[X? <v and [ X <c

L’inégalité de Bernstein est énoncée en particulier dans Birgé and Massart (1998). Cette
inégalité est moins forte que l'inégalité de Talagrand au sens ou elle majore la probabilité de
déviation de processus empirique, et non de supremum de processus.

Ainsi, le choix de la pénalité pen(m) est guidé par deux exigences.

* D’apres les résultats des Sections 1.2.2 et 1.2.3, la pénalité doit étre choisie de 'ordre de
la variance pour que || f,, — f||2 + pen(m) soit de l'ordre de E [Hfm — f||(2)} (dans le cas d'une

inégalité oracle), ou bien de telle sorte que inf,,c 5, {|| /. — fI|2 + pen(m)} converge a la vitesse
minimax adaptative. Ceci impose une limite supérieure a la pénalité.

* De maniere évidente, les probabilités de déviation (1.8) et (1.9) sont des fonctions décroissantes
de pen(m). La pénalité doit donc étre suffisamment grande pour que ces probabilités soient

négligeables devant le risque de I’estimateur fm

1.2.5 Bases de modeles

La construction d'un estimateur par sélection de modeles nécessite le choix préalable d'une
collection de modeles, et les théoremes énoncés dans les chapitres suivants requierent certaines
propriétés concernant cette collection, regroupées dans cette section. Nous présenterons ensuite
des exemples classiques de collections de modeles qui vérifient ces propriétés.

a) Propriétés des collections de modéles

Soit I un intervalle de R. Considérons une collection de modeles
M, ={S,,m € J,}

ot S, est un sous-espace vectoriel de IL.2(1)NIL>(I) pour tout m € J,,. J,, dépend généralement
de la taille n de I’échantillon. Pour tout m € J,, soit {¢y, k € I,,,} une base de S, orthonormée
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pour la norme L?. La plupart des collections classiques sont constituées de modeles de di-
mension finie D,, = Dim(S,,), mais nous présenterons également un exemple de modele de
dimension infinie. Par ailleurs, pour les modeles de dimension finie, on se restreint a des di-
mensions D, < N,, avec N,, < n. En effet, dans ce cas le terme de variance est d’ordre D,,/n,
donc le risque d’un estimateur fm ne peut tendre vers 0 quand n tend vers I'infini que si D,,, < n.

e Complexité de la collection

Supposons que les modeles S, sont de dimension finie, et notons D,, = Dim(S,,). La
collection M,, peut comporter plusieurs modeles de méme dimension et la complexité désigne
le nombre de modeles de dimension D,, = D, pour une valeur de D € N* donnée. On impose
généralement des restrictions sous la forme suivante. Pour tout A > 0, il existe une constante
A’ telle que

> exp(-=AD,) <A & Y Card({m € J,, Dy = D})exp(—~AD) < A" (1.12)

meJn D<N,

ou N, = maxy,c;, D,. Des variantes de cette condition consistent a remplacer exp(—AD,,)
par exp(—Av/D,,), ou D,, exp(—AD,,).

e Connexion de normes

La connexion de normes est une relation entre les normes [|t[|> = [, t*(z)dx et ||t =
sup,c; |t(z)| sur les espaces {S,,}. Plus précisément, on suppose qu'il existe une constante K
indépendante de n telle que, pour tout m € .J,,

[tlle < Kv/Dollll, ¥t € S

La proposition suivante fournit une caractérisation de la connexion de normes a I’aide des
fonctions de base des espaces S,,.

Proposition 1.2.1 Soit V un sev de L*(I)NIL*>°(I) de dimension d, v une densité définie surV
et (11, ..,10q) une base v-orthonormée de V', alors il y a équivalence entre ces deuz affirmations.

(i) Pour toutt € V,
ltllse < KVt

(i)
d
1Y 2l < K2d
=1

ou K est une constante indépendante de d.
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Preuve de la Proposition 1.2.1

x Supposons (i) vérifiée. Soit x € I. Notons | . | la norme euclidienne de R?, (. ) le produit

scalaire euclidien de R? et v(z) = (¢ (), .., ¥a()).

S} = W)

IN
3
=y

ce qui prouve (7).

* Supposons (i) vérifiée. Soit z € [ et t = Z?Zl a;p; € V. D’apres 'inégalité de Cauchy
Schwartz,

d d
(t(2)* <Y al x Y (@) = [tll} x K3d
i=1 i=1
ce qui prouve (7). O

Remark 3 En particulier, les bases bornées en morme infinie par une constante indépendante
de n vérifient la propriété de connexion de normes car elles satisfont la condition (ii).

Remark 4 La Proposition 1.2.1 est également vérifiée si I C R2.

e Localisation

La collection M,, est dite localisée si pour tout m € J,, l'espace S,, possede une base
orthonormée {¢}', k = 1,..., Dy, } telle que les supports des {¢]'} ne sont pas “trop superposés”.
Plus précisément, on suppose qu’il existe une constante K indépendante de m et n telle que
pour tout k € {1,..., D,,}, et pour tout m € J,,

{ (i) Card({k € {1,.... Dy}, 6001 #0}) < K
(i) 672 < KDy

Contrairement a la connexion de normes, la propriété de localisation dépend de la base de 5,,
considérée.
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La propriété de localisation est plus forte que la propriété de connexion de normes. En
effet, supposons que l'espace S, possede une base localisée {¢7", k = 1,...,D,,}. Soit x € I,
supposons qu'il existe kg € {1,..., Dy} tel que ¢f (x) # 0, alors

Dy,
D@ (@) = > CHONEY
k=1 k=1, Dy G 07, 20
< Card ({k € L 6700 £03) s |07
< K?D,,. o
Si ¢(x) = 0 pour tout k € {1,...,D,,}, cette méme inégalité est évidemment vérifiée, ce qui

prouve la propriété de connexion de normes.
Dans ce manuscrit, nous aurons parfois besoin d’une condition supplémentaire : pour tout
m € Jy, il existe une partition {Iy,..., I} de {1,..., D,,} telle que

Card(l;) < K, Vie{l,...,s} (1.13)
et pour tout 4,5 € {1,...,s}, i # j et pour tout h € I;, k € I,

mem — (1.14)

et [l¢plle < K*D. (1.15)

De fagon immeédiate, cette propriété de localisation forte entraine la localisation simple. En
effet, supposons (1.13), (1.14) et (1.15) vérifiées. Soit k € {1,..., Dy}, et soit i € {1,...,s}
tel que k € I;, alors

{K'e{1,..., Dy}, o7 op # 0} C I
d’ou

Card({K € {1,...,Dn}, o0 ¢5 # 0}) < Card(I;) < K.

Mais il n’y a pas équivalence entre ces deux notions, comme l’illustre I’exemple suivant.
Soit ¢(3§') = (1/\/5) (H{[0,1/2[U[173/2[}<w> — H{[1/271[U[3/2’2[}(£L’)). Pour tout m € N* et pour tout

ke {-2,...,2m} soit
¢y (x) = Vme(ma — k).

Les fonctions ¢}, obtenues par translation et homothétie de la fonction ¢, sont a support dans
[k/m, (k +2)/m]. On considere la collection M,, = {S,,, m =1,..., N} avec

Sm = Vect{op', k = —2,...,2m}.

On constate que la famille {¢}", k = —2,...,2m} constitue une base orthonormée de S,,, pour
tout m.
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Figure 1.4: Base localisée mais ne vérifiant pas la propriété de localisation forte.

La Figure 1.4 représente les courbes des fonctions {¢3, k = —2,...,6}, restreintes a U'intervalle
[0,2]. On constate de maniere évidente que la base {¢}, k =,—2...,6} est localisée, avec la
constante de localisation K = 2. Néanmoins il n’y a pas de partition stricte de {—2,...,6} telle

que (1.13) et (1.14) soient vérifiées. Cette constatation se généralise a S,,, pour tout m € N*.
Ainsi, la collection M, est localisée mais ne vérifie pas la propriété de localisation forte.

De plus, soit v : I — R une application telle que v(x) > mg > 0 pour tout = € I, et ||t[,
la norme L? associée. Si l'espace S,, posseéde une base ||.||-orthonormée {7, k = 1,...,D,,}
qui vérifie la propriété de localisation forte, alors il existe une base {¢}*,k =1,...,D,,} de S,
||-||l,-orthonormée qui vérifie également la propriété de localisation forte. En effet, pour tout I;,
on effectue une orthogonalisation de Gram-Schmidt de la famille {¢}", k € I;} pour la norme
Il.]l,- La famille {¢}", k € I;} vérifie immédiatement les propriétés (1.13) et (1.14). De plus,
elle vérifie la connexion de normes donc

¥ e < VD) € 2o VD4l = 2o/ D

Ainsi, la base {¢",k =1,..., D,,} est bien localisée.

¢ Espace englobant
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La collection M,, possede un espace englobant si il existe un modele m,, € J, tel que
Sm C Sm,,, Vm € Jp,.

Cette propriété garantit que pour tous modeles S,, et S, de M,,, la somme S,,, + 5, est
incluse dans le modele S,,, . Par ailleurs, dans certains cas, les propriétés telles que la connexion
de normes ne sont nécessaires que sur l’espace englobant, ce qui allege les hypotheses.

b) Collections de modeles classiques

Comme l'illustre 'exemple de la section précédente, les collections de modeles M, sont
généralement construites a partir de fonctions de base de méme nature : histogrammes, fonc-
tions trigonométriques... Des travaux récents (le Pennec and Rivoirard (To appear)) s’intéressent
a des collections pouvant meéler des modeles de nature différente, mais les problemes soulevés
sont beaucoup plus complexes et nous ne les aborderons pas dans ce manuscrit.

e Histogrammes

Les bases d’histogrammes constituent I’exemple le plus simple de bases localisées, définies
sur un compact que l'on supposera ici égal a [0,1]. Une base d’histogrammes est constituée
d’une famille d’indicatrices associée a une partition de [0,1]. Soit P une partition de [0, 1],
notons Sp le modele suivant

Sp=Vect{l;,I € P}.
Une idée naturelle est de considérer la partition réguliere suivante, de pas 1/N,,.
k—1 k
n — —7_7]{;:17’”7Nn
P |

et la collection M,, = {Sp, P partition plus grossiere que P,}. Mais la complexité de cette
collection est trop importante. En effet, pour tout D € N*, le nombre de modeles de dimension
D et égal a (g":ll) et

Ny, Np—1

S () ep(-AD) = - 3 (3 ()P =

D=1 D=0

(1 + e_A) Nt

Q|

et cette quantité n’est pas bornée quand n tend vers l'infini. Par ailleurs, la majoration de
termes de déviation de la forme (1.8) ou (1.9) induit une limitation du cardinal de la collection,
qui doit généralement étre polynomial en n. Or Card(M,) = 2™ ce qui contraint N, et
donc tous les D,,, a étre plus petits qu'un terme d’ordre Inn. Ceci exclut 'adaptativité sur les
espaces de régularité classiques, comme nous le verrons dans les chapitres suivants.
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Néanmoins, Akakpo and Durot (2010) proposent des estimateurs de sélection de modeles
sur des bases d’histogrammes ou la propriété de complexité (1.12) n’est pas vérifiée, ce qui
permet de considérer des histogrammes tres irréguliers.

On peut réduire le nombre de modeles dans la collection en se limitant a des histogrammes

de pas régulier, c’est a dire associés a une partition de [0, 1] en intervalles de méme longueur.
Soit M,, = {Sp,, D =1,...,N,} ou

k—1 k
PD—{[—D ,B[JC—L...,D}.

Cette collection est beaucoup moins complexe car elle ne possede qu'un modele de dimension
D pour tout D =1,..., N,. Néanmoins, elle ne possede pas de modele englobant.

Enfin, les collections d’histogrammes le plus souvent considérées sont constituées d’histogrammes
réguliers de pas 2%, d € N, appelés histogrammes diadiques. Soit N,, < n et

M, ={Sp,,,d € N,2¢ <N,}.

Comme la collection d’histogrammes réguliers précédente, cette collection est peu complexe (au
plus un modele par dimension), et les modeles sont emboités:

5731 C Sp2 C 5734 (GIEEENE szdn
ol d,, est le plus grand entier d tel que 2¢ < N,,. En particulier, Sp,,, €st un modele englobant.
Ces trois collections vérifient la propriété de localisation forte.

e Polynomes par morceaux

Les polynomes par morceaux (notés PPM) constituent une généralisation des histogrammes :
soit P = {11, ..., Is} une partition de [0, 1], et R = {ry,...,rs} un ensemble d’entiers naturels,
notons Spr I'ensemble des fonctions ¢ telles que, pour tout 7 =1, ..., s, la restriction de t a I;
est un polynome de degré inférieur ou égal a ;. Comme dans le cas des histogrammes, on peut
considérer des PPM construits sur des partitions générales, régulieres ou diadiques mais nous
ne présentons ici que les collections de PPM diadiques.

Soit Ny, et 74, deux entiers naturels tels que (7pa: + 1) N, < n et
M, = {SPD,R,D:TI <Nyetde NR=A{ry,....,rp} et 0<r; < rpae, Vi = 1,...,D}.

N,, dépend de n mais 7,,., est fixé. Cette collection possede un espace englobant: Sp

2dmazx yRmaz

ol dpqe est le plus grand entier d tel que 2¢ < N, et Roaz = {Tmazs - - - » Tmaz ), €t vérifie la
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propriété de localisation forte, mais sa complexité est trop élevée. En effet, pour toute partition
Pp de [0,1], le nombre de modeles de M,, basés sur cette partition est (7., + 1)”. De plus,
pour tout R = {ry,...,rp},

Dim(SpD,R) = (7’1 + 1) + (7’2 + 1) + -4 (’I“D + 1) < D(T’max + 1).
Ainsi,

Z eXp(—ADm) > Z (Tmam + 1)D eXp<_AD(Tma9: + 1))

meMy, deN,D=24<N,,

— > [(Fmae + 1) exp(—A(rmas + 1)]”

deN,D=24<N,,

et cette somme est divergente si A < In(rpmaz + 1)/ (Tmaz + 1).

On considere donc une collection moins complexe, mais plus restrictive, ou les degrés sont
les mémes sur tous les intervalles, pour un modele donné.

M, ={Sp,r, D=2 <N, et deNR={r,...,7},7 < "ras } -

Alors, la quantité

> exp(=AD,) = > D exp(—AD(r + 1))
meMy deN,D=24<N,, r=0

< (nwtl) Y exp(—AD)

deN,D=24<N,,

est majorée par une constante indépendante de NN,,. On peut également se restreindre a un
degré égal a r,,,, pour tous les modeles:

M, = {5pp R D =2 < N,, et d € N}
¢ Fonctions trigonométriques
Pour tout m € N*| soit S, le modele suivant sur [0, 1] :
Sm = Vect {H[OJ}, r — cos(2rkx), x — sin(2rkx), k=1,... ,m}
de dimension 2m + 1 et soit M,, = {S,,,2m + 1 < N, }.

De maniere évidente, les modeles de la collection M,, sont emboités. La collection ne com-
porte donc qu’un modele par dimension et possede un modele englobant. On constate également
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que les fonctions de base ne sont pas localisées, car leur support est égal a [0, 1], mais elles sont
uniformément bornées par 1 donc la collection vérifie la propriété de connexion de normes.

e Ondelettes

La décomposition en base d’ondelettes est une technique originellement developpée en
traitement du signal, mais qui constitue actuellement un outil important des statistiques non
paramétriques. Les ondelettes permettent une décomposition de la fonction a plusieurs échelles :
on parle d’analyse multi-résolution. On considere une fonction ¢ appelée ondelette mere et une
fonction ¢ appelée ondelette pere a support dans un intervalle I, et un entier r € N* appelé
régularité qui vérifient un certain nombre de propriétés.

1), ..., " e Le(I).

2) Les dérivées successives de 1) sont a décroissance rapide i.e. pour tout 0 < k < r, pour tout
n > 1, il existe une constante C,, telle que

WM (@) < Cu(l+ |2 ™, Vo € I.
3) Pour tout 0 < k <r, [, 2")(z)dz = 0.

4) La famille {x — 27/2¢)(27/22 — k), (j,k) € Z?} constitue une base orthonormée de L*(R).

On suppose que ¢ vérifie les propriétés 1) et 2) ci-dessus, ainsi que les conditions suivantes.

3) J;e(x)de = 1.
4’) La famille {x — p(z — k), k € Z} U {;x,j € N,k € Z} constitue une base de L*(R).

Alors toute fonction ¢ € L*(R) admet une décomposition de la forme suivante :

t=>> (ort)or+ > (ks hhin

keZ >0 keZ

ou (.,.) désigne le produit scalaire de L? et

pr(r) = (e —k) et dyp(z) = 22P(2x — k).

Le terme ), _, (%, t) ¢, fournit une approximation grossiere de ¢, et les termes ), (¥; k., £)¥j x
pour j > 0 représentent les variations de t a une échelle de plus en plus petite quand j augmente.
Les modeles considérés sont, pour tout m € Nx,

Sm = Vect {pr,k € Z}y U{jp,j=1,....m—1,k € Z}).
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Ces modeles sont de dimension infinie. Pour se ramener a des modeéles de dimension finie,
on considere des ondelettes 1 et ¢ a support compact, noté [— A, A], et on estime des fonctions
a support dans [0, 1]. Ainsi, pour tout j > 0, et pour tout k ¢ [—27 — A, 2/ + A], la restriction
de ¢, a [0, 1] est identiquement nulle d’ou

Sm = Vect ({pr, k€ T'(0)} U{tj,7=0,....m—1,kel'(j)})

ou I'(j) = {k € Z,k € [-27 — A, 27 + A]}. Finalement, on considére la collection de modeles
suivante:

M, = {Sm,m € N*[2™ < N, }.

Ces modeles sont emboités et les fonctions de bases qui les engendrent vérifient la propriété
de localisation, mais pas de localisation forte (cf exemple développé dans la Section “localisa-
tion”).

e Sinus cardinal

Contrairement aux collections présentées précédemment, la collection suivante, construite
par translations et homothéties de la fonction sinus-cardinal, permet d’estimer des fonctions a
support dans R. Soit

() = sin(rzx)/(rx), Vo eR*
et ¢(0) = 1. Pour tout m > 0, pour tout k € Z, soit

Omi(T) = Vmp(mz — k), Vr R

et
Sm = Vect{omi,k € Z}.

La collection de modeles considérée est constituée de modeles S, o m appartient a une grille
de pas 1/M, M étant un entier fixé. Plus précisément,

1
M, ={S,,,m € MN,m < N.} (1.16)
avec N, < n.

Un simple calcul montre que pour tout m,
Sm = {f € L*(R), Supp(f*) C [~mm,wm]}

ou f* désigne la transformée de Fourier de f. Cette caractérisation permer de vérifier la pro-
priété de connexion de normes avec D,, = m, bien que les modeles {S,,} ne soient pas de
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dimension finie. De plus, au Chapitre 3, ’étude biais-variance d’'un estimateur de densité con-
struit sur un modele S,, met en évidence un terme de variance d’ordre m/n. D’une maniere
générale, I’entier m joue ici un role analogue a celui de la dimension de 5, pour les espaces de
dimension finie.

La structure de cette collection s’apparente a la construction des ondelettes, mais la fonction
¢ ne vérifie pas la condition 2) (décroissance rapide) de la définition des ondelettes. De plus,
on peut montrer qu'aucune fonction engendrant les espaces S,, ne vérifie cette condition (cf
Meyer (1990), Chapitre 2, Section 2). Ainsi, la base sinus-cardinal ne vérifie pas les propriétés
propres aux bases d’ondelettes.

1.2.6 Espaces de régularités

Les définitions classiques de la régularité d’'une fonction font intervenir ses dérivées successives,
a travers un parametre de régularité § > 0 et un rayon L > 0 qui majore une certaine norme
de la fonction. Les classes de régularité les plus simples sont les classes C* des fonctions k fois
dérivables, pour £ € N. On introduit

W(k,L) = {f € C"(I)n L*(1), | f¥]| < L}
ott ||.|| désigne la norme L? et I est un intervalle de R. Par ailleurs, soit f € C*(I) N L3(I), en
notant f* la transformée de Fourier de la fonction f,
(F5) () =X (N), VAER
D’apres 'égalité de Parseval,
1

®)2 — /\Qk *(\ 2d)\
£ = 5= [ 2150

On généralise donc la définition des espaces W ci-dessus en définissant, pour tout 5 > 0 et
L > 0, 'espace de Sobolev :

1

WL = {f e 1), 5 [ WP P < LZ}.

Par ailleurs, cette définition est invariante si on modifie f sur un ensemble de mesure de
Lebesgue nulle, a I'inverse de W (g3, L).

Contrairement aux espaces de Sobolev dont la définition fait appel a des propriétés globales

de la fonction, la définition des espaces de Holder fait intervenir le comportement local de la
fonction. Soit 5 €]0,1], et L > 0, on pose

H(B.L)={f: I =R |f(z) = f(y)| < Lz —y|”, Yo,y € I}.
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Cette définition n’est plus valable pour § > 1. En effet, soit 8 > 1 et f une fonction telle que
|f(x) — f(y)| < L|z — y|” pour tout z,y € I. Alors

f(@) — f(y)
r—y
donc f est une fonction constante. Cette difficulté est contournée en définissant, pour tout

p>1,

< Llim |z —y/" ' =0

T—Y

[/ (y)] = lim

T—Y

H(ﬁa L) = {f - R? ‘f(r)(x) - f(r)(y>| < L|I - y|ﬂ—7“7vx7y S I}

ou r est le plus grand entier strictement inférieur a (.

Les espaces de Besov sont des espaces de régularité plus généraux, qui englobent les espaces
de Sobolev et de Holder. Soit f une fonction d’un intervalle I dans R, on définit le module de
continuité w(f,.) qui mesure les accroissements de f :

w(f,t)= sup |f(z) = fy)l, vE>0.

x,yel,\x—y|<t

w(f,t) s’exprime également a 'aide de la différence de premier ordre de f : pour tout h > 0,
An(f,2) = f(z+h) - f(2).
w(f,t) = sup sup|Au(f,2)[ = sup [[Au(f,.)]c-
0<h<t z€l 0<h<t

La notion de module de continuité est ainsi généralisable aux espaces L?, pour tout p €]0, +oc].

w(f,t)p = Sup 1AL, )]lp-

Afin de mesurer des régularités supérieures, on définit le module de régularité de f. Pour tout
r € N*, soit A} la différence d’ordre r,

r

AL (fo) = DA a) =) (=) f(a + kh)

k=0
et pour tout p €]0, 4+o00],
we(f,t)p = sup [|AL(S, )]l
0<h<t

Enfin, on définit la semi-norme de Besov qui dépend de 3 parametres de régularité : g > 0,
p €]0,+00] et g €]0, +o0],

(fooo [t_ﬁwT(f, t)p}q %)l/q si 0<qg<oo
sz, = (1.17)

supt>0t*ﬁwr(f,t)p si g= 400
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ou r est le plus petit entier strictement supérieur a 3. L’espace de Besov Bqu est I’ensemble

des fonctions f telles que |f|z < 0o. De plus, on définit la boule de Besov Bf (L) de rayon
p,q )

L>0:

BJ,(L) = {f € L*(I), |flsg, + I fll, < L}.

Proposition 1.2.2 Pour tout 3 >0, L >0

(i) H(B,L)CBLo et |flgg <L V€M@ L)
(i) W(3L)CB et |flgg <L VfeW(3L)

Preuve de la Proposition 1.2.2.

Ces résultats sont basés sur la propriété suivante, vérifiée par le module de régularité (cf
DeVore and Lorentz (1993)): pour toute fonction f dérivable r fois et pour tous entiers 0 <
k<,

wr(f, 1)y < tfw, i (F¥, 1), Vit >0.

(1) Soit 3, L > 0, r le plus grand entier strictement inférieur a 3 et f € H(3, L). Pour tout
t >0,

tPwe (f,t) < Pwr(fO,8) = P sup [fO(x + ) — fO(2)] <L = L
zel
donc f e B, et |flze < L.
(17) Soit f € W (3, L) et soit r la partie entiere de £3.

supt Pw, 1 (f, )y < supt P w (0 1),
t>0 t>0

et
w(f 02 = sup £ — fO)2
0<h<t

ol f,(f) () = f") (2 + h) pour tout x. Or d’apres 'égalité de Parseval,
r r 1 )" r)\*

157 =50 = 5= [](57) 0= )
1 N 2 i 2

= 5 [y f e -1 o

1 * 2 2r : 2
_ %/Ru VP A2 (2 sin(Mh/2))%dA.

2

dA
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D’ou

suptPw, 1 (f,1)2
>0

1
< sup sup h_ﬂ+T\/2—/ £ A2 (2 sin(AR/2))2d )
T JR

>0 0<h<t

1
< sup sup \/Q—/If*(A)IQIAIQT
t>0 0<h<t ™ Jr

Par définition de r, 0 <1 — G+ r < 1 donc

(2sin(\h/2)) |2~

)
- 128in(AR/2)[20-B+1) d)

1 2sin(Ah/2)) 7"
supt Pw,p1(f, )2 < sup sup \/2—/]f*()\)|2])\\27‘ (2sin(An/2)) d\
t>0 t>0 0<h<t T Jr h
(sin(Ah/2)) [
= sup su * A28 d\
t>§0§h2t\/ /’f X COAR2

Or |sinu/u| < 1 pour tout u € R d’on

t>0

1
supt—ﬁwTH(f, t)e < \/%/ |f*()\)|2 |A]2PdN\ < L.
R

1.2.7 Autres méthodes adaptatives
e Méthode de Lepski

Cette méthode, décrite pour la premiere fois par Lepski (1991) et reprise ensuite dans de
nombreux articles, fournit des estimateurs adaptatifs pour le risque ponctuel a partir d’estimateurs
a noyaux. On considere une collection {fy, h € [Amin, Amax]} d’estimateurs a noyaux de type
(1.2) et {F(B),B > 0} des espaces de régularité (Sobolev, Holder,...) emboités :

FB)cF@), vB<p.

On suppose connue la vitesse minimax adaptative 1, g sur 'espace F(3), pour tout 8 > 0,
ainsi que la valeur hg de la fenétre telle que I'estimateur f,, converge a la vitesse ¢, 5. Un
critere de sélection permet de déterminer une fenétre h dans un intervalle discret [Amyin, Amax]

de telle sorte que l'estimateur ]/% converge a la vitesse minimax adaptative sur l’ensemble
{f(6>7 5 S [6min7 ﬁmax]} ou 6min et ﬁmax correspondent a hmin et hmax~
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Contrairement aux techniques de sélection de modeles, la méthode de Lepski estime ex-
plicitement la régularité 8 de la fonction. Par ailleurs, les résultats fournis par cette méthode
sont asymptotiques, contrairement aux inégalités oracles, mais permettent d’atteindre asymp-
totiquement des constantes optimales.

e Seuillage d’ondelettes

La méthode de seuillage d’ondelettes consiste a estimer la fonction cible dans une base
d’ondelettes, pour ne conserver ensuite que les coefficients suffissamment grands (cf Donoho
et al. (1996)). Grace a la définition des espaces de Besov, un niveau de seuillage dépendant des
parametres p et ¢ fournit une méthode d’estimation adaptative sur les espaces ng pour tout
6> 0.

1.3 Données partiellement observées

Cette section présente les modeles étudiés, ainsi que les fonctions auxquelles on s’intéresse dans
ce manuscrit.

1.3.1 Le modele de régression homoscédastique
On considere un échantillon (X;,Y;) de couples de variables i.i.d. telle que pour tout i

ou les variables {¢;} sont i.i.d. et indépendantes des {X;}. Les {X;} sont appelés les designs,
les {€;} les erreurs ou le bruit de régression, et b la fonction de régression. Le but des Chapitres
2 et 3 est d’estimer la densité f de l'erreur de régression a partir de I’échantillon {(X;,Y;)}.
Cette étude comporte de nombreuses applications.

Une des problematiques importantes dans 1’étude du modele de régression est la prédiction
: Péchantillon observé est {(X;,Y;)} mais on veut par la suite, en mesurant uniquement X,
obtenir des informations sur le comportement de Y. Celui-ci est caractérisé par deux fonctions.

* La fonction de régression b(x) = E[Y|X = z] détermine le comportement moyen de Y
connaissant X.

* la densité f de € caractérise les fluctuations de Y autour de son espérance conditionnelle.

Ainsi, la construction d’un estimateur de f fournit par exemple des intervalles de confiance
pour Y.
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L’estimation de la densité des erreurs permet également de construire une procédure de
test pour déterminer si la fonction de régression b appartient a une certaine classe de fonctions
(linéaires,...).

Certaines méthodes d’estimation de la fonction de régression sont basées sur I'’hypothese
d’'une erreur gaussienne. L’estimation de la densité de l'erreur permet de valider cette hy-
pothese a posteriori.

De nombreux articles sont consacrés a l’estimation de densité, mais la difficulté ici réside
dans le fait que les erreurs {¢;} dont on veut estimer la densité ne sont jamais observées. La
méthode générale consiste a construire des quantités qui approchent les {¢;} et a leur appliquer
une méthode d’estimation de densité comme s’il s’agissait des véritables {¢;}. Ore =Y —b(X),
il est donc naturel d’estimer ¢; par les résidus ¢; = Y; — /b\(Xl) oll b est un estimateur de la
fonction de régression b.

Malgré la diversité des applications qui en découlent, peu d’articles étudient 'erreur de
régression d’un point de vue non paramétrique. Akritas and Keilegom (2001) proposent un
estimateur de la fonction de distribution de l'erreur de régression par une méthode de noyaux.
Efromovich (2005) s’'intéresse a l'estimation de la densité de l'erreur et construit un estima-
teur tres performant au sens ou sa vitesse minimax de convergence est égale a celle que 1'on
obtiendrait en mesurant directement les {¢;}. Néanmoins, la procédure qu’il développe, basée
sur des propriétés des fonctions trigonométriques est complexe, aussi bien pour la construction
de T'estimateur que pour les preuves des résultats de convergence, et nécessite des hypotheses
assez contraignantes (par exemple, une régularité 2 pour la densité des erreurs). La procédure
d’estimation de ’erreur developpée aux Chapitres 2 et 3 s’appuie essentiellement sur des résulats
d’estimation de densité et de fonction de régression.

Plus précisément, on considere un échantillon de taille 2n:
(X Y, (X, Yo ) Uu{(X, ), (X, Y) =2 u Zt,

e Premiere étape. Un estimateur b de b est construit A partir de 1’échantillon Z~.

e Deuxiéme étape. On calcule les résidus de 1’échantillon Z7 :
&=Y,—b(X,), Vi=1,...,n.

b étant indépendant de (X;,Y;) pour tout i = 1,...,n, les résidus {€;,i = 1,...,n} sont iden-
tiquement distribués selon une loi de densité f~ qui ne dépend que de Z~ et sont indépendants
conditionnellement & Z~. Cette propriété est particulierement utile dans le calcul du risque
de l'estimateur de f et justifie la scission de I’échantillon en deux échantillons Z~ et Z7
indépendants, méme si cela divise par deux la taille de I’échantillon intervenant dans la majo-
ration du risque.
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e Troisieme étape. Une méthode d’estimation de densité appliquée aux résidus {€;,i =
1,...,n} fournit un estimateur f de f.

Cette procédure nécessite donc le choix de deux méthodes d’estimation :

* Une méthode d’estimation de la fonction de régression b,

* Une méthode d’estimation de densité.
Celles-ci engendrent des erreurs de deux natures. R

* L’erreur due au remplacement des véritables €; par les résidus € = ¢; — (b — b)(X;), qui
dépend de l'erreur d’estimation de b,

* L’erreur d’estimation de densité.

En effet,

E(If- fIR] < 2 |IIf - £13) + 22 [/ - fIE]

-~
erreur d’estimation de densité erreur d’estimation des résidus

La majoration du terme
E|IF- 18] =E[E[1F- 71312

requiert une méthode d’estimation de densité adaptée au risque ||.||3. Par ailleurs, pour tout

Z~ fixé, € est la somme de deux variables indépendantes, € et (b — b)(X), et par un simple
calcul on montre que

(@) = / F— (b— D)) fx (Bt

ol fx est la densité de X. Si de plus f est lipschitzienne, pour tout x € R

17w = ([ e o-Dw) - s@) sow)
< [ [te-0-00) - 1] s
< Lip(h)? [0 D205 (o)

= Lip(f)*[Ib— b7,

Ainsi nous avons besoin d’une méthode d’estimation de la fonction de régression qui fournisse
un majorant du risque intégré E [Hb — becx] , y compris lorsque ’on considere le risque ponctuel

pour l'estimateur f
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1.3.2 Données de survie

Les problematiques étudiées en analyse de survie sont issues du domaine bio-médical, tout
comme le vocabulaire utilisé, mais les résultats obtenus sont applicables a d’autres domaines.
Dans ce manuscrit, nous nous intéressons a I’étude du temps de survie, terme générique qui
peut désigner le temps de survie d'un patient apres une opération, la durée d’'une maladie ou
tout autre variable positive. Dans la plupart des études bio-médicales, les variables aléatoires
auxquelles on s’interesse ne sont pas totalement observées : on parle alors de censure.

a) Censure a droite

Dans la majorité des études médicales aupres de patients, certains sujets quittent 1'étude
prématurément, et leur temps de survie n’est pas observé. Ainsi, soit Y; le temps de survie du
sujet ¢ apres une opération, deux situations sont possibles

-Le sujet 7 est suivi jusqu’a sa mort, Y; est donc mesuré.

-Le sujet i quitte I’étude ou meurt d’une cause non imputable a l'opération (accident...) au
bout d’un temps C;, appelé temps de censure.

Ce phénomene est modélisé de la fagon suivante : pour chaque patient 7, il existe un temps
de survie Y; et un temps de censure C; supposés indépendants. On observe le minimum de
ces deux temps, et on sait également si ce minimum correspond au temps de censure ou au
temps de survie. Ainsi, a partir d’'un panel de n patients supposés indépendants, on observe
I’échantillon

(T; = min(Y;, Ci), 6 = Livicey) oy

)

(1.18)

On suppose généralement que les temps de survie et de censure sont indépendants (ou indépendants
conditionnellement aux covariables s’il y en a). Cette supposition est discutable dans les ap-
plications pratiques, et d’autres modeles prenant en compte une dépendance entre ces deux
variables existent. Néanmoins, comme dans de nombreux problemes, le cas indépendant con-
stitue un modele d’étude intéressant.

L’idée naive consistant a ne conserver que les temps de survie des patients non censurés
conduit clairement a des résultats biaisés : en effet, plus un patient survit longtemps, plus il a
de chance d’étre censuré, donc réciproquement l’espérance de vie des patients non censurés est
plus basse que celle des patients censurés. Il est donc nécessaire de considérer des méthodes
d’estimation qui incluent ’ensemble des données, censurées et non censurées. D’un point de
vue statistique, I’étude de données censurées a droite débute avec Kaplan and Meier (1958), qui
proposent une méthode d’estimation de la fonction de survie a partir d’observations censurées
a droite, encore tres utilisée dans les travaux actuels.

Dans ce manuscrit, nous nous intéressons plus précisément a l’estimation du taux de risque
instantané ou hazard rate, noté h. Le taux de risque instantané a l'instant x est la probabilité
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que le patient meure juste apres x, sachant qu’il était vivant juqu’au temps x. Plus précisément,

PlY € [z,x +dx]|Y > 2] P[Y €z, z+de]N{Y >2}]  fy(z)

h(z) = I - PlY > 1] ~ Fy(x)

ol fy et Fy désigne la densité et la fonction de survie de Y.

Certains estimateurs de h présents dans la litterature sont construits comme quotients
d’estimateurs de la densité fy et de la fonction de distribution F'y, par exemple avec ’estimateur
de Kaplan-Meier. h s’exprime également sous forme d’'un quotient différent : 7" = min(Y, C)
donc pour tout x € R,

Fr(x)=PH{Y >a}n{C>2}]=P[Y > 2| P[C >z] = Fy(z)Fc(x),

d’ou
_ fY(_@FO(x) _ _Wx) .
FT(;C) FT<SL’)

La fonction Fr est plus facile & estimer que Fy car les {T;} sont intégralement observées. Par
ailleurs, la fonction ¢ appelée sous-densité de Y correspond heuristiquement a la “densité” des
variables {Y;} effectivement observées. En effet, pour toute fonction ¢t : RT — R telle que
t(0) =0,

h(z) (1.19)

E[t(6T)] = E[5t(Y))]
= E[E[lyy<cit(Y)|Y]]
— E[((Y)Fo(Y)]

- / tH(x ) (x)da.

L’expression (1.19) permet de construire des estimateurs comme quotients d’estimateurs de
Y et Fr. Enfin, on peut remarquer que fy(r) = —F/y(x),

h(z) = — (nFy(z))".

Cette écriture donne lieu a un troisieme type de procédure d’estimation : on calcule un es-
timateur de Fy (généralement discontinu), puis on lui applique une méthode de dérivation
discrete.

Une synthese bibliographique sur ce sujet est présentée au Chapitre 4.

Les procédures présentées ci-dessus comportent deux étapes (auxquelles s’ajoute éventuellement

I'étape de sélection de modele, de fenétre...). A l'inverse, l'estimateur présenté au Chapitre 4 est
calculé directement en minimisant un contraste empirique de type projection. La construction
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de ce contraste repose sur le choix de la norme |||z, qui est la norme associée a la fonction de
distribution de T'. En effet, on montre que

E[6;t(Y;)] = /t(x)h(:v)FT(m)d:E vt € L

et de fagon évidente
B | [ #0112,

ce qui fournit un estimateur empirique de

17, — 2/t(w)h(x)7T($)dx = ||h = tll7, — IRl

Par ailleurs, la minimisation de ce contraste conduit a des estimateurs de la forme suivante:
soit S, un modele, le vecteur A,, des coordonnées de h,, vérifie une relation de la forme

~ ~

GonAm =V, (1.20)

ou G,, est la matrice de Grahm de la base de S,,, considérée, pour la norme empirique :

1 n
i=1

Ce type d’estimateur est semblable aux estimateurs de la fonction de régression calculés a
I’aide d’un contraste des moindres carrés. On parle souvent d’estimateurs “de type régression”,
dans un cadre différent, I'estimateur construit au Chapitre 6 est également de cette forme.
Nous nous intéressons, dans le Chapitre 5, a une généralisation de la méthode de sélection de
modeles ponctuelle pour ce type d’estimateurs, en mettant en exergue les points fondamentaux
de la preuve developpée au Chapitre 3. R

Si l'on considere un modele S,, d’histogrammes, I’équation (1.20) qui détermine A, possede
une solution explicite car la matrice de Gram @m est diagonale. Mais comme nous le verrons
dans les chapitres suivants, les bases d’histogrammes sont peu performantes pour estimer des
fonctions régulieres (plus précisément, elles ne permettent d’obtenir une vitesse minimax que
sur des espaces de régularité inférieure a 1). Nous pallions cet inconvenient en considerant une
collection de modeles vérifiant la propriété de localisation forte et les matrices de Gram @m
s’écrivent alors sous forme de matrices diagonales par blocs avec une dimension de blocs borné
indépendamment de n.

Par ailleurs, I’étude de données censurées a droite s’inscrit dans un cadre plus général d’étude

de processus de comptage. Plus précisément, soit N et Z des processus de comptage sur R*,
et (Fi),so une filtration. On définit le compensateur I' de N par rapport a (F;),5, comme le
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processus tel que N — I" soit une (F;)-martingale. On s’intéresse généralement a l’estimation
de l'intensité, c’est a dire la fonction « telle que

F(t):/ota(z)Z(z)dz, > 0.

Ce modele est étudié de fagon particulierement détaillée dans Andersen et al. (1993). Il
s’applique a notre cadre d’étude en considérant

N(z) = Wyr<. 5-1
Z(2) = Wr>z
Fi =0(Ny,u <t)

ot T'=min(Y,C) et § = Uyy<cy sont les variables définies précédemment. Alors, a(z) = h(z).
En effet, on vérifie que

est bien le compensateur de N par rapport a (F;), c’est a dire
E[N(t) = T(t)|Fs] = N(s) —T'(s), Vs<t. (1.21)

Soit s < t. SiN(s) =1,alorsT < s =T <tp.s. donc N(t) =1, dou E[N () n(s)=1}|Fs] =
1= N(s). De plus, Z(z) = 0 pour tout z > s donc

BI(T() - Do)yl 7] = [ h(:)Z(:)dz =0

et E[(N(t) = N(s)nw=p3| Fs] = PHY € [s,t]} N {6 = 1}F] Win(o=0)

- /fv PIC = 2| F ]y o)=0yd2

= /h(z) min(C,Y) > z|Fs| Wiy (s)=0ydz

s

= [ HEBIZEE oz
= E[T() M=oy Fs] — T(8) MW (s)=0

ce qui prouve (1.21).

41



L’étude de processus de comptage de cette forme fournit donc également des méthodes
d’estimation du risque instantané en présence de censure a droite.

b) Censure par intervalle, cas I

Considérons le temps de contamination Y d’un patient par un virus. Ce temps n’est en
général jamais directement observé. En effet, un test de dépistage effectué au temps 7" indique
si le patient a été contaminé avant 'instant 7" ou non, c¢’est a dire si Y appartient a 'intervalle
[0,T] ou |T, +o00|. Ce type d’observation est appelé censure par intervalle, cas [ ou current status
data car 'information dont on dispose est le statut du sujet (contaminé ou non) a l'instant 7.
Ce type de données est largement étudié depuis une vingtaine d’année, on peut en particulier
citer Groeneboom and Wellner (1992) qui consacrent plusieurs articles a ce sujet. La plupart
des estimateurs non paramétriques présents dans la littérature sont basés sur le maximum de
vraisemblance, auquel sont appliquées des méthodes de régularisation prenant en compte la
régularité de la fonction (cf Chapitre 4 pour une bibliographie plus détaillée). Néanmoins, tres
peu d’articles s’intéressent a ’adaptativité sur des espaces de régularité.

Plus précisément, dans ce manuscrit, nous nous intéressons a un temps de survie Y dépendant
d’une covariable X € R avec un temps d’observation 7" dépendant également de X, et 1’on sup-
pose Y et T indépendants conditionnellement a X. On observe alors le triplet

()(7 T, 5 — 1{Y§T})

Au Chapitre 6, nous présentons un estimateur adaptatif de la fonction de répartition de Y’
conditionnellement a X :
F(z,y) = PlY <y|X = 1]

construit a partir d’'un échantillon i.i.d. (X;, T}, ;)1 ». On remarque que

Ainsi, F est la fonction de régression de d sur (X, T'). Gréce a cette observation, nous proposons
une méthode d’estimation par minimisation d’un contraste de type régression.

Une des particularités du contexte de censure par intervalle est la vitesse de convergence de
I’estimateur de la fonction de survie.En effet, dans un contexte non censuré, ou censuré a droite,
en l'absence de covariable la fonction de survie est estimée a vitesse paramétrique (1/n), et la
fonction de distribution conditionnelle converge a une vitesse qui ne dépend que de la régularité
de F' par rapport a x. Par contre, dans le cadre de la censure par intervalle, la vitesse minimax
d’estimation dépend de la régularité de F' par rapport a x et y, comme nous le prouvons par
une étude minimax au Chapitre 6.
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Premiere partie

Estimation de la densité de ’erreur
de régression
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Chapitre 2

Estimation de ’erreur de régression
pour le risque quadratique intégré

Ce chapitre présente un estimateur de la densité de l'erreur de régression e dans le modele de

régression homoscedastique
Y =b(X)+e

par sélection de modele globale. Seules les variables X et Y sont observées, on construit donc, a
partir d’un échantillon (X;,Y;), des quantités qui estiment les variables (¢;). La procédure est la
suivante : I’échantillon observé (X;,Y;) est séparé en deux échantillons indépendants de méme
taille : Z~ et ZT. Un estimateur b de la fonction de regression est calculé & partir de ’échantillon
Z~, selon une méthode proposée par Baraud (2002). En remarquant que € = Y — b(X), les
erreurs (e;) peuvent étre estimées par les résidus du deuxieme échantillon : (& = Y; — b(X;))
pour tout (X;,Y;) de ZT. Ces variables approchent d’autant mieux les véritables (¢;) que b est
un bon estimateur de b. Finalement, nous appliquons aux résidus une méthode d’estimation
de densité developpée par Massart (2007) comme s'il s’agissait des véritables (¢;) et obtenons
un estimateur fﬁfb.

Le risque quadratique intégré de ’estimateur fﬁfb se décompose en deux termes : un terme
d’erreur d’estimation de densité et un terme di au remplacement des erreurs par les résidus ;.
En remarquant que les résidus (€;) sont i.i.d. conditionnellement & 1’échantillon Z~, le premier
terme est majoré grace a l'inégalité oracle vérifiée par I'estimateur de densité dans Massart
(2007). Le deuxieme terme s’exprime en fonction du risque de l'estimateur b de b, qui est
majoré par un résultat de Baraud (2002).

Le principal résultat présenté dans ce chapitre fait 'objet d'une note publiée dans les
Comptes Rendus de I’Académie des Sciences (Plancade (2008)).
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2.1 Introduction

Consider an i.i.d. sample
Z = (X5, Ys)ic{on,..—1}U{1,...n} (2.1)

from the homoscedastic regression framework
Yi =b(X;) + e, (2.2)

where the {¢;}’s are i.i.d. random variables of common density f, independent of the {X;}’s,
and such that E[¢;] = 0 for every ¢. In this chapter, we want to build an estimator f of the
density f of the errors by a model selection procedure adapted to the integrated risk

B | [(F- P

by a model selection procedure. The specificity of error density estimation is that the errors
{€;}’s are unobserved. The classical procedure (presented with more details in Section 1.3.1 )
is the following. The sample Z is split in two independent samples:

77 =(Xi,Y)icn..—1 and ZT = (X;,Y))iz1..m

3]

* An estimator b of the regression function b is computed from the sample Z~.

* As the errors {¢;}’s are unobserved, we build quantities which estimate them. According
to (2.2), & = Y; —b(X;) hence the residuals from the sample Z*, {6 = V; —b(X;),i = 1,...,n},
are relevant estimators of the (¢;);—1__,. Besides, the samples Z, and Z~ are independent,
so the (€)i=1,., are i.i.d. given Z~, thus we can apply them a density estimation procedure
developed for i.i.d. samples.

* We apply a density estimation procedure to the residuals as if they were the true {e;}’s.

The litterature about regression noise estimation is not extensive, and the non parametric
estimation of error density is especially studied by Efromovich (2005). He follows the same
general outline as we do, but with different estimators of density and regression function. He
obtains a more powerful result but under more restrictive assumption. Moreover, our estimator
is easier to implement. A parallel between his estimator and the one presented in this chapter
is developed at the end of Section 2.4. Other papers are devoted to the estimation of the
cumulative distribution function of regression errors, like Akritas and Keilegom (2001) and
Kiwitt et al. (2008).

The chapter is organised as follows. Section 2.2 presents the notations and assumptions.
Section 2.3 is devoted to the preliminary estimators of density and regression function: we
present the estimation procedures and the performance of the estimators. In Section 2.4, we
apply these procedures to compute the error density estimator following the outline described
above, and expose the main result. Section 2.5 presents numerical example and the proofs are
gathered in Section 2.6.
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2.2 Notations and Assumptions

2.2.1 Notations
Let ¢, s € L*(R) N L=(R), and v a density on R, we consider the following norms:

£l = /tz(z)d% 1£]], = \//t(x)%(:v)d% [#lloe = sup [t(x)];

and the scalar products

(ts) = / Ho)s(x)dz, (ts), = / H()s(2)v () da

We consider the empirical norm and scalar product associated to the sample (X_,,,..., X _1):

We denote by t* the Fourier transform of ¢, namely

t*(\) = / t(z)e Mdr, VAER.
R

For every = € R, we denote by |z] the integer part of x i.e. the largest integer smaller than
or equal to z.

In the whole chapter, C, C’ and C” denote constants that may change from one line to the
other.

2.2.2 General assumptions

We note that the regression function b(x) = E[Y|X = z] is defined on the set {z € R, fx(x) >
0}, but in most regression studies, b is estimated on a more restricted set: {z € R, fx(x) > mq}
where myq is a positive number. Indeed b can not be well estimated on a set where the {X;}’s
are not dense enough.

More precisely, we assume that the following assumption holds.

(Hgen) : The density fx of the {X;}’s is supported on [0, 1] and there exists mg € R’ such
that
my S fx(JZ) Vr € [O, ]_]

The regression function b € L*([0, 1]) N L>=([0, 1]).
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Moreover, the error density f is supposed to satisfy one of the following alternative condi-

tions.
(Herr(n)) © f € L?([—1,1]) and is Lipschitz on [—1, 1] with Lipschitz constant Lip(f).

(Herr(2)) : f € L*(R), and lim, o f(x) = lim,__ f(z) = 0. Moreover, f is differentiable
and its derivative f’ belongs to L*(R).

2.2.3 Assumptions about the collections of models

In the following sections, we present several model selection estimators which involve several
collections of models. Thus the assumptions about the collections of models, pooled in this
section, are expressed for a general collection >,,. These properties are presented with more
details in Section 1.2.5 and we only recall them for the reader’s convenience. Let

Yn ={Sm,m € J,}

be a collection of linear subsets of L*(R) and {D,,,,m € J,,} be a collection of positive integers.
For every m € J,,, let {¢7", k € I,,} be a L?-orthogonal basis of S,,.

(Hgiob(Xn)) : There exists a model m,, € J,, such that, for every m € J,,
Sm C S, -

We denote by S, = S,,,, and N,, = D,, . Moreover, there exists positive constants [' and R
such that
Card ({m € J,,D,, = D}) <T'Df VD ¢ N*. (2.3)

(Heon(Xn)) : There exists a positive number K such that for every m € J,, and for every

te S,
[tlloc < K/ D[ 2]]. (2.4)
According to Proposition 1.2.1 in the Introduction, (2.4) is equivalent to

3 (6(2))* < K*D,, Vrel.

kel
The following property is only defined for finite dimensional models.

(Hijoe(X0)) : For every m € J,,, I, = {1,..., Dy} and there exists a partition {Iy,..., I}
of {1,..., D,,} such that

1) Card(ly) <K, Vk=1,...,s.

2) Foreveryi#jin {1,...,s}, and for every k € I;, | € I;,
op " =0 and |9l < K/ Dy
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2.3 Preliminary results: density estimator and regres-
sion function estimator

2.3.1 Density estimator

In this section, we present the density estimation procedure developed by Massart (2007), which
is applied to the residuals in Section 2.4. Let (Vi,...,V},) be a sample of i.i.d. random variables
with common density g € L*(I) where I is an interval R. Tt is usual in theoretical studies to
consider that the interval which supports the target function is known but in practical examples
this compact is often determined from the data. Let
M, ={Sn,m € J,}

be a collection of linear models and for every m € J,, let {¢}*, k € I,,} be a ||.||-orthonormal
basis of S,,.

a) Projection estimators

We note that g is the minimiser of v on L*(I) where
v(#) =1t = gll* = llgll* = lIt]* — 2{t. g), vt € Spn.

Besides, for every t € L*(I), E[t(V;)] = (t,g) so (t,g) is estimated by the empirical mean
(1/n)>""  t(V;) and ~(t) is estimated by the following empirical contrast:
2 2%
Ya(t) = IE7 = = > t(Va).

n <
=1

Then, for every m € S,,, let

- ' N 9.
Gn = arg min 7, (t) k;ak P, (2.5)

Writting that the partial derivative of ~,(t) with respect to each coordinate of ¢ is equal to 0,
we obtain: a)' = (1/n) >, ¢i*(V;) for every k € I,,,. Besides, we denote by

gm =Y ap¢y with af = (g, ¢}")

k€lm

the orthogonal projection of g on S,,.

b) Bias-variance decomposition and model selection
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For every m € J,, by Pythagoras formula, the risk of g,, decomposes as follows.

E [[Gm = 9II”] = 19 = gnll® + E [[Gn = 9mll*] = 2(gm) + > E[@F" = ai)*] + |1 £II*

keln,

and || f]|? is independent of m. The best model in the collection is the one which minimises
V(gm) + > per, B [(@ — ag‘)z} . Thus, this unknown quantity is estimated and the model which
minimises this estimator is selected. For every k € I,,,

E[@g—ap)?] = Var@p)
— Var <%Z¢}?(Vi)>
= Var (47()
< 1E[@rm)]. (2.6)

Hence under Assumption (Heon(My)),
-~ 2 1 m 2 2Dm
E [lgn — gml®] < = > E[((V1)"] < K*—.

kelm

Moreover, v(g,,) is naturally estimated by 7, (g,,) and we select the model

m = arg min {7,(Gn) + pen(m)}

where pen(m) = 0K2D,,/n for some constant 6 > 1.

c) Result

Theorem 2.3.1 Assume that (Heon(Mn)) and (Hgionb(Myn)) hold, then for every 6 > 1

_ _ ol
E[lgn — 9l?) < C1 it {llg = gul* + pen(m)} + 29l

where Cy is an absolute constant and CY depends on (K, R,T") defined in (Heon(My)) and
(Hgion(My)). More precisely,

KD
Cy=C) (1 + ||g||T Z DEF2 oxp <—£>>

P g1

for some absolute constant C%.
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Comments

1. Theorem 2.3.1 states that the risk of the estimator gz converges as well as the best
estimator in the collection M,,, up to a multiplicative constant.

2. Assume that the models {S,,}’s belong to one of the classical collections described in
Introduction, Section 1.2.5 (piecewise polynomials, wavelets...), then if ¢ is in a Besov
ball BY (L),

i [lg— 1] = [lg — gull* < CD,?. (27)
€Sm

(See for example DeVore and Lorentz (1993) for trigonometric and piecewise polynomial
models, and Meyer (1990) for wavelet basis.) Hence

n OQHQH‘
n

D,
E [[|gm — glI*] < C1 inf {OD;fM }
meJn

n
The model m* which minimises {CD,,?’ + D,,/n}, called the oracle, satisfies

D,. = C'n/@o+D),
Thus the better model depends on the unknown regularity of the function g. Moreover,

E [||§m _ g||2} < O =28/ (26+1)

3. Besides, n=29/(f+1) is the minimax rate of convergence for the quadratic integrated risk
in density estimation (see for example Tsybakov (2004)). Thus our density estimator is
minimax over every Besov ball.

2.3.2 Regression function estimator

In this section, we propose an estimator of the regression function b presented by Baraud (2002),
computed from the sample

Zm ={X,,Y),i=—n,...,—1}
Consider a collection of finite dimensional models on [0, 1]:

M, = {S},m € J;}
and for every m € J!, let {¢}",k =1,..., D!} be a ||.||-orthonormal basis of S/, .

a) Non adaptive estimators
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For every t € L*([0,1]), we consider the least-square empirical contrast

-1

HOEED SV ERTE

i=—n

vh(t) measures how the {¢(X;)}’s approach the {Y;}’s. Moreover, for every function ¢t €

)
L*([0, 1)),
E[(Y1 — t(X1))?] = E[(0 — )*(X1) + @1)?] = [|b — t[[7, +E[e]] — 2E[e1 (b — 1) (X1)].
X1 and ¢; are independent so
Eley(b — £)(X1)] = E[]E[(b — )(X1)] = 0.

Therefore,
E[(Y; — t(X1))%] = b —t[[3, +o?

and b minimises [|b — t[|7, which justifies the definition of the empirical contrast ~,,. Thus, for
every m € J), let
by, = t
arg min Tn(t)

and b, = argmingeg, v (t).
b) Model selection

For every m € J/,

E [lbm — bl3, ] < 116 = bull3, +E [[Bm — bl ]

The variance term E [Hgm - bmH%X} is more difficult to upper bound than in the density es-

timation context and we do not do it here. Thus the theoretical penalty function is chosen
in order to fit the deviation inequalities involved in the proof of the result. The penalty term

which appears is
2 Dm

peng,(m) = o —

where o2 is the variance of ¢;. But this penalty term can not be plugged in the definition of

the estimator since o2 is unknown, so we replace it by an estimator &, defined as follows.
Let W, be a linear subspace of L?[0,1] of dimension Dim(W,) = [n/2] — 1 and

2" |y 1 - - )2
- [n/2] (teﬂﬁn n Z<YZ HXs) ) '

i=1
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Then let R
m = arg min {%(bm) + pen(m)}

meJ;,
where

pen(m) = 0'c -

and &' > 1.

Moreover, for computational reasons, the L2norm of our estimator has to be bounded, thus
we consider the following estimator:

by if |bal <n

SH
I

(2.8)
0 otherwise.

c) Result
We consider two alternative assumptions about the collection M;,.
(H;) : The collection M/, satisfies (Hyoe(M.)) and N,, < n/log?n. Moreover, E[¢}] < +oo.

(Hz) : The collection M/, satisfies (Heon(M2)) and N,, < /n/log?n. Moreover, Ele}] <
+00.

Assumption (Hjp) is more restrictive than (Hy) about the nature of the models since the
property of localisation is stronger than norm connexion. Nevertheless, it allows models of
larger dimension. Besides, if f is compactly supported, the conditions about the moments of
€1 obviously hold.

The estimator by, satisfies the following result, which arises from Baraud (2000) and Baraud
(2002).

Theorem 2.3.2 Assume that (Hgen), (Hgiob(M3)) and (Hy) or (Ha) are satisfied, then there
exist a numerical constant Cy and a constant Cy depending on (o2, mo, ||b]| ¢, K) and Ele}] or
E[ef] such that

- D Cy
2 . 2 24m
= [”b_beX] = C%Qﬁa {”b—bmeX o n }+ n’

Comments

1. The estimator b converges as the same rate as the best estimator in the collection (see
Comment 1. after Theorem 2.3.1).
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2. According to Comment 2. after Theorem 2.3.1, if b € B (L), the model m* which realises
the bias-variance trade-off satisfies D,,~ = Cn'/*#+1) and for this model,

{Hb—bm

which is the minimax rate. Thus, the estimator b reaches the minimax rate of convergence
on BY (L) iff m* € J,, that is

g D_} < C'n-29/8H)
n

nM/CoH) < N

Hence, under the assumptions (Hy), b is minimax over BY (L) iff 3> 1/2.

2.4 Estimator of error density and main result

This section presents the estimator of error density built from the sample (2.1).
a) Construction of the residuals

As the {€;}’s are unobserved, we compute quantities, called residuals, which estimate them.
Let b be the estimator of b built from the sample Z~ in Section 2.3.2. For every i € {1,...,n},
let

G=Yi—b(X;) =+ (b—0)(X,).

Let the sample Z~ be fixed, then b is fixed, so the {€}iz1
common density. For every ¢t € L'(R),

» are ii.d and let f~ be their

-----

Bb@E) = B + (0~ D)
[tk 0B ) fxlopde

[f b—@<»@]&@Mx

ty [/fy— ) (o) |

= [ 1= 0= D) fra)ds (2.9)

b) Collection of estimators and model selection procedure

I
%\%\%\

Hence, for every y € R,

The non adaptive estimators are computed exactly like in Section 2.3.1, except that the
{V;} are replaced by the residuals {€;}. Let
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M, ={Spn,m € J,}

be a collection of linear models and {¢}", k € I,,} be a ||.||-orthonormal basis of S,,, for every
m € J,.

For every t € L*(R), let

n

) =7~ 2 3" 1(@)

i=1

and for every m € S,,,

fon = argmin oy (1) = > G0
k€l
Then, let

m = arg min {7,:(]?_) —i—pen(m)}

mGJn

where pen(m) = 0K2D,,/n for some constant 6 > 1. Our estimator of f is ]/““;%.

c) Main result

Theorem 2.4.1 Assume that Assumptions (Hgen), (Hgiob(Mn)), (Heon(Mn)), (Herr(x)) or
(Herr(2)), and (Hy) or (Hg) hold. There exist a numerical constant Cs and a constant Cs which
depends on (a2, mo, ||b]| 1, K) and E[e}] or E[e$] such that

— : D, . D,, C
(1 - %) < & (ng {is = gl 122t L=y, +or221) 4+ &

n

Comments

1. The term inf,cs, {||f — ful®> + K22} is the adaptive rate of convergence we would
get if the {¢;}’s were observed. Thus, the rate of convergence of our estimator is upper
bounded by the maximum of two rates:

* the minimax rate of convergence of the regression function b.
* the minimax rate of the density f if the {¢;}’s were observed.

In particular, if b is more regular than f, our estimator converge as fast as if the {¢;}’s
were observed, up to a multiplicative constant.
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2. In the estimation procedure, we have considered a particular estimator b of b which is
minimax over classical regularity classes, but a more general result holds. If b is replaced
by any estimator b of b built from the sample Z—,

] N i
B 17— 17 <o ({1 - sl + 5222 b B 1503, ] ) + 2

d) Comparison with the estimator of Efromovich (2005)

In this section, we point out the outline of the error density estimation procedure developed
by Efromovich (2005). As we do in this chapter, Efromovich splits the sample in two inde-
pendent sequences. With the first one he estimates the regression function then he applies a
density estimation procedure to the residuals of the second sequence and obtains an estimator
f-.

The density estimation procedure used by Efromovich is based on projection in a trigono-
metric basis with dimension D = n'/3 and which only includes cosine coefficients, followed
by a coefficients shrinkage which produces an adaptive estimator. Contrary to our estimator
by, which estimates the projection of b on S, for the norm ||.||f,, Efromovich estimates the
Fourier coefficients of b, namely the projection of b in a trigonometric model for the norm ||.]|.
by plugging in an estimator of fx. This enables to upper bound the bias term with Fourier
analysis argument.

His error density estimator is theoretically very powerful since it reaches the rate of con-
vergence that we would obtain if the {¢;}’s were observed. Nevertheless, this requires that fx
and b are differentiable and f is two times differentiable, whereas, for example, we make no
assumption about the regularity of the designs’ density fx. Besides, our estimator is more
computable and the results that we present are very simple to prove from existing result about
density and regression function estimation.

We present here an heuristic of the upper bound of the risk of Efromovich’s estimator, to
underline the differences with the proof of our result. Efromovich splits the risk of f~ in a
different way than in Theorem 2.4.1. Let f be the pseudo-estimator that would come from the
density estimation procedure applied to the (¢;);—1._, if they were observed.

Bl f — £ < 2{E[|F~ — FIA +ElIF - £

On the one hand, E[H]?— f|I?] has the required order. On the other hand, Efromovich proves
that E[||f~ — f|| has order 1/n. For sake of simplicity, we omit the shrinkage in the following
development. For every A=1,... D,



be the coefficients of f~ and f, then |[f~ — f||2 = 32, (@; — @x)? and

-~

1 n
ay —ay = - Z cos(mA(e; + (b — b)(X;)) — cos(mAe;).
i=1

A Taylor expansion of cosine at order 2K for some integer K in the above expression provides
the following upper bound:

B - <e> S (% D sin(mae) A (b —E?k*(xi))

=1

i=1 =1

+ (% zn: cos(mAe; ) A% (b — 3)”“(&)) + (% zn: ANEH )y — 3|2k‘1(Xi))

and these terms are upper bounded by logn/n, by means of Fourier analysis result through
very complicated calculus.

2.5 Numerical results

This section illustrates the error density estimation procedure on simulated data. We use
programs from Yves Rozenholc (available on www.math-info.univ-paris5.fr/~rozen/) which
compute density and regression function estimators following model selection procedures very
close to the ones developed in Sections 2.3.1 and 2.3.2. The collections of models consid-
ered mix trigonometric and piecewise polynomial functions. Moreover, following a remark in
the beginning of Section 2.3.1, the compact support is actually chosen from the data : the
density estimation program computes an estimator from a sample (V3,...,V,) on the interval
[min(V;), max(V;)].

Density of ¢

The basis used in these programs are adapted to the estimation of a compactly supported
density, thus the densities f of the {¢;}’s we consider are supported on a compact. Nevertheless
for every variable, with an appropriate compact the most part of the density is compactly-
supported. So we can choose any density f provided that Ele;] = 0. We consider the following
densities for ¢;:

e ¢; is gaussian with mean 0 and variance 1 (denoted by e ~ N(0,1)). The density of ¢; is
symmetric.

e ¢; is a centered y?-variable of parameter 3 (denoted by € ~ x*(3)*). The density of ¢; is
not symmetric.
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Density of X

The density fx of the {X;}’s is supposed to be supported on a compact, but contrary to f,
it has to be lower bounded on this compact. Thus the examples given above are inapropriate
for fx. We consider densities built from the uniform distribution: let U be a variable uniform
on [0, 1], and let G : [a, b] — [0, 1] be an increasing bijective function. Then, G~ (U) has density

77777777

7777777777

density g = G’. More precisely, we consider the following densities for X;:
e X; is uniform on [0, 1] (denoted by X ~ U([0,1])).
e X; = G{(U;) where U; is uniform on [0, 1] and

Gy: [0,7/6] — [0,1]

x — 2sinx
i.e. X; has density g1(z) = 2cosx on [0,7/6] (denoted by X ~ L;).
e X; = G5! (U;) where U; is uniform on [0, 1] and

Go: [1/4,1] — 0,1]
T — 2yx—1

i.e. X; has density go(x) = 1/y/x on [1/4,1]. (denoted by X ~ L)

Examples
We consider the following examples:

Example 1: X ~ L1, e ~ N(
Example 2: X ~ L, € ~ x*(
Example 3: X ~ £, e ~ N (0,1,
Example 4: X ~ Ly, ¢ ~ N(0,1)
Example 5: X ~ L5, ¢ ~ N(0,1)
Example 6: X ~ U([0,1]), € ~ x*(

For each example, we compute the estimator ffz of f as follows.

(i) We simulate a sample (X, €)ic{—n,..~1}U{1,...n}-

(ii) We compute the sample (Y; = b(X;))ic{-n,...—130{1,....n}-
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(iii) We apply the regression function estimation program to the sample (X;, Y%)z’e{—n,...,—l} to
compute the estimator b of b.

(iv) Fori=1,...,n, we compute the residuals (€);=1. . n

(v) We apply the density estimation program to the (€;);=;.., and obtain the estimator ]/C\TA;.

For examples 3, 4, 5 and 6, we also compute the theoretical estimator we would obtain if the
(€;)i=1...n Were observed.

(vi) We apply the density estimation program to the sample (¢;);=;. , estimated in (i). We
obtain a theoretical estimator f*.

Figures 2.1 and 2.2 present a beam of 20 error density estimators (dotted lines) and the true
error density for examples 1 and 2, with n = 200, 500 and 1000. Figures 2.3, 2.4, 2.5 and 2.6
present

e the true density (solid line)

~

e the estimator f (large dotted line)

e the theoretical estimator f* (thin dotted line)

respectively for examples 3, 4, 5 and 6, for sample of size 2n with n = 200 and 1000.
Comments

1. For all the examples presented here, we see that, obviously, the estimation gets better as
n increases.

2. According to Comment 2 after Theorem 2.3.1, the rate of convergence depends on the
regularity: the more regular is the function, the faster is the convergence. We observe this
phenomenon on numerical results: for example, the estimation is much better in Figure
2.1 where f is a gaussian density which is very regular, than in Figure 2.2 where f is a
x2(3)* which is much less regular, especially in 0.

3. On Figures 2.3, 2.4, 2.5 and 2.6, we note that the error density estimator fﬁ; estimates
f nearly as well as the theoretical estimator f* that we would obtain if the errors were
observed. Thus, in the two errors terms appearing in Theorem 2.4.1, the error from the
computing of the residuals seems to be negligible compared to the density estimation
error.
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n = 200 n = 500

Figure 2.1: X ~ £y, e ~N(0,1), b(z) = 2* — bz

4. In examples 3 and 4, represented in Figures 2.3 and 2.4, b and f are the same but fx
is different. The estimation is not really better in an example than in the other, which
illustrates the fact that the regularity of the designs does not have an influence on the
risk of f.

2.6 Proofs

2.6.1 Proof of Theorem 2.3.1

We only give a sketch of the proof which is detailed in Massart (2007). Besides, for sake of
simplicity, we only prove the result for a constant # > 4 in the penalty, but provided slight
changes in the splitting of terms in the proof, the result holds for every 6 > 1.

Let m € J,, and g,, € S,,. By definition of g,, and m,
(@) + pen(im) < Yu(gm) + pen(m) < yn(gm) + pen(m).
We replace v, by its expression and use the development ||t — s> = ||£||* + ||s||* — 2(s, t).

H/g\m - gH2 < Hgm - 9H2 —|—pen(m) - pen(ﬁl) + 2Vn(§ﬁ1 - gm)

where

vp(t) = %Zn:(t(vi)— <t,g>) Vte L*R).
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n = 500

Figure 2.2: X ~ L, e ~ x*(3)*, b(z) = 2* — bz

Thus,

15— glI* < llgm — glI* + pen(m) — pen(i) + 2|gam — gmll  sup_—|va(t)]
1 Sm+Sm <1

- 1, .
< lgm — glI* + pen(m) — pen(m) + i gml?+4  sup  (va(1))?
€S+ S |[E]I<1
- 1, . 1
< |lgm — gl* + pen(m) — pen(m) + §H9m —g|*+ §Hgm —g|?

+4 sup (vn(t))%

tESm+Sm,[t]I<1

Then, let p(m,m’) = 1 (pen(m) + pen(m’)), and consider the expectation.

|gm — glI” + 2pen(m) + 4E

DO W

Lo s 2
E (197 — glI*] <

tE€Sm~+Sam,|t<1

sup  ((valt)? —p(m,ﬁw)]

< (2.10)

DO W

lgm — glI* + 2pen(m) +4 > E

m/€Jy

sup (v (t))? = p(m, m’))Jr
teSm+S,,1,|1t]<1

Now > e, E [SUPteSerSm,,HtHgl (va(1))? — p(m, m’))+] is upper bounded with Talagrand In-

equality (see Theorem 1.2.3). The penalty function has been chosen so that 4p(m,m’) =
pen(m) + pen(m’) has the order of the term H?. More precisely, with Cauchy-Schwartz In-
equality we prove that
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n = 200 n = 500 n = 1000

Figure 2.3: X ~ Ly, e ~ N(0,1, b(z) = 2* — bx

sup (yn(t))2] < K?*(Dy, + Dyy) e

tESm+S,,1,||t]|<1 n n
sup Var (t(V1)) < KN/Dy, + Dpyl|gl| = v

tESm+Sm’7”tH§1

sup lt()lloo < KN/ Dy, + Dy =0
teSm+S, 1 ltI<1

E

and Talagrand Inequality (Theorem 1.2.3) implies

> E Sup ((Vn(t))Q—p(m,m’))+] < _+_ 3 mexp( K\/m)

e |1ESmF S lltl<t m'€Jn 9l

Ky/D,,+ D
— + — Z I'DR\/D,, + D exp (——+)
P ol
K@)

lgll

VAN

'
S Q+QZFDR+1/ZGP<

n
DeN*

Then (2.10) concludes the proof of Theorem 2.3.1. O

2.6.2 Proof of Theorem 2.3.2

We only give a sketch of the proof which is a combination of results from Baraud (2002) which
proves this result when o2 is known, and Baraud (2000) in which he introduces an estimator
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n = 200 n = 500 n = 1000
Figure 2.4: X ~ Ly, e ~ N(0,1), b(z) = 2* — bz

of o but in a fixed-design context (i.e. with non random {X;}). Thus we need the following
lemma, which is proved at the end of this section.
Lemma 2.6.1
~2 2, 2
W <2 (e it o= tl3, )

2) Plai<o?2)<”

The term E [||l~) - b||fcx} splits in three terms. Let

1
a= {1 < 1 vee s, )
and
Ty =E ||Ib - bl7, ]IAﬂ{IIEmIISn}}

Ty = E {16 b}, Ly,

Ty =R || -2, HAC] .

Claim 2.1 There exist an absolute constant C' and a constant C" which depends on the param-
eters of the problem such that
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n = 200 n = 500

Figure 2.5: X ~ Lo, € ~ N(0,1), b(z) = exp(—10z)

D,, c’
T, < C inf {||b b2, + 02_} + <
meJ), n n

Let us prove Claim 2.1. Let m € J] and b, € S,,. Similarly to the proof of Theorem 2.3.1,

b —Bl2 < [[bm — b]1? + pen(m) — pen(i) + 2(¢, ba — bm)n

sup (e 1)2.

O
1bm = bII5 + pen(m) — pen(i) + <[|ba — bul7, +8
8 t€Sm S ] 1 <1

N

Let {k,} be a sequence of positive numbers which will be precised later. We define

-1 -1
1 1
> H(Xi) (€l <, — El€iljqi<r,)) = = sup > v,

Zy(m,m') = = sup
n tESm+Sm’1l|tHfX <1 i=—n n teSm+Sm’1l|t“fX <1 i=—n

-1 -1
1 1
Z HXo)(€je, )5k, — Bl >k,)) = — sup Z ;.

Zo(m;m') = — sup
TS+t iy <1 2 TS+t iy <1 2
Then
sup (6,8)n < Z1(m,m) + Za(m,m).
teSm“!‘Sﬁm”tHfXgl
Let
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n = 200 n = 500 n = 1000

Figure 2.6: X ~ U([0,1]), € ~ x*(3)*, b(z) = exp(—10x)

1 Dy, + Dy
/ :_0/ 2°—m m
p(m,m’) 16 ’ n ’

then

~ 1 _ _
b7 = bl < 116 = blI% + 7 l1bm — 0lIF, + (pen(m) — pen(in) + 8p(m, i)

4
1~ ~ ~ N
+ZHbm — b||3, + 16E [(Zl(m,m)2 — p(m, m))+] + 16E [(Z5(m, m))?] .
Moreover, as E [[|b,, — bl[2] = [|bm — blI7,,

5

_ i L
E|lbn — blI21a] < Zlibm — bl +E [pen(m) — pen(i) + 8p(m, )] + 7 | [bm — bl13, 1.4

+16E [(zl<m,m)2 —p(m, m))J + 16E [(Zy(m, m))?] . (2.11)

Besides, by Assumption (Hgion(M),) there exists a model S,, which contains every model in
the collection. In order to upper bound 7} by E |:H/b\fﬁ —b||7, 1 A], the empirical norm ||.||,, has

to be replaced by the norm ||.||s, in the left side of (2.11), but the two norms are equivalent
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only on S,,. Nevertheless,

E |[bn — b3, 1a] <

IA

IN

°E (1B — b}, 0] + 5016 — b1,

gE 105 = brnl121La] + 5B = b1,

3E (I — BIEL] + 3E [l = 1] + 51 = b1,
3 [ — 224] + 1w — bl

This provides a lower bound for E [H/b\ﬁ —b|IA 1 A} that we plug in (2.11), which implies

E ||[bm

“b3 ] < C{lbn

+16 Y E [‘Zl7n m')? ——p(n%7n3)+}—%16E3K2&(nL

m eJVL

for some numerical constant C.

Let us upper bound E [(Zy(m, m))?]. Let {7, k=1,...,

= b||7, + (pen(m) — pen(in) + 8p(m,m))

mﬂ%n)

N, } be a ||.|| s -orthonormal basis

of the global space S,. The {u;}’s are independent of the {X;}’s so

E[Z3(m

;)]

- %E ( sup i t Xi)ui)2]

| t€Sm+Samlltl sy <12,

< %E (|Su:plzn:ak('z @DIZL(XZ)UZ))Q]
< %JE |51‘1p iai X i(_z ¢Z(Xz‘)ui>2]
|lol=1 k=1 k=1 i=-n
= Z Z Vp (X )WUJ]
I 2 X2
= - 2 Blk) (X1
= B E{) (X))
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The {¢}}’s are ||.| s, -orthonormal, hence

. 1
E[Zg(mam)] = ﬁvar(ell\elbkn) XNn

N,
< TE[€%1‘51|>kn]'

Thus, by Markov’s Inequality, for every u > 0,

N,
E[Z3(m,m)] < e S Ele[*+]. (2.13)
Now, let us upper bound E [(Zl (m,m')? — p(m, m’))+] for every m, m’ € J,, with Talagrand

Inequality (Theorem 1.2.3). Let {¢™ ™™ k=1,..., Dyym} a .|| sy-orthonormal basis of S,, +
S

-1

1

E[Z{(m,m)] = —E sup (D (X))
& | 1% | t€8p+8, it <1 z;
1 I D —
< -E [ ljaice,] Y El(wpt™)*(X)]
k=1
< 0_2 Dm+m’
- n
< 2 PmtDw o
n
sup sup [t(@)y X Lyj<k,| < kn sup IIt]] 0o
L€ S-Sy, [t 1 () ER LSS, ] <1
K
< —kyV/ Dy + Dy = .
mo
The {v;}’s and the {X;}’s are independent, hence
sup Var(t(Xy)v) < sup E [t*(X1)v?]
tESm+Sm/,Ht||fX§1 tGSerSm/,”tHfXSl
_ 2 2
= sup E [*(X1)] x E [v7]
tGSm"rSm/,”tHfXSl
< o*=w.

By Talagrand Inequality (Theorem 1.2.3),
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—

&=

(Zy(m,m')* — p(m, m’))J

C

IN

S |9

R — k2N, I
exp (—%(Dm + Dm/)> + 0 2 exp (—K o \/—ﬁ)

n? K k,

Moreover, by assumption (2.3) in Hgion(M,,), for every positive constant a, there exists a
constant A such that for every n,

Z exp (—a(Dy, + Dpy)) < A.

m’'eJn

Thus, consider

k, = n'/%,

then

, , C  _ N? ®m c
> E[(Zi(m.m)? — plm.m"), | < =+ T exp (‘70”1/4) =

n
m/'E€Jy

Now, assume that H; holds, then N, < n/log>n < n and by (2.13) with u = 4,

. N, 1
E[Z3(m,m)] < P Elle|°] < Efle;[°] x o

Similarly, if Hy holds, N, < /n/log”n < \/n and by (2.13) with u = 2

E[Z2(m, )] <

n 1
n 4 4
S st Elle1]”] < E[ler]”] x ~

Now, consider the term
oDy —Dgs 02D, + Dg
T ey

E [pen(m) — pen(fi) + 8p(m, )] = O'E {gn —Dn | 7 Dnt

2
B:{Aiza—}.
D

(pen(m) — pen(m') + 8p(m,m’)) Iz < 2062 —"
n

Let

/ !
For every m, m' € J},
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and
oDy,
(pen(m) — pen(m') + 8p(m, m’)) g < 52— 4 0.
n

Thus, with Lemma 2.6.1,

D 1
2 lm . 2
Ewmww—mmmﬁ+%WwWMSC{o7;+gi%—wk+g} (2.14)
and (2.12), (2.13) and (2.14) conclude the proof of Theorem 2.3.2. O

Claim 2.2 There exists a constant C' which depends on (|[b|| 5, 0%, mo) such that

C
T, < —.
n

Indeed by the definition (2.8) of b;

T < 20bl P [An{lball, > n*mo}|

< 2Ybl3, P [IBal2 > nmo/2]
= 2[pll P Z%(Xibn?’mo/z].

Li=1

</b\,;ﬁ(Xl)> . is the projection of (Y;);=1, ., on the linear subspace of R™ {(¢(X;))i=1,...n,t € S},

i=1,...,

hence Y7, B3,(X;) < Y, V2 and

E[YY]

n%my

I61[7, +o*

n2my

IN

C
T, < 4ol 5 = 4ol -
Claim 2.3 There exists a constant C' which depends on the parameters of the problem such
that

<
n
Indeed Ty < 2 (|[b]|3, +n) P[A] and
c 2 2 1
PAT < P sup ol = lEl7 ] > 5

t€Sn,|Itl|3, =1

= P sup

_Zkem az=1

> wa (% Z Ur(Xi)u(Xi) — E [@/Jk(Xin(Xz‘)])

k€,
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where (¢1,...,%n,) is a ||| ;c-orthonormal basis of the global space S,,. For every (k,l) € IZ,

let
Sk = 7 iy Uk(Xa)u(Xs) — E [hn(X)i(X5)]
uke = B[R (X)df (X5)]
it = ||e(Xs) i (X5) ]| oo,

and

p(V) = sup Z |||zl /Vr

2__
Zkg[n ak_l k\lel,

p(C) = sup > |a|la]cr.

ke€ln ak:]' k(lel,

=22 (s )

then v2zp(V) 4 zp(C) < 1/2 and

Moreover, let

PlAT < P| sup > aglla]|Sel > V2zp(V) + 2p(C)

2 __
2kern %=1 keI,

< Z P“Sk,l‘ > w/2£lj"Uk,l —0—5601671].

k€I,

With Berstein Inequality (Theorem 1.2.4), P[A¢] < 2exp(—nx).

(2.15)

To bound z from below, we upper bound p(V') and p(C). Under Assumption (Hy), there
exists a ||.||s,-orthonormal basis which satisfies (Hjoc) (see Section 1.2.5). As the basis {t}

can be chosen arbitrarly, we assume that it satisfies (Hjoc). Then we prove that

p*(V) < CN, and p(C)<CN,

where C' depends on K and mg. Therefore,

n

PJ[A°] < 2exp (—O'Nﬂ) = 2exp(—C"log?n) = 2n~¢"loen

and
C///
< —

T3 < C//nl—C’ logn ]
B n
Under Assumption (Hy), we prove that
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p(V) < CN? and p(C) < CN?

and the conclusion is similar. Then Claims 2.1, 2.2 and 2.3 conclude the proof of Theorem
2.3.2. 0

Proof of Lemma 2.6.1

By definition of 52, for every t € W,

E)] < “E Z(Yi—t(Xi))2
— %E D (=) + )

= 2([|b—t|}, +07)
which proves (1) in Lemma 2.6.1.

Besides, let ||.|| denote the canonical norm of R™, and Iy, x) the projection on

WH(X) = {(t<X1)> s 7t<Xn))7t S Wn}?
then 02 = (1/n)||Y — Iy, x)Y||*. Let

b(X) — I, (x)b(X)
16(X) — ) b(X)]

be a vector and a linear subset of R™, and Iy, (x) and I, be the projection operators on
W,(X) and Vect(w,). Then with Pythagoras formula

Wy =

and W, (X) = W,(X) + Vect(w,)

1
2 = le — i (xy€ + oy € + b(X) — ., x)b(X) |2

L”/QJ Wn(X) (X)
1 ( 9

- e = T, gy ll? + 1T € 4 B(X) = Ty ) b(X) )
n—n/2] Wn ()

> e el

= T €
n—[n/2] T

- EW%(MFﬂm;mM@-

Hence
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2 7 5
~2 2 ! 2 25 9 2
Plaz<Z| <Pt < Lo?| + P Lty el 2 37|
On the one hand, by Markov’s Inequality

Poie < 4| < 7

On the other hand, the upper bound of P [% Iy, xoell® > 3o 2} relies on the following heuristic:

Dim(W,(X)) < Dim(Wo(X)+1=|=] < g

1 n
E | —|/I1; 2l = o2
g, el?| = 5.
Then by considering a basis of R™ adapted to the projection operator Hv’f/n( X) for (X1,...,X,)
fixed,

SO

1 )
P Mg el = Se?1(6s, . )

- 1 & 2 2 1 o o n, 9

- P Ln/2J ;((e) —U)EW(gna _L§Ja>y(xl,...,xn)
[ L

< P Ln/2J Z((’)2—02)2002\(X1,...,Xn)

for some positive C'. Then with technical tools similar to Rosenthal inequalities, Baraud (2000)
proves that

5 C

|
P 1M el 2 507 &
n 8 n

2.6.3 Proof of Theorem 2.4.1

The proof of Theorem 2.4.1 relies on the following decomposition of the risk:
E|IF7 - £I?) < 2E |IF5 — £7I%] + 2B (15~ - £17] (2.16)

* On the one hand, the estimator ﬁ% is built applying the procedure of Section 2.3.1
to the residuals {€}’s, which are i.i.d. given Z~ with common density f~, thus the term
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E ||fﬁfb - f*||2|Z*] is upper bounded with Theorem 2.3.1.

* On the other hand, for every i =1,...,n,
&=Y, —b(X;) = ¢+ (b—b)(X))

thus the difference between the densities of €; and ¢; depends on (b — b).

More precisely, there exist absolute constants Cy and C) such that almost surely

E(Ifs - 1 IP127]
K?D C KvD
< Cp inf { inf [|f7 =t TA+ =21 )y D2 -
< %&n{;&%m“f IF+= }* " ( HITIE 3 D e |
K?D,, Cl KvD
< C, inf {inf 20| f — > + }+—2 L+ f7IT Y DFV2exp —L__ +20f7 = fI”
med, | tESm n n DeN* “f ||

Hence,

—~ K?D,, NG, _
17 - 1) <€ jnt {ing 27—+ S22 LB 26 15 - 1) 247

Besides, according to the expression of f~ in (2.9), almost surely,

I = / (F~ () — ()))dy

- [ ([Fo-e-ben-r0] &) nwe @

If Hepr(ry holds, f is supported on [—1,1] so for every € [—1,1], the support of the
application

y— fly—(b=0)()) - f(y)
is included in V(z) = [-1,1] U [(b — b)(z) — 1, (b — b)(z) + 1]. Thus
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ISP < / (Lipm (b—bP() /V (E)dy) fx(w)da
ALip(f£)?(|b — b|I3, -

IN

Therefore

E[If~ = £I7] < 4Lip(/)°E [llb — Bl | (2.19)

Now, assume that Hepp(2) holds. For every function h, let us denote by h* the Fourier
transform of h. For every z € [0, 1],

1

. ~ 2
% f* ()\)e—zk(b—b)(x) . f*()\) ‘ d\

| lr=0-ben -] a -

= /|f 2s1n< 25)(:c)> dA.
For every u € R, |sin(u)| < |ul, hence
[ o= -ban- o) w < o / TRV R A
< (b0 /yf )A2dA
= (-0 /| A)|2dA
= (b—b) (@)l
since (f')*(A) = Af*(A) according to Assumption Hepr(z). Then, by (2.18),
1= < [ ([ [ 0= b - 1] ) ssterie
< PP [ =B
o R
Therefore
E[If~ = £17] < I7PE [l - BI3, ] (2:20)
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Thus (2.19) and (2.20), together with Theorem 2.3.2, entail:

D C
- 2] « ! _ 2 2-m ~4
E (15~ 117 < 5 int {1 = ol + o*22 b4 & (221

for some constants C% and Cj.
Moreover, almost surely

i = ( /Olf(y—(5—5)(x))fx(fv)dfﬁ)2dy
< [ ([ - 0-hen] a) setwas
- [ ([ s
— I (2.22)
Hence,

Then (2.16), (2.17), (2.21) and (2.22) end the proof of Theorem 2.4.1. O

75



76



Chapitre 3

Estimation de densité par sélection de
modele ponctuelle - application a
’estimation ponctuelle de ’erreur de
régression

Ce chapitre comprend deux résultats. Tout d’abord, nous proposons une méthode d’estimation
de densité par sélection de modele ponctuelle, qui produit un estimateur adapté au risque
quadratique en un point xg fixé. A partir d’'un échantillon i.i.d. de densité ¢ a support dans
R, une collection d’estimateurs {g,,, m € J,} est construite par minimisation d’un contraste de
projection sur une collection de sous-espaces vectoriels de L?(R). La procédure de sélection de
modele s’appuie sur une heuristique semblable a celle de Birgé and Massart (1998), méme si la
mise en oeuvre est tres différente : pour tout m, la somme biais-variance du risque quadratique
de §,, en xq est estimé par une fonction de m appelée critere, et le modele sélectionné est celui
qui minimise ce critere. Comme dans le cadre de la sélection de modele classique, la variance
est majorée par un terme déterministe mais le biais est moins aisé a estimer. Pour cette raison,
le résultat obtenu est une inégalité “presque” oracle, qui assure néanmoins que l'estimateur
atteint la vitesse de convergence minimax adaptative sur des espaces de Besov.

Cette méthode est ensuite utilisée pour estimer la densité de I'erreur de régression € dans le
modele de régression homoscédastique

Y =b(X) +e.

La démarche est semblable a celle adoptée au Chapitre 2 : 1’échantillon observé (X;,Y;) est
scindé en deux échantillons indépendants Z~ et Z*. A partir de I’échantillon Z~, nous calculons
un estimateur b de b puis nous appliquons la méthode d’estimation de densité aux résidus
=Y, — E(XZ) de I’échantillon Z*. Le risque ponctuel de I'estimateur de la densité de I’erreur
se décompose donc en deux termes : un risque d’estimation de densité majoré grace au résultat
vérifié par notre estimateur de densité ponctuel, et un terme lié a l'estimation des (¢;) par les

7



(€;), qui fait apparaitre le risque intégré de I’estimateur b. Enfin, les méthodes d’estimation de
densité et de densité de I'erreur sont illustrées sur des données simulées.

Ce chapitre est une version legérement modifiée de 'article Plancade (2009), paru dans
Mathematical Methods of Statistics.
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3.1 Introduction
Consider a sample (X;,Y;) from the homoscedastic regression framework:

where the (¢;) are unobserved independent identically distributed (i.i.d.) variables with common
density f, with zero mean and independent of the (X;). The main goal of this chapter is to
propose an estimator for the density of ¢;, and to provide an upper bound for the quadratic
risk of this estimator at a fixed point xg.

The main issue in regression problems is to predict Y; by measuring only X;. The first step
in such study is the estimation of the regression function b(x) = E[Y|X = z]|. This question
has already been studied at length. The second step consists in studying the variations of Y;
around its conditional mean, which are characterized by the density of the errors (¢;).

The knowledge of an estimator of the error density has many applications: for example, it
enables model validation and, combined with an estimator of the regression function, it provides
confidence intervals for future observations Y. The reader is refered to Efromovich (2005) for
practical applications. Many papers are devoted to density estimation but the difficulty in our
problem is to estimate the density of a sample (¢;) which is not observed. The natural approach,
already developed in Chapter 2, consists in computing proxies of the (¢;), i.e. quantities based
on the data which estimate the true (¢;), and applying to them a density estimation procedure
as if they were the true error sample. Observing that ¢; = Y; — b(X;), we naturally estimate
the errors by the residuals (¢ = Y; — b(X;)), where b is an estimator of the regression function.
To the author’s knowledge, no paper studies pointwise estimation of the error density by any
method.

The estimators presented in this chapter are based on a pointwise model selection procedure.
We will use here the estimator b of b proposed in Baraud (2002), constructed by a model
selection procedure based on least square estimators. Although the principle of pointwise model
selection is the same, the techniques to carry it out are different. In particular, the key tool to
prove the adaptivity of classical model selection estimators is Talagrand Inequality, whereas the
adaptivity of pointwise model selection estimators comes out of a simpler Bernstein Inequality.
The techniques developed in this chapter are based on Laurent et al. (2008), in which they
develop these methods in a different framework.

This chapter presents two results. On the one hand, we build a density estimator which
proves to be adaptive for the pointwise risk over some classical classes of regularity. Such estima-
tors have been constructed using kernel methods in Butucea (2001), with the same adaptivity
properties, along with minimax results over Sobolev classes. Nevertheless, our estimator is
completely data driven, whereas the estimation procedure in Butucea (2001) brings into play
upper bounds on unknown quantities. The second result proceeds from the application of the
above density estimation procedure to residuals from the framework (3.1). We get an estimator
of the error density, whose pointwise rate of convergence is the maximum of these two rates:
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the pointwise minimax rate of estimation of f we would get if the errors (¢;) where observed
and the L?-minimax rate of estimation of b.

The chapter is organized as follows. In Section 3.2, we introduce the definitions and nota-
tions, in particular we define spaces of regularity and collections of models. Section 3.3 presents
the density estimator, and its convergence properties. This density estimation procedure is used
in Section 3.4 to produce an estimator of the error density. Section 3.5 is devoted to numerical
results. The proofs are gathered in Section 3.6, 3.7 and 3.8. Section 3.6 is devoted to the results
about density estimator, Section 3.7 contains the proof of the error density estimation theorem,
and proofs of minor results are gathered in Section 3.8.

3.2 Definitions and notations

3.2.1 Notations

Let t be a function defined on an interval I of R and p be a density on I. We consider several
norms of ¢:

It =sup ol 1= ( | t%x)da:)m, e = ( | tQ(w)M(x)dx)1/2~

Besides, we consider the following spaces of functions over I:
L) ={t: I —-R|t]| < +oc}, L) ={t:I— R, |[t]e < +o0}.

Moreover, we denote by Supp(t) the closure of the set {x € I,t(z) # 0}. If ¢ is a function k
times differentiable, we denote by ¢ its k-th derivative.

For every set S, we denote by 1lg the indicator function of S, that is lg(z) = 1 if x € S and
1Ig(z) = 0 otherwise.

For every function ¢t : R — R, we denote by ¢* the Fourier transform of ¢:

t*(u) :/ t(z)e ™ dx, Vu € R.
z€eR

For every linear space S,, we denote by t,, the L*-orthogonal projection of ¢ onto S,,.
Finally, for every x € R, we denote by |x] its integer part, that is |z| € Z and:

lz] <x<|z]+1.

Let I C J be two subsets of R, we denote by J\ I = {z € J,x ¢ I}. Finally, we denote by o(1)
a quantity such that lim,,_, . 0(1) = 0.
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3.2.2 Spaces of functions

We consider the following Sobolev classes, for every o, L > 0:
1
W(a, L) = {F € L*(R), 2—/ | F*(u) Pu**du < L?}.
T JR

The Holder classes are defined as follows. For every 3,L > 0, and r the largest integer less
than 3, let:

H(3,L) = {F € L*(R), |[F"(2) - F"(y)| < Llz — y|”", ¥z, y € R}.

3.2.3 Collections of models
Sine-cardinal basis

Let ¢ be the function defined on R by

o) = sin(wx)’ Ve € R

™

and ¢(0) = 1. For every m > 0, k € Z, set

Gmi(T) = Vmo(mz — k), VreR,

and set

A,, = Vect{¢m i, k € Z} (3.2)

Let 2, be the collection of models which incorporates the models (.S,,) for m belonging to a
grid of step 1/B, B being a fixed positive integer:

1
A, ={An,m e EN,m < M,}

and M, < n. The following results hold:

Proposition 3.2.1 1. The family {¢m i, k € Z} is orthonormal.

2. For every m > 0,

1Y Skl < m.

kEZ

3. For every 0 <m <m’, A,, C A,.

81



This result is proved in Section 3.8.
Wavelet basis

We consider also a collection of functions on [—1, 1] constructed from the compact wavelet
decomposition. Let i) be a r times differentiable function, called mother wavelet, supported on
a compact set [—B, B] and which satisfies the following conditions:

1) %,...,%) are bounded on [~ B, B].
2) For every 0 < k < r, and ¢ > 1 there exists a constant C such that
W ® (2)| < Co(1+|2])™", Vo € [-B, B].
f prt(x)de =0, VO< k<
4) T?(e set of functions {1 : ® — 29/2(29/2x — k), (j, k) € Z*} is an orthonormal basis of
L2(R).

Consider a r times differentiable function ¢ called the father wavelet, supported on [—B, B|
and which satisfies conditions 1) and 2) above, as well as the following conditions:

3") fng o(z)dr = 1.

4’) The set of functions {¢; : v — @(x — k), k € Z} U{¢Y;x,j € N,k € Z} is an orthonormal
basis of L*(R).

See Meyer (1990) for examples of such functions ¢ and . The set {1, 5,7 > 0,k € Z}U{py, k €
Z} is an orthonormal basis of L?*[—1,1]. As v is supported on [—B, B], the restriction of
Y;r to [—1,1] is identically equal to zero for all j € N and k ¢ [-2/ — B,27 + B]. Let
us denote I'(j) = Z N [-2/ — B,2 + B]. Similarly, ¢, is identically equal to zero for all
k¢[-B—1,B+1]=1I"0). Set

By = Vect({thj,7 = 0,....,m— 1,k € D(j)} U{gn k € T'(0)}). (3.3)

It is clear that for every positive integers m' > m, B,, C B,,. Now, we define
B, ={Bn,me N 2" < M,}
with M,, < n. The following result holds:

Proposition 3.2.2 There exists a constant K which only depends on the father and mother
wavelets ¥ and p, such that, for every m € N*,

HZ Yo Wikt Y Gille < K727 (3.4)

J=0 kel'(j) kel (0)

This result is proved in Section 3.8.
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3.3 Density estimation by pointwise model selection

In this section, we present a density estimator which is adaptive for the pointwise risk, over
classical classes of regularity. In Section 3.4, this procedure will be applied to the pseudo
observations €; of ¢; to get an estimator of the error density.

3.3.1 Framework and assumptions

Let
Vi, oo, Vo) (3.5)

be a i.i.d. sample drawn from a density g supported on I C R, which satisfies:
I-Idens: Supxel‘g(x)|:: v < +00.

Let M,, = {S,,,m = 1,...,N,} be a collection of subsets of L*(I), and {D,,,m =1,...,N,}
a collection of positive integers smaller than or equal to n, such that the following assumption
holds.

H .04 : The collection M,, is nested, that is:

S1 C Sy C---C Sy, (3.6)

Thus, there exists an L?-orthonormal basis {xx, A € I,} of Sy, , such that, for every
model m, S,, is spanned by {xx, A € I,,} where I, is a subset of I,,. Besides, we assume
that D,, < D,, for every m < m/.

Moreover, assume that for some positive constant K, the following condition holds:

1Y X3llee < K?Dyy Yme {1,... Ny} (3.7)

Aelm

Finally, we assume that there exists a constant M > 1 such that for every n € N and
every « €]0,1[ with n*M < Dy, , there exists a model m which satisfies

n \“ n \°
<D, <M ) 3.8
(logn> - - <logn> (3.8)

Let 8 > 0, we assume that the bias term satisfies the following assumption.

Hyias(8) : Denoting by g,, the L2-projection of g on S,,, we assume that for some positive
constant Cy,
19 = gmlloo < CoD,P, Vme{l,...,N,} (3.9)

m
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3.3.2 A preliminary risk bound for non adaptive estimators

We split the sample (3.5) into two independent sequences:

Zo = Vi)iett,omys 21 = (Vi)icfns1...2n}- (3.10)

The sequence Z; is used to compute the collection {g,,,m = 1,..., N, } of non adaptive esti-
mators, and the sequence Z; to estimate the parameter v = ||g||« that appears in the penalty.
Let xy be a fixed point in I. For every model m € {1,..., N, }, the projection estimator g, of
g on S,,, computed from the sample Z; is defined by

Z( ZXA > (3.11)

AELm,

Observing that E[g,,(z0)] = gm(zo) for every model m, the squared risk of the estimator g, at
the point xy can be written as:

E[(Gin — 9)*(20)] = E[(Gn — gm)*(z0)] + (9 — 9)*(0).

Moreover,
E[(Gm — gm)*(w0)] = Var (Z < ZXA > X (o ) Var (% ' (Z Xa(Vi)xa(zo )) :

The (V;) are i.i.d, thus

E[(Gin — gm)*(z0)] = %VC”" (Z XA(W)XA(%)) < %E ((Z XA(W)XA(%))

el el
2
= / (Z X () xa ﬂUo) g(x)dx
el
2
/ (Z X ()X xo) dz.
Nl

By developing the square in the integral, we get
~ v
Bl - e < 2 S ([ @hoode) xalonteo
AN EL, \WoEl

Besides, the family {xx, A € I,,} is orthonormal which ensures that

E[(Gn — gm)*(20)] < = 3 X3(a0)

Aelm
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and inequality (3.7) yields

—~ D,
E[(Gm = gm)” (20)] < K*v—"=. (3.12)
This bound is standard for a variance term. Finally, for every model m € {1,..., N,,} we have
the following non adaptive bound for g,:
~ 2 2 s D
E[(Gn — 9)"(20)] = (9 = gm)"(w0) + K7v="=. (3.13)

In Section 3.3.4, we will select a model by a penalised criterion which requires to estimate
the variance term K?vD,,/n. Thus, we present an estimator 7, of v.

3.3.3 Estimation of v

In this section, we propose an estimator 7, of v = ||g||» constructed from the sample Z;. We
consider a collection of models which satisfies the following properties.

H,(B): Let M), ={S! ,m =1,...,N]} be a collection of models. We suppose that for

every model m, {&x, A € I’} is an L?-orthonormal basis of S/, and the (£,) are continuous

on I. Moreover, let g\ = arg mineg |lg — t||?, we assume that

lg — ¢Vl < CoD., "

for some positive integers (D), )m=1....n7-

Let my be a model such that py = D,,, satisfies

¥ g
") <pp<sM (-
logn logn

for some 7 €]0,1/2[, where M is defined in (3.8). We define

2n
~ 1 7 a
0oy (5 3 gm) & and 9, = [F0]

Aell, i=n+1

The following result holds.

Proposition 3.3.1 Suppose that Assumptions Hgens and H,(3) hold for some 3 > 0. Then
for every n such that

_ 14
(A1) Copoﬁ < 6’

we have .
ny
Plv, < -v| <2 —_ . 14
|:V _2Vj|_ exp( 84K2p0> (3.14)
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If in addition

Po v
A o
(Az) Jn T 12K
then
nv
Plp, > 2v] <exp (——) ) 3.15
[ ] 56K (3.15)

This result is proved in Section 3.6.2.

Comment 1.

1) There exists an integer N which depends on (K, (3, Cp) such that for every n > N, (A;)
and (As) hold.

2) The collections of model in which 7, and g5 are computed can be different.

3.3.4 Construction of the adaptive estimator

The model selection procedure developed by Birgé and Massart relies on the following idea:
the “best” model among the collection M,, is the one which minimizes the bias-variance sum
in the right hand side of (3.13), thus the natural idea consists in building an estimator of this
sum and selecting the model m which minimizes it.

On the one hand, the variance term K?vD,,/n is estimated by K27, D,,/n.

On the other hand, the estimation of the bias term (g — g,,,)?() is the main distinct point
between pointwise and global model selection procedures. In classical L?-model selection, the
bias term ||g — g ||? is estimated, up to a quantity independent of m, by —||g.||* (see Massart
(2007)), but this procedure cannot be transposed for the pointwise bias.

We note that, as j tends to infinity, the model S; grows, and g; tends to g. Therefore,
instead of estimating (g — gim)?*(20), we estimate the term sup;,,< <, (9; — gm)?(xo) Which has
same order. This heuristic is confirmed as follows. By (3.9) in Assumption Hpas(3),

sup  (g; — gm)*(z0) < 2 sup [(g; — 9)*(z0) + (gm — 9)*(20)]

Jm<j<Nn Jym<j<Nn
< 2 sup [CoD;* +CyD,*] < 4CyD,*
Jm<j<Nn

and (g — gm)%(z0) has order D;2° as well.

Now, let the best theoretical model m,,; be defined by

Mept =arg min [ sup (g;(zo) — m(20))? + pen(m)] = arg  min  [Crit(m)]
me{l,....Np} §,m<j<Np me{l,...,Nn}
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where pen(m) = AK?z,,U,22, A is a constant greater than or equal to 1 and

2

4 D,,
Ty = 75 log(1+ D )max{ —log(1 + D,,)— } . (3.16)
n

n

Remark about the numerical constant in z,,: If the constant 45/2 is replaced by
any constant B > 8, Theorem 3.3.1 would still hold, but with different constants (6;) (see
section 3.3.5). Moreover, the condition B > 8 appears in theoretical upper bounds but in
numerical simulations (see Section 3.5), the value B = 10 seems to perform well. Nevertheless,
the empirical calibration of this constant, as well as the constant in the penalty below, involves
a lot of simulation experiments. This is a general problem in model selection and it is not
specific to pointwise model selection.

In view to estimate Crit(m), the natural idea would be to replace (g; — gm)*(z0) by (9; —
Gm)*(z0), but this proceeding is clearly biased. In fact,

E[(Gm — 35)*(0)] = (g5 — 9m)*(x0) + E[(G5 — Gin) (z0) — (95 — gim) (20))"]-

The term E[((g; — Gm)(x0) — (95 — gm)(x0))?] is upper bounded similarly to the variance term
in (3.12). More precisely,

E[((g5 — 9m) (o) — = Gm)(20))

)] =
= Var Z ZX/\ )xa(zo ) = —VW Z X (V1) xa (o)

/\EIj\Im =1 )\EIj\Im
v 2D
< Z xa(@)xa(zo) | do = H Z Xa(zo) < ZXA x9) < VK -
€l \ eI \Im AEL NI e,

Now, the theoretical criterion Crit(m) is estimated by

@t(m) = sup [(ZJ\J — Gm)* (o) — KZI/Jnxj%l + pen(m) (3.17)

Jm<j<Np +
and m = argmin,,cq1,.. N, ) Crit(m).

Our estimator of g is gm.

3.3.5 Results

We can prove the following result about the risk of gz at xo.

Theorem 3.3.1 Suppose that Assumptions Hyias(5), H,(5) and Huyoa hold for some 5 >
0 with the constraint M (n/logn)Y/?%*+D) < N, . Suppose that (Ay), (Az) and the following
condition hold:
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23/(2p+1 2
(Ag): 1+ nljc\)/‘;n <n and <logn> e > 18j\fK : (3.18)
Then,
Eln - 0] <0 (o) T+ R
where
R, = % + (v + K*Dy,)? exp (_84;(—2])0) + O3p3 exp (—ﬁfépo)
and

2
451log(1 + Dy)

0, = max {15, 4 (3 + ) } x (202 + 45AK?v) + 4C¢

Nrn
0o = 40K*(v + 16K?) (Z(l + Dm)‘““/‘”)

m=1

45A
0y = T(M+ 1)K4Vmax{15,4 (3 +

st 75) )

Comment 2. Clearly, R, is negligible with respect to the rate (n/logn)=2%/(26+1),

Assumption Hpias(3) couples the collection of models and the fact that g belongs to a
certain space of regularity (through the exponent (3). The following Proposition gives examples
for which this assumption is satisfied.

Proposition 3.3.2 1. Let (B,L) be two positive numbers, let A,, be the linear subset of
L*(R) defined in (3.2) and h,, = argmingea,, ||h — t||, for every h € L*(R). There exists
a constant K(f3) such that

1A = hmllee < K(B)Lm™, Yhe W(B+1/2,L).

2. Let (B, L) be two positive numbers, and r be an integer greater than 3, let B,, be the
linear subset of L*([—1,1]) defined in (3.3) and h,, = argminep, ||h — t|| for every h €
L?([—1,1]). There exists a constant K'(3) such that

Ih = himlloe < K'(B)L(2™)77,  Vh € H(B, L).

This Proposition is proved in Section 3.8. Moreover, by Propositions 3.2.1 and 3.2.2, the col-
lections 2, and B,, satisfy Assumption Hy,oq for M = 2.
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Comment 3. It is well-known that the minimax rate of convergence for pointwise density
estimation over W (3 + 1/2, L) or H(B3, L) is n=28/F+1) (see e.g. Tsybakov (2004) for Holder
classes, and Butucea (2001) for Sobolev spaces). Our estimator reaches this rate up to a
logarithmic factor. Nevertheless, Lepski (1991) defines the adaptive minimax rate, which is
the best rate of convergence for adaptive estimators over a range of classes of regularity, and
proves that the logarithmic loss is unavoidable in adaptive estimation, in several frameworks
(see Introduction, Section 1.2.3). Following this line, Butucea (2001) proves that the adaptive
minimax rate over the classes {W (5 + 1/2,L),5 > 0} for pointwise density estimation is
(n/logn)=2%/20+1)  Hence if we consider the collection of models 2L,,, G is adaptive minimax
over Sobolev classes. Similar results are proved over Holder classes, for example in a white
noise model (see Lepski and Spokoiny (1997)), so we expect that the adaptive minimax rate in
pointwise density estimation has the same order. Then if we consider the collection 8B,,, our
estimator should be adaptive minimax over Holder classes.

3.3.6 Comparison with Lepski method

The reference method in pointwise estimation is the one originally presented by Lepski (1991)
and developed in many other papers (see Introduction, Section 1.2.7). In particular it was
adapted to density estimation by Butucea (2001). This procedure provides adaptive rates
of convergence, and even exact adaptive results (see Butucea (2001)). This means that the
estimator gets the adapative rate of convergence, and also the best asymptotic constant on given
classes of functions. Lepski estimators have better asymptotic properties than the estimator
presented in this chapter, but the theoretical results remain asymptotic whereas the results
presented here are non asymptotic. One can object than the large constants which appear in
the term R,, in Theorem 3.3.1 require large-size samples, but these constants are much larger
than the effective ones, as proved by simulations.

In more recent works, Lepskii and Goldenshluger (2009) prove oracle inequalities in the
gaussian white noise framework, but as far as the author knows, these results have not been
developed in density estimation framework.

3.4 Error density estimation

3.4.1 Framework, outline and preliminary results

We consider a 3n-sample
(X3, Yi)ict—n,...—13U{1,...2n} (3.19)

from the regression framework (4.1), where the (X;) are i.i.d with density fx supported on [0, 1],
the (¢;) are i.i.d, independent of the (X;) and E(e;) = 0. This section presents a procedure of
estimation of the density f of the (¢;). Let us formulate the outline of this procedure, which
decomposes in three steps.
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Step 1: From the sequence
Z" = (X3, Yi)ic{-n,...-1}» (3.20)

we compute an estimator b of the regression function b.

In Section 3.4.4, we recall an example of adaptive estimation procedure of the regression
function, but the result that we establish in Theorem 3.4.1 holds for any estimator b of b
computed from the sequence Z~.

Step 2: We compute the residuals of the sequence (X;,Y;)(1,.. 20}, namely

a=Y,—b(X;), Vie{l,... 2n}

Noting that ¢; = Y; — b(X;), the € are natural proxies for the unobserved (¢;). Given Z~, the
(€;) are i.i.d.. Let us denote by f~ their common density, which only depends on the sequence

-----

Elt(€)|Z7] = E[t(( (X1)+el)|Z]

((b—
_ / / (b= D)) + y) fx () f (9)dyde

=0

- /xzo /ZER t(=2) fx (@) f(z = (b = b)(x))dzdx
- /ZE]R #z) {/xlo flz— (b _Z)(x))fx(x)dx dz

Hence,
1

f(2) = flz= B =b)(2))fx(x)dzs, VzeR. (3.21)

=0
Step 3: We apply the density estimation procedure described in Section 3.3 to the residuals
@).
Thus, the risk of the estimator of f results from two consecutive approximations of different
nature: the first one consists in replacing the true (¢;) by the residuals, and the second one is
a density estimation error. These two approximations appear in the following inequality:

E[(f7 — f)*(z0)] < 2{E[(f7 — f)*(w0)] + E[(f~ = )*(z0)]}- (3.22)

We assume that the error density f satisfies the following Assumption.

Heror : f is Lipschitz with constant Lip(f), that is

|[f(2) = f(W)l < Lip(f)lz —yl, Ve,yel.

Besides, sup,¢; |f(z)] = v < 400.
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We consider a collection of models M, which satisfies Assumption H,,0q, and such that
one of these two alternative assumptions holds.

H](Dlizlsferror(ﬂ) . f € H(B, L) and there exists a constant Cy((, L) such that, for every

model S,, € M,,,

Ih = bl < Co(8,L)D,?, Vh € H(B, L). (3.23)

Hg;s_error(ﬁ) . f € W(B+1/2,L) and there exists a constant Cy(/3, L) such that, for

every model S, € M,
I = hllos < Co(B, LD, Vh e W(3+1/2,L). (3.24)

Remark 5 According to Proposition 3.3.2, (3.23) is satisfied if f € H(3, L) and the collection
M,, that we consider is the wavelet collection $B,,, and (3.24) is satisfied if f € W(5+1/2, L)
and M,, is the sine-cardinal collection 2U,,.

Remark 6 Assumptions Hfoliisferror(ﬁ) and H,(:iisfermr(ﬁ) are less general than Assumption

Hyias in the density estimation Theorem. In fact, in order to apply the result of Section 3.3,

we need the density f~ of the residuals to satisfy the Assumptions of Theorem 3.3.1, which

is guaranteed under Hi}i;s_emr(ﬁ) or Hg;s_emr(ﬁ). This fact comes out of the following

proposition.
Proposition 3.4.1 1) For every x € R, |f~ ()| < v a.s.
2) For every (3, L positive, f € H(8,L) = f~ € H(B,L) a.s.
3) For every (3, L positive, f e W(5+1/2,L) = f~eW(B+1/2,L) a.s.

Proposition 3.4.1 is proved in Section 3.8.

We consider another collection M/, = {S],,m =1,..., N,} (which can be equal to or differ-
ent from M,,) and for every m, S;, = Vect{&{;,, A € I/} and the (£,) are continuous on /. For

every h € L2(I), let hy) = arg mingeg; ||h — ¢t||>. We suppose that one of these two alternative
assumptions holds.

H,(,l_)ermr(ﬁ) . f € H(B, L) and for every model S/, € M,,
1h = bl < Co(8,L)D;,°,  Vh e H(B, L)

H,(,2_)ermr(ﬁ) : feW(B+1/2,L) and for every model S/, € M,,,
1h = bl < Co(B, L)D;, Vhe W(B+1/2,L)
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3.4.2 Definition of the estimator

Let us consider the 3n-sample (3.19). Let b be any estimator of b constructed from the sequence

Z~ defined in (3.20). State
& =Y—b(X,), Vi=1,...,2n.

Let M,, = {S,,,m = 1,...,N,} be a collection of subsets of L*(I), {D,,,m = 1,...,N,}
a collection of positive integers, and § a positive number such that Assumptions Hpq, and

H(bli)asferror(ﬁ) or Hg)zizisferror(ﬁ) hOld'
For every model S, = Vect{x, A € I,,}, let

o = Z (% ZXA(@)) X (3.25)
AElm i—1

Let M/, ={S! 'm=1,...,N/} be a collection of subsets of L*(I), {D,,,m=1,...,N,} a
collection of positive integers, such that Assumption H,(jl,)ermr(ﬁ) or H,(,z,)e”or(ﬁ) holds. Let myq
be in {1,..., N/} such that py = D,,, satisfies

gl v
") cpp<m (L (3.26)
logn logn

for some ~y €]0,1/2[ and

2n
Oy = 1(Fe)Vlloe where (fr ) =" (% > @(@)) 3% (3.27)

AET!, i=n+1

Finally, let

45 9K? Dy,
x, = 7 log(l + Dm) max {1, e~ log(l + Dm)_} .
n n

3.4.3 Result

The estimator ﬁ% satisfies the following result.
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Theorem 3.4.1 Suppose that Assumptions HU) (8) and H,(,izenor(ﬁ) hold, fori=1 or

bias—error

2 and for some 3 > 3’ > 3/4 where 3 is known. Suppose that Assumption Hpyea holds with

1/(28'+1) 1/(268'+1)
1 <Dy, <M1 .
logn logn

In the definition of U, (see (3.26)), consider v which satisfies

E] 1 { 1 48 +1 }[
R VT ) R S RGO  V

Then, for every n such that 1+ Mn/logn < n, we have

R 0N\ ~20/C8+) ~
BIy — 1) <0, (o) FCEIB MR, (329

where

2
0" = ( (2C? + 45AVvK? 1 2) (M +1
1 (( C§ + 45 Av )max( 5”3+4510g(1+D1)) —i—C’O)( +1),

) o\ 2/@8 )28y o\ (2-480/(28'+1)
Cn, = Li 201
ip(f)” + 20, logn (logn) + (logn)

for some constant C,

/@8 +D)\ ? 0
Rp=2|v+Kx2M([-2 exp [~ V) 1 2
logn 7 n

and 0y is defined in Theorem 3.3.1.

Remark 7 We have C, = Lip(f)* + o(1), and R,, < K} /n where k' depends on (v, M, K, [3').

Comment 4. By (3.28), the rate of convergence of our estimator is upper bounded by the
maximum of the two following rates:

e the rate of convergence of the estimator b of b.

e the minimax rate of estimation we would obtain for f if the (¢;) were directly observed,
that is (n/logn)=28/(26+1)
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According to Comment 3 in Section 3.3.5, the rate of convergence of ]?7% is clearly lower

bounded by (n/logn)~2*/2%+1  On the other hand, the term E[Hg—b“?@X] seems to be avoidable.
In an integrated risk context, Efromovich (2005) proposes an error density estimator whose rate
of convergence does not depend on the risk of b. N evertheless, stronger conditions are required.
In particular, the densities of X; and ¢; are supposed to be two times differentiable and the
errors (¢;) are supposed to be symmetrical. The convergence results in Efromovich (2005)
are based on properties of trigonometric basis and are not easily transposable in a pointwise
context.

Besides, in numerical examples, our error density estimator performs nearly as well as the
estimator we would obtain if the (¢;) were observed (see Figure 3.3, Section 3.5).

3.4.4 An estimator of b

In this section, we briefly recall the definition of the estimator b of b built in Chapter 2 from
Baraud (2002). This is the estimator which is implemented in the simulations. Consider the
following conditions.

H,, : The density fx of X is supported on a compact J, and is lower bounded by my > 0
and upper bounded by m; < 400. Besides, E[e]] < +o0.

Let us consider a collection of finite dimensional models ,, which satisfies the following as-
sumption.

H.oa-b @ 2, is included in a global model S,, with dimension smaller than nt/2=d for
some d > (0. Furthermore, there exists some nonnegative constants I' and R such that for
every integer n,

Card ({m € %, : D,, = D}) < T D"

for every D € N*. Finally, there exists a constant K such that:
Itllo < K/ Nyl|t]], Yt € S,.

For every model m € 33, let /l;m be the least square estimator of b:

- 1 &

b = arg min y,(t)”  where 7, (t)” = — > Y- (X)),

i=—n

A~

and the selected model is m = argmingeyx, [y, (bn) + A'G2D,,/n] where A’ > 1 and 72 is an
estimator of the variance of €;: let V, be a space of dimension |n/2] which includes the global
model 5, then:

1
62 = inf (Y, — #(X,))?
n n—ELn/QJtler%/n< (X))

Let us define b = by, if ||/b\mH < n and b = 0 otherwise.
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Proposition 3.4.2 Under Assumptions Hy, and Hyod—b,
~ D O/
B2 1< . _ 2 2m o
Ell5 -l < © jng {10l 4022244 &

for some constant C depending on A" and m,, and C' depending on (o, E[e}], mg, m1).

Finally, classical results about approximation theory in Besov spaces lead to the following
statement: if b belong to the Besov ball By (L) with o > 1/2, E[[|b — b[|3,] < Cn=2/GetD),
This entails the following Corollary:

Corollary 3.4.1 Suppose that the Assumptions of Theorem 3.4.1 hold, as well as Hy and
Huoa b Then, if b belongs to the Besov space B> for some p >0 and a > 3 > 1/2,

EKﬁ%—f)Q(wo)]S@( n >

for some constant 6 independent of n.

In other words, if b is smoother than f, the rate of convergence of ]?7% is the optimal rate
we would get if the (¢;) were directly observed.

3.5 Simulations

3.5.1 Density estimation

This section illustrates the density estimation procedure presented in Section 3.3, with the
sine-cardinal collection of models A,, described in (3.2). According to the remark following the
definition (3.16) of z,,, the calibration of the constants in x,, and pen(m) are determined from
a lot of simulation experiments: we choose a constant B = 10 in z,,, and A = 2 in pen(m).
Moreover, we consider M,, = y/n. We draw 50 samples (Vi,...,V;) of size n = 200, 500, 2000
of i.i.d. variables with gaussian distribution (denoted by N(0,1)) and with Laplace density
g(x) = (1/2) exp(—|z|) (denoted by L(1)). Let J be the set of 150 regularly spaced points in
[—5,5]. For each sample and for every point x € J we compute an estimator gz (x) as follows,
assuming that the maximum of the density v is known.

e First we compute the projection density estimators (g, (x)) defined in (3.11) for every
m € (1/10)N, m < M,, and every x € J.

e Then for every x € J, we select the best model as:

S |=

m = arg min{ sup (G — Gm)*(z) — avlog(l + j)=]+ + Brlog(l + m)%}

m<j<Np

with a =5 and g = 10.
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e We plot the set of points {(x, gm(x)),x € J}.

In Figure 3.1, each graph presents 50 estimated curves of g for a given density ¢g; and a
given n.
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Vi~ N(0,1)

n=200 n=500

n=2000

n=200 n=>500

n=2000

Figure 3.1: Beam of 50 density estimators curves (blue dotted lines) built from i.i.d. samples
of size n=200, 500 and 2000 of density N'(0,1) and £(1) (red thick line), in sine-cardinal bases.
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Figure 3.2 presents a comparison between our pointwise model selection estimator, and
a global model selection estimator, computed following the procedure developed by Massart
(2007), Section 7, for sample of size n = 500, 2000 with common density x?(3). The global
model selection estimator (dotted blue line) is computed in a mixed piecewise polynomial and
trigonometric polynomial basis using matlab programs available on Yves Rozenholc’s web page
(http://www.math-info.univ-paris5.fr/ rozen/), from a paper by Comte et al. (2008). The
pointwise model selection estimator (solid blue line) is built following the procedure described
above, on the set J of 150 regularly spaced points on [—1,15]. We observe that the pointwise
model selection estimator (solid blue line) fits the true density (red thick line) for a smaller
sample size than the global model selection estimator.

n=>500 n=2000

Figure 3.2: Pointwise model selection estimator (solid blue line) and global model selection
estimator (dotted blue line) for a sample of size n=500, 2000 of density x?(3) (red thick line)

3.5.2 Error density estimation

This section proposes illustrations of the error density estimator described in Section 3.4, with
the following procedure.

e We draw a sample (X1, ..., X5,) with common density fx uniform on [0, 1] and x?(3)
and a sample (e, ..., €,) with common density f from a distribution A(0,1) and £(1).
We choose a regression function b(z) = z* 4+ 5z and b(x) = exp(—|z|) and compute the
sample (Y7,...,Ys,) where Y; = b(X;) + ¢;.

e From the sample {(X;,Y;)}i=1..n, Wwe compute an estimator bofb following the procedure
described in Section 3.4.4, using mixed piecewise polynomial and trigonometric polyno-
mial basis.

e We compute the residuals from the second sample (€;);—n11....20, Where € = Y; — /b\(XZ)

-----

e Let J be a set of 150 regularly spaced points on [—5,5]. We apply the density estimation
procedure described in Section 3.5.1 to the residuals (€ )i—n+t1,. 2n-
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Figure 3.3 presents the error density estimator (dotted blue line) and the theoretical esti-
mator we obtain by applying the density estimation procedure of Section 3.5.1 directly to the
sample (€;)i=n+1,..2n- The thick line is the true density of ;.
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X; ~U[0,1], & ~ N(0,1), b(x) =x®+ 5x

n=200 n=>500

n=2000

n=200 n=500

n=2000

Figure 3.3: Error density estimator (solid blue line), theoretical estimator we would get if the
errors were observed (dotted blue line) and true density (thick red line).
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We have also checked that the error density estimator hardly depends on the designs’ dis-
tribution.

3.6 Proofs of Section 3.3

3.6.1 Proof of Theorem 3.3.1

The proof is divided in four claims. Let us denote by E,[.] = E[.|Z;] the conditional expectation
given Zy, and P;[.] = P[.|Z;] the probability given Z; (which is defined in (3.10)).

Claim 3.1 Suppose that Assumptions Hgens and Hyoq hold.

— 7
Ei[(Gm—9)* (20)]| X Wiz, 502p < 2(Gmop—9)2(20) 415 sup  (gj—Gim,,.) >+ (12+ )pen(mopt)+;2-

jymopt <j<Npn xmopt

This entails the following result.
Claim 3.2 Under Assumptions Haens, Hmod, Hpias(3), and (As)

E[(m — 9)*(w0)] X Wp, 202y <

. m| 0
max(Kg, Unkg) inf D;fﬁ +logD,,— | + =
{m=1,...,N,(9K2 /) log(14 D) D, /n<1} n n
where
2 45AK?
k1 =403+ Flog(l T Dl))’ Ko = 203 [max(15, k1) + 2], k3 = max(15, k) TR

We can deduce from Claim 3.2 the following inequality.

Claim 3.3 Suppose that Assumptions Haens, Hmod, Hpias(3) and (Ag) hold. Moreover, as-
sume that M(logn/n)Y/?%+Y) < Dy | then

_2/@

E+[(g; 2 1I < 7 M1 no o\ 6,
1(@m — 9)"(z0)] x D)2y S max(Kg, Upks)(M + 1) o + —

Besides, the following result holds.

Claim 3.4 Under Assumption Haens and Hynoq, for every model m € {1,..., N,}, and every
rel,
|Gm(2)| < K2D,, a.s.
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The inequalities stated in Claims 3.3 and 3.4 enable us to prove Theorem 3.3.1. Indeed, on
the one hand, by Claim 3.3,

n

283
n \TEE G
) "

E[@s — 9)°(x0) U@, zvzy] < Elmax(ss, Unss) (M +1) (logn n

Moreover
Elmax(ka, Vpks)] < Elky + ksly] < ko + 2k30 + kB[, 15, >0,
By Claim 3.4, 1, < K?py almost surely, hence E[max(rq, Upk3)] < ko+2vk3+r3K2poPlU, > 2v],

and under assumptions (A;) and (Az), inequality (3.15) of Proposition 3.3.1 yields

E[max(kg, Unks)] < ko + 2vk3 + k3K pg exp <_456n%po)

which induces that

28
“
E[(9m —g)Q(IEo)H{gnZV/Q}] < (lig + 2ukg + k3 exp[—#fépo]) (M+1) ( n ) 2

logn n
(3.29)
On the other hand, by Claim 3.4 and inequality (3.14) in Proposition 3.3.1,
~ .V
El(Gn — @)U, € (v+K® max Dn)P |7, < 3]
< (W+K? max Dp)?exp | ——s (3.30)
- m=1,...,Nn 84K2p,

and inequalities (3.29) and (3.30) provide the result of Theorem 3.3.1. O
Proof of Claim 3.1.

For every j € {1,..., N,}, denote by

D
H(j) = K*z;0,—L.
n

The proof of Claim 3.1 is based on the following steps: we exhibit a quantity U, such that
o [, [U,,] has order Crit(mop).

. f0+°° Pi[(Gm — 9)*(z0) — Uopt > 2|15, 5, 23dx decreases to 0 with rate 1/n.
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Thus, inequality

E1[(Gm — 9)*(0) W, 202) < (Ba[((G — Uopt)+] + E1[Uope]) Lo, > 20}
+0o0
< ( | Pl — 6 (00) e = alde + B, ) ooy (331)
0

yields the result of Claim 3.1. Let us consider a first result:

Lemma 3.6.1 For every > 0, z > 0 and for every model m

P [C’/ﬁt(m) > (14 6)Crit(m) 4+ z] <2 i exp (—=C(z,7,0))  where

j=m

e 1 xn 9~ Vrn n
C(x’j’é)_m1“{4vf<2<1+1/6> (5, + 2a) 4¢T1/5K2( » +1"'\/””’73””1)])}

Proof of Lemma 3.6.1

The empirical criterion C/ﬁt(m) (defined in (3.17)) is built from Crit(m) (defined in (3.16))
by replacing the unknown (g; — ¢,,) by its empirical counterpart (g; — gm), so the deviation
between C/’ﬁt(m) and Crit(m) is upper bounded with Bernstein Inequality (see Introduction,
Theorem 1.2.4). More precisely,

P[Crit(m) > (1 + 6)Crit(m) + x]

- P1L sup (G — Gm)*(w0) — H(j))+ = (1 +0) sup (gj—gm)Q(xo)er]-

;m<j<Nn 3m<J<Nn

As SUp; < jcny (95 — gm)*(z0) + z is positive, we omit the positive part (.),.

Py[Crit(m) > (14 86)Crit(m) + ]

-~ P1L sup (G5 — Gim)*(z0) — H(j)) = (1+0) sup (gj—gm)2(xo)+x}

i m<j<Np, Jm<j<Nn
Np,
< D PG = Gn)*(@o) = (140)(g; — gm)*(z0) + = + H()) ZPW
Jj=m

and for every (j,m),

2

Pim = Pi | (G5 = Gm)*(z0) = (14 0)(g; = gm)*(w0) + (1 + §> ( :(Ultfllfgo
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We recall that for every z,y € R, (z +y)? < 2%(1 4+ 1/6) + y*(1 + J), thus

2

Pim < Py | (@) = Gn)?(20) 2 <|<gj — g (o) + 1++—flf/<?>

Py [~ Gl 2 [y — gu)a)| + =

< P (13~ 3 e0) — (0 — 3@l + (0 — 9u)wo)] = (05 — gm0l + A
- _%ZZ:;(UZ-—E(UQ) > %Iﬁ? (3.32)

where

U= xaVixa(zo) = Y xa(Vixale) = D xalVi)xa(zo)

AEL; Aelm AET NI

and E(U;) = (g; — gm)(xo). We have in view to upper bound the term (3.32) with Bernstein
Inequality. Let us compute the terms v and ¢ involved. Similarly to (3.12) we get:

E((UD) <v Y X3(wo) v ) x3(w) < vE*D; =w. (3.33)

NeL\Im AET;

Let ¢ be an integer greater than 2, then,

E[(U1)4] < Ea[UF] x Il < ol D0 xa(Vi)xa(zo) 15

AELNIm
-2
Z XAV [l Z X3 (o)
XeIi\Im XeTi\Im

and according to (3.7) in Hyea, E1[(U1)Y] < v[K%D;]'""2. So, we set

c=K*D;. (3.34)
Finally, we denote by
i

v+ HUj) + VHG)). (3.35)

14+1/6 = \/Tl/é\/_
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Then by Bernstein Inequality,

2
P < 2exp (— min(ﬁ' E)) :

4v’ 4c
Moreover,
ne? 1 mn
A 4 K%,
w K21+ 1/0) (Dj Ry )

ne 1 (\/En —n )

= > + K TiVp— | .

de ~ 421+ 1/0)K2 \ D; D;j
This provides an upper bound of P;,, for every (j, m) which, inserted in inequality (3.32), ends
the proof of Lemma 3.6.1. O

We derive from Lemma 3.6.1 the following result.

Lemma 3.6.2 For every positive numbers 0 and x, and every sequence Z,

1) P {@m —9)*(z0) > (1+0) < sup_ (g; — 9)*(z0) + Crit(mopt)) + 23:} n{m > mopt}]
<4 z”: exp (—=C(x,m,9))

2) Pil{(@m — 9)*(20) = 2(Gmope — 9)° (w0) + 2H (mope) + 2(1 + 6)Crit(mop) + 22}

N{m < mep ] <2 z": exp(—C(z, j,0)).

j:mopt

Proof of Lemma 3.6.2

e Let us prove inequality 1).

Pil{(Ga — 9)*(x0) = (L+0)( sup_ (g5 — 9)*(w0) + Crit(mop)) + 2} N {iit > 1oy }]

jvmopt S]SNn

< Pi{Gn —9)*(x0) = (1+3)  sup (g5 —9)*(wo) + Crit(i) + x} 0 {7 > mop}]

j)moptSjSNn
+P[Crit(m) > (1 + 8)Crit(mey) + 7] (3.36)
By definition of m, C’/Et(ﬁ@) = inf,,—1. N, C/ﬁt(m) < C/ﬁt(mopt). Hence, by Lemma 3.6.1,

PCrit() > (1 + 8)Crit(mep) + 2] < P[Crit(mop) > (1 + 0)Crit(meoy) + 2]

Np, Np,
<2 ) exp(—C(x,4,0)) <2 exp(—C(x,m,0)). (3.37)
J=Mopt m=1
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Besides it is clear that for every model m, Crit(m) > pen(m), and if m > mept, SUP; . <<, (95—
9)*(x0) = (9m — 9)*(0). So,

Pi{(Ga — 9)*(x0) = (1+0)  sup_(g; — 9)*(wo) + Crit(i) +a} N {i > mop)]

jvmopt <j<Nn

< Pi[(@Gm — 9)*(w0) = (1 +0)(gm — 9)*(w0) + pen(in) + ]

Ny,
<> Pil(Gm — 9)*(x0) = (14 6)(gm — 9)*(w0) + pen(m) + 2 (3.38)
m=1
N7L
~S"p,. (3.39)
m=1
For every m € {1,..., N,}, we have almost surely

(B = 9)20) < (140)g = g)(a0) + (14 5 ) (B — 900

and pen(m) = AH(m) > H(m), so

P < Pu|(14 )@n — an)*(an) 2 peniim) +]
< P {1 = P (an)] = T
= || - By 2 [T

where U; = >y, Xa(Vi)xa(wo). Similarly to the proof of Lemma 3.6.1, we apply Bernstein
Inequality (Theorem 1.2.4) with the parameters defined in (3.33), (3.34) and (3.35), and obtain

P, < 2exp(—C(z,m, ¥)). (3.40)

Combining inequalities (3.36), (3.37), (3.38) and (3.40), the result of Lemma 3.6.2, 1) follows.

e Let us prove now inequality 2) in Lemma 3.6.2. First of all, by definition of m, C’/Et(ﬁz) <

C/Et(mopt), SO

PLCTit(mopt) > (1 + 8)Crit(mop) + x] = PL[Crit() > (1 + §)Crit(mey) + ]

2Pl sup [(g; - 9m)*(x0) — H(j)] + pen(i) = (1 + 8)Crit(mop) + 2]

> Pi{(Gimpe — Gin)*(0) — H (mope)] + pen(in) = (14 6)Crit(mop) + x} N {1 < mey }{3.41)
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BeSldeS? (/g\m - g)2<x0) S 2<§mopt - /g\m)g(xo) + 2(§mopt - g>2($0>7 therefore

(G — 9)%(20) = (Gmope — 9)*(20)-

N —

(/.dmopt - /g\m)2(x0) Z
So we derive from (3.41) that

_— 1 —
Pi[Crit(mop) = (1+0)Crit(mop) + 2] = Pi[{5(9a — 9)2(20) = (Gmop — 9)*(20)
> (14 0)Crit(mept) + H(mope) — pen(m) +x} 0 {m < mep }].
As pen(m) is positive, we get
PCrit(mop) > (1 + 8)Crit(mep) + z] >
Pi{(@m — 9)*(20) = 2(Gimope — 9)(20) + 2H (Mope) + 2(1 + 6)Crit(mop) + 22} N {1 < mgpe 3.

By Lemma 3.6.1, inequality 2) in Lemma 3.6.2 follows. O

Let us prove Claim 3.1. Consider

uopt - 2(/g\mopt - 9)2(x0) + 2(1 + 5)0Tit(mopt> + 2]{(’rnopt) + (1 + 5) sup (gj - g>2(x0)'

jvmoptSjSNn
Then, by inequalities 1) and 2) in Lemma 3.6.2, we get

Nn

Pi(Gm — 9)*(x0) = Uop + 7] < 4 Z exp[—C(z,m,§)].

m=1

Take 6 = 4, then

Er[(Gn — 9)*(20) — Unpe)s] < / " PG — 9)*(20) > Uge + )i

= 2/0 “p (G — 9)*(0) > Uop +2y] dy  (3.42)

Nn,

8/0+OO<Z

m=1

IN

eXp[_C(y7 m, 4)]) dy (343>
We recall that, for every positive constant C”

oo +o00 9
/ exp(—C'y)dy = ok / exp(—C'\/y)dy = -
0 0
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Therefore, according to the expression of C(y,m,d) defined in Lemma 3.6.1,

Besides, assuming that 7, > v/2,

m > 2log(1+ D,,)

= xm_f%log(l—i—D )
N eXp( x'm’/n) < 1+D ) (2+1/4)
& Dpexp (—2zln) < (14 D,,)~(+1/4 (3.44)

and similarly,

T > 2 X %logQ(l + D,y,) 2

& Dyexp (—grkse\[rnings ) < (L4 D) 05179, (3.45)

Hence
+oo Nn Nn 1
/ Z exp (—C(x,m,4))dr < 5K*(v + 16K?) (Z(l + Dm)lﬂ/‘l) e
0 m=1 m=1

Plugging these upper bounds in inequality (3.42) yields

all 1 0
El[((/g\ffz — 9)2(x0) - uopt)«l»} S 40K2<I/ + 16K2) (Z(l —+ Dm)1+1/4) E = f (346)

m=1

It remains to upper bound E;[U,,:]. As 6 =4,

EiUopt] = 2E[(Ginoye — 9)*(20)] + 20, T, —2 + 5 sup_ (9j = Gimope)” (x0)
JsMopt SIS INn
+10CTit(Mopt)
Dmopt

Dm t ~
2[(gmopt - g) ( ) + VK2 nop ] + 2V'I’LK2$mopt

+5  sup (g5 — gmopt) (o) + 10CTIt(Mopt).-
Jymopt <J<Np

IA
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Thus on the set {7, > v/2}, we have

~ Dmo + ~ Dmopt
Er[Uopt) Wiz 5021 < 2(Gim,,e — 9)°(20) + 4ynKQTP +(2+ 104A)0, Kz, -

+15  sup (g5 — Gmop)’

jvmoPt SjSNn

Jpen(mopt).

(3.47)

S 2(gmopt - 9)2(%) + 15 sup (gj - gmopt>2 + (12 +

jvmopt S]SNH Mopt

Putting together inequalities (3.31), (3.46) and (3.47), we get

El[(gﬁ - 9)2(x0)] X H{ﬁnZy/2} S 2(gmopt - g)2<$0) +15 sup (gj - gmopt)2
jvmoptSjSNn

4 )

+ (12 + ) pen(Mmop) + =

.Imopt n

which ends the proof of Claim 3.1. O
Proof of Claim 3.2

First of all, note that

1 2 2
4 < 4 < 4 = K1,
(3+ wm) = (3+ 45log<1+DW>> = (3+ 45log<1+D1>) "

Assume that 7, > v/2, and denote

F(m) = D*" +log(1 + D,,) 5
my = argmin{F(m),m =1,...,N,, (9K?/0,)log(1 + Dy,)D,,/n < 1}

Thus, z,,, = (45/2)log(1 + D,,,). We consider two situations: the case where m,, > m;, and
the case where mg, < my.

® If mopt Z my, by Hbias(ﬁ)a
(Gmope — 9)*(20) < C3D2 < CD,2.
Besides, it is obvious that 11 < k;. Thus by Claim 3.1, we get

~ . , 0
E1[(Gn — 9)°(10)] 5,502 < 205D + s Crit(moy) + .
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As Moy = argmin,,—;  n, Crit(m), Crit(myy) < Crit(m). Then,

,,,,,

- _ ) 0
E1[(Gm — 9)*(20) W, >02y < 205D,% + ki Crit(my) + f

A5 AK? D,
SAR T og(1 4 Dy ) 2m
n

45AK? _ 0
5 Dn}F(ma) + f

< 2C3(1+ k1)D,2 + Ky

< max{2C3(1 + k1), K1
o If my, < my,
2(Gmape = Gmr)*(@0) + 2(gm, — 9)*(20)

2 sup (g5 — Gmep )’ (w0) +2C5 D,

j»mopt <j<Nn

(Gimope — 9)° (o)

IN A

Hence,

Eri[(@m — 9)*(20)| L5, 5072}

IN

B [
15 sup (g5 — gmopt)2(xo) + Kipen(Mmept) + 4C§Dm?ﬂ + ZQ

Jymopt <J<Nn,
02

n

IA

max(15, k1) Crit(mgy) + AC2 D2 +

IN

0
max (15, k1)Crit(my) + 4CgD;fB +
n
0o
n
45AK? 4
Vn} F(m1> + f

IN

max(15, /@1)[2O§D,;jﬁ + pen(mq)] + 4C§D;§6 +

IN

max {2002 (max(15, k1) +2), max(15, K1)

Moreover, it is clear that

202 (1 + K1) < 2C7 (max(15, k1) + 2)

45AK*> 45AK*>
< max(15, k) 5

R1
Therefore, inequalities (3.48) and (3.49) yield the proof of Claim 3.2. O
Proof of Claim 3.3

Let my be a model such that

AT sy
") <, <M ()
logn logn

0>

n

(3.48)

(3.49)

(3.50)



On the set {7, > v/2}, by Assumption (Aj),

QK2 D,, 18 K2 —2p8/(28+1)
log(1 + D,,,) =2 < ( n ) <1
U n v logn
By definition of my,

1 w% _2§B _255—

1 +1 1

F(my) < F(my) < M-22 [ D (L <M+1) (L .
n logn logn logn

Thus we derive from Claim 3.2 that
25

B (G — 9)2 (o)) < P M 1) (=) 1 o
1[G — 9)"(20)] {ﬁnzy/Q}_maX(ﬁg,ani3)( +1) logn) +E'

Proof of Claim 3.4

For every model m, (G, — 9)*(%0) < (|gm(z0)| + v)? almost surely. Besides,

Gn)* (o) = ) ( ZXA )xx (g > Z (Z Xa(Vi)xa(zo > o

Al =1 \A&lpm Aelm, 00

< K'D? (3.51)

which provides the result of Claim 3.4. O

3.6.2 Proof of Proposition 3.3.1
Let us prove inequality (3.14). Let x; € I be such that g(x;) > 5v/6, then by definition of 7,,

Pl < Pli@)<g]=rp [@fﬁg — g} (@1) £ % = gmg(1) - 5}
< PG~ 9m)(@) < (9~ gu) (@) — 5
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and by condition (Ay),
v

Plonz] < PlGW —gm)(@) < —2] < PIG) = gna)(@0)] = ;

6

2n
1 v
= P||= i —EU)| = <] - 52
;3 Ui B 6] (3.52)

Now, apply Bernstein Inequality (Theorem 1.2.4) with the following parameters v and c.

B = E|| X ata@] | = [| X a@ae | g
AEI g T\ Xeln,
< v ¥ ([ewan) awet) v ¥ &)
ANELn, 1 AEm,

since the family {£,} is orthonormal. Finally, Assumption (3.7) in Hpyeq yields
E[U7] < vK’py = v.
Let [ be an integer greater than 2,

-2

E[(X1)}] < EUf] < U2 < vl D &(Vi)éa(xo)

AEDm, -

-2

<o [ || [ 8| <op
AEIm,, o | Aelng

Hence we set ¢ = K?p,. By Bernstein Inequality (Theorem 1.2.4, we derive from inequality

(3.52) that
~ v nv
< -1 < —
P [V" = 2} = ZeXp( 84K2p0)

which is the result we wanted to prove.

Let us prove inequality (3.15). Let Z; € I be such that g,,,(71) > 57, /6. Similarly to (3.52),
under condition (Ay),

Plv<%| <G8 - ami@l 2 7).
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Moreover,

IN
s

Up [ v
plo<%] < pluian - mwi= Y]
Lxel

1 2n

= Plsw- Y | Y @) - Ee (Ve (@) Zg

w€l 250 \NeTmg

B 1 2n y
= Pt Y 2

xel M. < 6

L i=n+1

We have in view to apply Talagrand Inequality (see Introduction, Theorem 1.2.2); but the set
of functions

F=S¢:iu— > &@)é(u) —E(@)aM)), e el

AEl g

is not countable. Nevertheless, the (£,) are continuous, thus for every u the application = —
@z (u) is continuous. Hence, since the set Q N I is dense in I, we have

2n 2n

Z:Supl Z 0z(V;) = sup l Z 0 (Vi),

n n
zel Pa— zelNQ i—nt1
SO

2n
1 v
awp L3 =Y

zeInQ M im—nt1

P{yﬁVQ—”]SP

and QN I is countable. Let x € I, by Cauchy Schwartz Inequality,

(%,Z g%wi)) < Lyl Y [ S em - Bamaw

IN

%Z S &@ | | Y @) - Em)?

i=n+1 \Aeln, AED
Then, by Assumption Hy,4q,
1 2n 1 2n
(5 >, mvi)) < Kpo Y (Vi) — B[ (V))?
i=n+1 i=nt1 \ Aelm,

Hence,

113



2n 2 2n 2
1 1
E||sup — (Vi < E sup — = (V;
( xengni_zn;rlsp " ) |:<x€[r£)@nizn;-1@ | )>
2n
1
< Ko Y E = ) (&) —E6 (W)
Nelpmy L' iEnt
K?p,
= —E| Y (&) -ELMW)’
AElm,
K2
= =2 Var&(m)
AElm,
K2 K4 2
< PR Y gmy| <=0
AElm,
Thus,
2n
1 K?po
E||sup — Vil < = H.
xelr?@ni:zn;l(p( ) vn

Let us compute the terms v and c¢ involved in Talagrand Inequality. For every x € I,

Var ( > £A<V1>£A<x>) <E K >, @(Vn@(:z:)) ] = / ( >, @(u)@(w)) g(u)du

AElm, PYET AElm,

<v [ (Z 5A(U)§A($))2dUV > ([awea) s@e)

A€, AN €l

The family {&, A € I, } is orthonormal, so

Besides,
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Moreover, Assumption (Az) yields

P[VS%] gP[ZZ%]:P[ZZ]HH—(Z— po)} gP[ZzH+1].

6 n 12
Finally, Talagrand Inequality (Theorem 1.2.2) provides the following upper bound:
1 n(v/12)?
P|Z>H+ —v| < — .
[ =0T 12”] =P ( 2(vK2po + 4(K2po)2//n + 3K 2po(v/12))

Applying once again Assumption (Ay), we get

exp (_ n(v/12)? )
2(VE?py + 4(K?%po)?/v/n + 3K?po(v/12))
n(v/12)? B ny
< oxp <_2(VK2p0 +4K2py(v/12) + 3K2po(y/12))) P (_456K2p0>

3.7 Proof of Theorem 3.4.1

The proof is based on the decomposition (3.22).

3.7.1 Upper bound of E[(f — f7)*(zo)]
The following Proposition holds.

Proposition 3.7.1 Suppose that f is Lipschitz, then
BI(F — ()] < Lip(FENs— B2, (3.53)
Indeed, for every Z-
G5 = ([ U0 = o= (- D@ixte)ia)?
< [ 150 = ftzo— - D@ sxte)ts
< inth) [ 0= D rxie

= Lip(f)|lb —0||%,

and by considering the expectation of the above inequality, we get the result of Proposition
3.7.1. O
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3.7.2 Upper bound of E[(fﬁ_l — )% (o))

Now, the term IE[(]/C\H_1 — [7)*(xo)] in (3.22) is upper bounded with the results of Section 3.3.
By Proposition 3.4.1, under the assumptions of Theorem 3.4.1, for every fixed sequence 7,
f~ satisfies the assumptions of Theorem 3.3.1. Indeed, let Z~ be fixed, and suppose that
Assumption H (3) holds, then f € H(fS, L), and by Proposition 3.4.1, f~ € H(S, L).

bias—error

Besides, for every t € H(3, L), [[t—tmlloo < LD;P thus ||(f 7 )m—f llee < LD,? and f~ satisfies

Assumption Hpias(3). The same argument holds with Assumption 12 1% (6). Similarly,

bias—error

if f satisfies Assumption H(Vl_)error(ﬁ) or H(VZ_)error(ﬁ), then f~ satisfies H,. Thus the following
result holds.

Proposition 3.7.2 Suppose that Assumption H,(Olils_error(ﬁ) or H,(Ozils_error(ﬁ) holds for some

B> >3/4. In the definition (3.27) of U,,, consider an integer py such that

¥ g
") <pesM (i
logn logn

for some
1 . 1 48 +1
e } FeF+n {6’ 173020 + 1) } [ (354
Then
R ) / n —28/(28+1) / . )
BiFy — el < 6 (1) +CEID bR, + R,
with

0] = (ko + 2vk3)(M + 1)

, n _ﬁ 9 ? 9 n W%_Qﬁ/’y 9\ n 35’451
C,, =2logn ||v og + K°M 36C; og + (I8MK?) Iog
ogn ogn ogn
P 5t
+u2K%2( n )
logn
1/(26'+1)7 2
n Co _ /
=2 K?M __H0 1y(148)
R, v+ (logn) ] exp( "
28
n

9 T 28+1 92
+2r3K*(M + 1)po exp (—\/538) + et

logn

Moreover, lim,,_, 1 C, = 0 and R,, < & /n for some constant ' which depends on (M, K, 3',v).
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Let us define the following sets, which depend on the sequence Z~.

28
- 18MK? n O\ #1
Al = B Ay = d12Kk2 P < - A; = < .
1 {C()p() = 6 } ) 2 { \/ﬁ 4 3 3 v — logn

where v~ = || f7||o. The proof of Proposition 3.7.2 comes out of the following decomposition:

~

E[(f7 — /(@) = B | (T = 2 @0) Wy | +E [T = £ @0) Wi ooy e
<E [(J?f; - f_)Z(xo)H{a;Zf/z}mAg] +E |:(f7% - f_)2($0)11{a;<y7/2}m;}
+E[(Fm = @)1 (apyuiay (3.55)

Then, these Claims provide an upper bound for each term in the right side of (3.55). There
exists an integer ny which depends on (o2, 3) such that for every n > ny, the following results

hold:

Claim 3.5

E [(.}?ﬁ_@ - f_)z(fﬂo)ﬂ(A;)cU(Ag)c} <

n 287 +1
2logn <V+K2M( )
logn

Claim 3.6

1 2
~ 9 9 n 287+1 CO n
E [(fm —f7) (%)H{a;@f/z}m;} <2 (’/ + MK (logn) ) exp <_ e p(1)+,6> :
Claim 3.7

E [(fr?1 - f_)2(130)11{a;2y7/2}mg]
3 A~
< {K,Q + Ks3 (21/ + 2K %pg exp (—%) + 2(12K3)2 log n%E[Hb — bH?cX]) }
n
)T

logn n

E[|[b - ]2, ].

~_
)
X

><(M+1)(

These Claims provide the proof of Proposition 3.7.2. Indeed,
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28

E[(f7 — f)*(z0)] < (ng+2wg)(M+1)( n ) 41

logn

1 2 443

Gl 2 ~ 5T
+2logn u+K2M( n ) ) (2% (18MK2)2< n )
logn poﬂ logn

_ 28 1\ 2
3 2p0 n 2t ~ 9 9 n O\ 27+ NG
92

logn
25

> T exp (—v/n38) +

By the conditions § > (# and (n/log)” < pg < M(n/ logn)?, we have

1 2 48 283

21 36C2 e 6 o
y+K2M< ” > : . +(18MK2)2( 1 ) +(12K3)2@(M+1)( n )
logn Poﬂ logn n logn

n

+2/€3K2(M —|— 1)]?0 <
logn

! 2 2 —28'y 2—4p'
243" +1 243" +1 2487 4+1
<(v(L + KM [ 3602 (2 +asMi? (L
logn logn logn
3= 2?’11
12K3)2 [ ~c.
Ha2r? () .

According to Assumption (3.54), 2/(20" +1) — 20’y <0 and 3y — (40" +1)/(26"+ 1) < 0, so
lim, ., C/, = 0. Hence

Co__n Co_ 190118
xp (‘ﬁﬁ) = exp (—m"
and 1 — (1 + ') > 0 which entails that R,, < &} for some constant .

Let us prove these Claims. First of all, the probabilities P[(A])¢], P[(A45)¢] and P[(A3)¢]
are upper bounded via the following Lemma.

Lemma 3.7.1 Let us consider a sequence (a,) of positive number such that o, = o(1/+/logn).
Then for every n € N such that

2
\/logn

() 2a2 logn

1
2
where 0 = E[é?],

Plv™ < a,] < 2logna2E[|[b - b|2].
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Hence there exists an integer ny which depends on (02, 3, Cy, K') such that, for every n > ny,

_ 6Co\° .~
P[(AT)] = P[v~ < 6Copy ] < 2logn <p—;) E[[[b — bl|2,] (3.56)
0
2 A~
Pl(A;)] = P {y— < 12K2%] < 210gn(12K2)2%E[||b — B3] (3.57)

and
28

T 2841
v~ < 18MK? (L>

Pl(A7)] = P o

48

)W E[5 - b]2,]. (3.58)

< 2logn(18MK?)? <L
logn
Proof of Lemma 3.7.1

~

Given Z~, ¢; and (b — b)(X;) are independent so
E[|27) = E[e}|Z27] + E[(b — D)*(X,)|Z7) + 2B[es (b~ D)(X1)| Z7].

Moreover, E[¢;|Z~] = 0, thus
E[&]|Z7] =0 + ||b—b||3,-
Then for every A, > 0,

_ 1 B 1 R
/|y|>A Iy <o | 95 Wy < gl + 10 =)
which entails R
o+ )b — bl
/ fry)dy =1~ TR
ly|<An 2

On the other hand, f\y|<An [~ (y)dy < 2v~ A, by definition of v~. Hence,

1 0% + ||b— )3
. B .
Y= 5a <1 A2

n

for every A, > 0. Thus,

[ o+ b— b2
- | [ <o

Plv™ < o) Ve

IA
v,

= P|1-(2A,a,+

o |lb—1b|3
E)S A2 -

n
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Let us consider A,, = 1/(a,+/logn), then condition (C') gives:

+c%a?logn) < ||b —/b\||fcx log na

P~ <a,] < P[l—(\/ljE

. . ~
< P [5 <||b— b||3cX lognal | < 2lognalE[|[b - b”?‘x]' =

Proof of Claim 3.5

According to Claim 3.4 in Section 3.6,
(]/‘i% — f)2(x0) £ (v + K? max_ D,)* as.

.....

2

o S Y S = <u+K2M( " )) (PI(A7)] + Pl(47)7)

logn
and inequalities (3.56) and (3.58) end the proof of Claim 3.5. O

Proof of Claim 3.6

For every Z—,

2 -
S - - ~ V-
E\(fa—f )2($0)H{9;<y7/2}|z }HA; < <V +K* max Dm) P |:Vn < 7|Z ]HA_

since v~ > 6Cop5ﬁ on A]. O

Proof of Claim 3.7
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According to Claim 3.3 in Section 3.6,

E [(ﬁ% - f7)2(370)]1{17;2u7/2}|27] HA;

28
no \"TEA 6,
+

< E[maX(KQ,ﬁ;/‘fS)’Z_]HAg(M +1) (logn

logn n

26
R “ma g
smmsxﬁz[umz-])(MH)( n ) .

which entails that

E [(fﬁ_l - f_)2(x0)]1{9772y—/2}ﬁ,4;}

28

o n T 2B+ 0
< (k2 + m3E[5, ) (M + 1) (logn> + .

Besides,

Up >20~

E[5;127] < E[51; 0 127] +E 571

According to inequality (3.51), U, = H/g\ggﬂoo < K?py, thus

nv

E[v |Z7] < 2 + K? ——
Plz] < kKoo (-

On A5, exp(—nv~ /456 K?py) < exp(—+/n/38) a.s., so
E[,] < 2v+ Kpy (exp <_£> + P[(AQ)C})
and with (3.57),

5
E[D;] < 2v + K%pgexp (_@> " 210gn(12K3)2%E[Hb ~ bl

38

Then inequalities (3.59) and (3.60) provide the proof of Claim 3.7. O

3.8 Additionnal Proofs

3.8.1 Proof of Proposition 3.4.1
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1) Let x € R,
[f (@) < /0 [f@ = (b =) )fx(y)dy < V/O xdy=v as.

2) Suppose that f € H(3, L) and = r + «a with a €]0,1]. We have,

() o
(f) @) = o=

(/ fle—( —€><y>>fx<y>dy)

= [ = =Dy

~

_ / FO @ = (b= D)) fx () dy.

Hence, for every z, 2’ € R,
()P @) - () @) < / [z — (0 =D)(y)) — [ — (b =D)(y)|fx(y)dy

< / Lz — o'|* fx (y)dy = L|x — y|*
0

which proves that f~ € H(S3, L).

3) First of all, for every u € R, the Fourier transform of f~ is

() (u) = /ER f(x)e ™ dy = /ER . flz—(b —Z)(y))fx(y)e_i“xdxdy.

-~

Set z =a — (b—b)(y),
=[] peeme s gy = ) [0 pay
Hence,

Gy @I 1@ e O gy = 1)

Then, if f € W(3, L),

1 1
|(f7)* (w)Pudu < _/ |f* ()P du < L2
u€ER

% u€R 2m

so freW(p,L). O
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3.8.2 Proof of Proposition 3.2.1 and (1) in Proposition 3.3.2

Let us prove Proposition 3.2.1.

1) A simple calculus proves that the Fourier transform of I, . is 2m¢, then for every
u e R,

1 1
ey = — Yy = —11 ().
/¢ d / [7r7r] Y= 27 [7T7T]( ) 2t [71'77!'}(“)

Hence, for every (m, k),

G (1) = (1/V/m)e” ™ My oy (). (3.61)

Then, let m > 0 and k, [ € Z, according to the Parseval formula, we have

1 et u/m
<¢mk7¢ml> o <¢mk57¢ml> = _/ =t/ du = H{k 1}

2) First of all, we recall that for every subset S,, of L?*(I), the two following properties are
equivalent (see Introduction, Section 1.2.5).

(e < Kv/Dulill, Ve€ Sn) & I ksl < KD (3.62)

kEZ

So let t € S, and x € R, we prove that |t(x)] < /m]|t]]. As Supp(t*) C [—7wm,wm], with
Parseval Equality

1= (o [ rweman) < gk (7 ewra < 2mm) < mer

which proves (2) in Proposition 3.2.1.

3) By (3.61), it is obvious that S,, C {t € L*(R), Supp(t*) C [—7m,7m]}. Conversely, let
t € L*(R) be such that Supp(t*) C [—7m,mm]|, then ¢* decomposes in Fourier series as

t*(u) = (Z akeikw/m) W rpnem) € Vect{dr, 1, k € Z}

keZ

for some numbers (ay)rez, thus ¢t € S,,. Hence S,, = {t € L*(R), Supp(t*) C [—7mm,m]}.
Then S,, C S, for every m < m/.
Let us prove (1) in Proposition 3.3.2. For every h € LQ(R),
e (g T
o - o [-mm,mm]) -

h,, = arg mln ||h —t||* = arg MiNg, 1) [—rm mm]

123



Suppose that h € W(G+1/2,L), let x € R,

(h— ho)2(x) = (% /R (" — h;*n)(u)emmu)2 _ (% /u . h*(u)eiuxdu>2

1 * 21,,128+1 1
= (27T)2 L>7rm ’h (U)| ’u| du |u|>7m |'LL‘2B+1 u

L2
< —— X m=2

2(3m2A+1 -

3.8.3 Proof of Proposition 3.2.2 and (2) in Proposition 3.3.2
Let us prove Proposition 3.2.2. For every j € N, x € R,

Card ({k € T(j) : ¥jx(z) #0}) < Card ({k € Z,—B <2z —k < B}) <2B+1

Thus, for every m € N*, t € B,,, and x € [—1, 1], we have,

2

(t(2)? = | D (owt +Z Z (Wi ) s(0)

kel’(0) j=0 kel'(j
m—1
SN SRS DI PY B D TERS Zw?k
kel (0) J=0 kel(j) keI’ (0) J=0 kel'(j
< |t x 2B +1) (IIs@IIio + ZTII@/)IIio)
=0
< K72

where K depends only on the structure of the mother and father wavelets. According to (3.62),
this proves the result of Proposition 3.2.2.

e Assertion (2) in Proposition 3.3.2 comes from Meyer (1990) (Section 9, chapter 2, Propo-
sition 4). The result stated by Meyer is more general (for Besov spaces and a L?norm), and
we only recall it in the form we require. Let h € L?(R), then

W)= Y (hoooe+ Y Y (hir)tix

kel (0) J>0 keTl'(j)

and

() = > (b, on SOIH-Z > (b a) e

keI’ (0) J=0 kel'(j)
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On the one hand, if h € H(B, L) = B2>(L)

sup 278 Z (h, Vie)ikll = ||P]]] < 4o0.

Jj=0 .
keT'(4) .

Moreover, there exists a constant which only depends of ¢ and ¢ such that |||h||| < CL for
every h € H(3, L). Thus, for every m > 1,

= hulls = 1> D Wy WYl
)

j>m kel (5
< ) Cll[nl)|27*
j=>m
9—ms
< CL———
- 1—2-5
K'(B)L
omp
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Deuxieme partie

Estimation a partir de données

censureées
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Chapitre 4

Estimation du risque instantané a
partir de données censurées a droite

Ce chapitre est consacré a l'estimation du taux de risque instantané h(x) = fy(z)/Fy(z)
d’'une variable positive Y, ot fy et Fy désignent la densité et la fonction de survie de Y, en
présence de censure a droite : on suppose qu’il existe une variable C' indépendante de Y telle
que l'observation se limite au couple

(min(Y, C), H{YSC}) .

Nous proposons dans ce chapitre une méthode d’estimation originale basée sur la minimisation
d'un contraste de type régression. Une procédure de sélection de modele produit ensuite un
estimateur adaptatif. Enfin, nous illustrons les performances de l'estimateur de sélection de
modele sur des simulations et comparons les valeurs du risque avec celles fournies par d’autres
estimateurs adaptatifs présents dans la littérature

Ce chapitre est une version legerement modifiée de 'article Plancade (to appear), a paraitre
dans Metrika.
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4.1 Introduction

In medical follow-up and other subjects, the observation of a variable of interest, for example
the lifetime of an individual, can be right censored. This means that we only observe the
minimum of the lifetime and a variable called censoring time (for example the time when a
patient leaves the medical program), which is supposed independent of the lifetime. We also
observe if this minimum corresponds to the variable of interest or to the censoring time. More
precisely, we consider a sample (Y;);—1,. , of non-negative variables, and a sample (C;);=1,., of
non-negative censoring times. Then we observe a sample (73, 6;)i—1, ., with

A function of interest in such a study is the hazard rate function of Y which represents the
risk of death at a time z knowing that the patient is alive until x. If we denote by fy(z) and
Fy(z) = P[Y1 > z] the density and the survival function of Y, the hazard rate function is

)
Fy<l')

h(z) = (4.2)

A lot of papers are devoted to hazard rate estimation. In particular, it forms part of the
most general study of counting processes (see Andersen et al. (1993)). Two general methods
can be drawn in the non parametric context that we only consider.

The first one consists in estimating i by a ratio of two estimators. The most obvious is
fy / Fy where fy and Fy are estimators of fy and Fy. In general, Fy is replaced by the well
known Kaplan Meier estimator of F'y (Kaplan and Meier (1958)). Another decomposition of
h is .
JyFe

FT .
Indeed, Fr(z) = P{Y > 2} N{C > z}] = Fy(z)Fc(z). The function ¢(z) = fy(v)Fc(x),
called the subdensity of Y, corresponds heuristically to the “density” of the observed variables
Y;, in the sense that for every function ¢ : Rt — R such that ¢(0) = 0,

h= (4.3)

E[t(6,T,)] = E6:(Y))] = / () () .

As the (0;,Y;) are directly measured, 1 is easier to estimate than fy. Similarly, F is easier
to estimate than Fy. Indeed it can simply be replaced by the empirical survival function of
the observed (T;). Patil (1993) proposes a kernel estimator of ¢ with a bandwidth selection
and gets an estimator of h via (4.3). Antoniadis et al. (1999) use a wavelet decomposition but
their estimator is not really adaptive as the optimal resolution of the wavelets depends on the
regularity of fy. Comte and Brunel (2005) build a projection estimator of ¢ by model selection
in more general bases, and obtain an adaptive estimator.
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Other estimators of h are based on the cumulative hazard H(z) = — log(Fy(r)). One of the
most frequently used estimator of H is the Nelson-Aalen estimator (Nelson (1972)). Obviously,
we have

h(z) = H'(z). (4.4)

Thus Yandell (1983) and Tanner and Wong (1983) build an estimator of h by differentiating
the Nelson-Aalen estimator of H with a delta-sequence method, and Muller and Wang (1994)
introduce a variable bandwidth. Nielsen (2003) compares the numerical results from several
variable bandwidth kernel estimators, and one of them is developed in Bagkavos and Patil
(2009). Brunel and Comte (2008) propose a projection type estimator based on a approximation
of cumulative hazard function. The method is very different from the one presented here, but
leads also to an adaptive estimation procedure.

Let us mention also the estimator of Reynaud-Bouret (2006) built by model selection in a
set of random models, which is adaptive on Hoélder spaces with regularity smaller than 1.

The present chapter describes a regression type strategy, in a different spirit from other
procedures. It leads to an adaptive estimator for the integrated squared risk on a set [0, a] such
that P(T > a) is positive. The proofs are self contained (apart from Talagrand Inequality), and
the key point is that the reference norm for the risk is chosen to be well suited to the problem.

The plan of the chapter is the following. Section 4.2 presents the framework, and the main
assumptions. The estimation procedure is described in Section 4.3, as well as the main result.
But the estimator built in Section 4.3 brings into play unknown quantities, which are estimated
in Section 4.4. The performance of these estimators on simulated data are presented in Section
4.5. The proofs are gathered in Sections 4.6 and 4.7. Section 4.8 presents a technical algebra
lemma.

4.2 Presentation of the framework, assumptions and no-
tations

4.2.1 Framework

We consider a sample (Y7,...,Y,) of i.i.d. non negative random variables with common survival
function Fy(z) = P[Y; > x| and density fy, and a sample (Cy,...,C,) of i.i.d. non negative
random variables with common survival function F¢, independent of the (Y;)’s. The variables
of interest are the (Y;)’s, but we only observe the sample ((71, 1), ..., (T, 0,)) defined in (4.1).
The aim of this chapter is to build an estimator of the hazard rate of Y] given by (4.2), on a
compact interval A on which F; = FoFy is lower bounded by a positive number, which is a
classical assumption in such studies. Theoretically, A is a known compact interval independent
of the data, even if practically it is chosen by looking at the data. More precisely, we consider
the following assumption.
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Agrame : Frr is lower bounded by Fy > 0 on A = 0, a] for some positive number a, and h
is upper bounded on A by ||hl|cc,4 = sSup,e4 h(z) < o0.

4.2.2 Notations

We define the following scalar products and norms on L?(A). For every s,t € L?(A),
(.00 = [ stopterdn, | = [ P,
A A
(5. 007, = / (@) Frla)ds, [, = [ #@)Fr()d

Z/ ]I{T>;g}d$ |tH2 = Z/ ]I{T>$}dx

Let M be a matrix, we denote by M?* the transpose of M. If M is a square matrix, let Sp(M)
be the set of the eigenvalues of M.

Let # and L be positive numbers, and r the greatest integer smaller than 3, we define the
Holder space H((3, L) on A,

H(B, L) ={f: A= R, |f"(2) = [ (y)| < Llz —y|”", Yo,y € A}.

For every z € R, we denote by E(z) the greatest integer smaller than or equal to x. For
every subset S of R we denote by 5S¢ the complementary of S and by 1[g the function which is
equal to 1 on S and to 0 on S°.

All throughout the chapter, C; denotes a universal numerical constant, and C', C’ denote
constants which depend on the given parameters of the problem and may change from one line
to another.

4.2.3 Collections of models

We consider a collection M,, = {S,,,m € J,,} of finite dimensional linear subsets of L*(A) with
dimension D,,, = dim(S,,) < n/log®n. We suppose that M,, satisfies either Assumption Amod
or Amo q-

Amod We suppose that J, = {1,..., N, } and
S| C Sy C "'CSNn-
Besides, there exists a constant K such that for every model S,,,, and for every (¢7', ..., ¢ )

orthonormal basis of S, for the L?(A)-norm,

D

> @F @)’

k=1

sup < K’D,,. (4.5)

T€EA
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Moreover, for every positive constant ¢, there exists a constant C' > 0 such that, for every

n € N¥,
S exp(—ey/Dy) <O (16)

meJn

Aﬁld: Condition (4.6) is satisfied and there exists a linear subset S, of L?(A) with

dimension N,, < n/ log? n such that for every m € J, S,, C S, and the global space S,
satisfies (4.5).

Remark 8 1. Assumption Agld is clearly stronger than Assumption Agld. Thus Aflz)d

allows more irreqular collections of models. For example, take A = [0,1], let I,, be the
reqular partition of [0,1] of step 1/N,,, and S,, the set of histograms on [0, 1] which are
constant on I,. Under Assumption Aflz)d, the collection M, can include any set of
histograms Sy, based on a partition I, of [0,1] composed of union of intervals from I,
whereas Assumption Af:lld only allows diadic reqular set of histograms, namely

Sm:Vect{ll[gL),j:1,...Dm}, where D,, = 2™, m N, 2™ < N,

Dm Dm,

2. Condition (4.6) is equivalent to

Nn
> exp(—eV'D)Card ({S,, € My, D, = D}) < C,
D=1

which restricts the number of models S, in M,, of dimension D,,, = D for every D < N,,.

3. Under Assumption Agld, (4.6) is clearly satisfied since Card ({S,, € My, D, = D}) =1
for every D < N,,.

4.3 Theoretical estimators

The estimators built in this section bring into play unknown quantities, which are replaced by
estimators in Section 4.4. In Section 4.3.1, we present a non adaptive procedure which provides
an estimator h,, of h on each model S,,. The model selection procedure is described in Section
4.3.2 , with two different penalties corresponding to the two Assumptions Afiz)d and Agld.
Section 4.3.3 presents the main result.
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4.3.1 Minimum contrast estimators

We note that

hil, = arg Lo [t — hl%, = arg Loin, £, — 2(t, h)7,
Now we build an estimator of ||t} — 2(t, h)F,. For every t € L*(A), E[[[t[[7] = [t|% . In
addition, for every 1 =1,...,n,

E[54(T)] = E[E[4(T)|Y]] = E[t(Y)E]| a)
— E[(Y)Fo(Y)] = / H()Fo () fy (v)da

Then, we set
2 n
30lt) = 141~ 23 80T
i=1
for every t € L*(A), and E[y,(¢)] = ||t||2FT —2(t, )7,

For every model S,,, let iL = arg minges,, 7 (t). Let (¢, ..., ¢ ) be an L?(A)-orthonormal
basis of S,,, then h,, = S10™ @ ¢y where the {a;*}’s satisfy

a’Yn( k: U ag, Qbm)
day

=0, Vk=1,...D,, < GnA,="V,

with A, = (@, ...,a% )t and

~ ~ 1<
G = ({91 Zh’b>n)k,k’:1 ..... Dy Vin = (E Z(SZWIZL(Tz)) . (4.8)
i=1 k=1

We note that h,, is uniquely defined ff @m is invertible. Thus we construct a set of high
probability on which the spectrum of G,, is lower bounded. First of all, by Lemma 4.8.1,

min(Sp(G)) = min U'GU = min ]2
{UeRPm, UtU=1} {t="0m undprs |Itl=1}

Besides, |||, is the empirical norm associated with |[|.||z,, therefore the set

o

1217

n

h
S

1
1| < Vte Sn} (4.9)
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has a probability close to 1, which is proved in Proposition 4.6.3. On A, min(Sp(@m)) =
miﬂ{tesm,||t\\:1}(3/4)||t||2fT > (3/4)F, for every m € J,, so the set

Ay = {win(5p(Go)) 2 SFo. v 1, } (110

contains A;. Thus P[AL] is close to 1, and G, is invertible on Alr. Finally, we define the
estimator h,, = o™ AP or with

Y A—177 Ath
A,=@p,.. .ap )= Cnbn o0l
m 0 otherwise .

4.3.2 Adaptive estimators

The non adaptive estimation procedure described in Section 4.3.1 provides a collection of es-
timators {h,,,m € M,}, among which one is automatically selected by a penalised model
selection procedure. By Pythagoras Theorem, for every model S,, the risk of the estimator ﬁm
splits in two terms,

E [ — b2, | = 15— ol +E [ = o2,

where h,, is the ||.||z, -projection of A on S,,. The bias term |k — hmHQFT decreases when the

model S, grows, whereas the term E[Hﬁm — hmHZFT] has the order D,,/n of a variance-type
term, and increases with D,,. (Nevertheless, in our case, it is not exactly a variance term, for

E[hm(2)] # hum(x).) Thus, the best model would be the one which generates the smallest risk,
i.e. the one which realises the better trade-off between bias and variance.

We construct a data driven quantity which has the same order as the bias-variance sum (up
to a constant independent of m) and select the model which minimises this quantity. On the
one hand,

I = ol = W, = 200, b, + 11,

~

The term ||hm||2FT — 2(h, hyn)F, is estimated by vy, (hs,) (see (4.7)) and the term ||h||%T is inde-

pendent of m. On the other hand, the variance term E[|[h, — hmHQfT] is upper bounded by a

deterministic term with order D,,/n, called the penalty. We do not explicitly prove this result
here but a more general one (see Theorem 4.3.1 and Comment 1 hereafter).

We consider two penalties with order D,,/n, but with different constants.

K?D,, D,,
pentlh(m) = = pen';h(m) = B”h”oqAT (4.11)
0
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with B > 3, and select the model

m; = arg min Vo (M) + pentf(m) (4.12)

for j = 1 or 2. We get two almost data-driven estimators of h: /Hﬁll and ﬁﬁw. Each penalty
corresponds to a set of assumptions. Penalty penl® corresponds to Assumption Afﬁz)d so it
works under both A](Hllz)d and A% (see Remark 8). Penalty peny® only works under Assumption

mod
AETIJ) 4, but is more computing-saving since F is estimated anyway to compute the non adaptive

estimators (see A" in (4.10)).

Remark 9 Actually, any constant B > 1 could be allowed in the above penalties provided slight
changes in the definition of AY, but we fix B > 3 for simplicity’s sake. This point is discussed
more precisely in Section 4.6.5. Nevertheless, as B tends to 1, the constants C' and C" involved
in Theorem 4.3.1 tend to infinity.

4.3.3 Result

The following Theorem states the adaptivity of lAzm]..

Theorem 4.3.1 Let j = 1 or 2, and m; defined by (4.12), for some constant B > 3. Then

under Aﬁﬁod and Atrame,

o~ C/
~_hlE <O ' — hll2 th - .
B (I, ~ 11, <€ int {int = b1, + penthm |+ (4.13)

where C is a numerical constant and C' depends on (K, Fo, ||h]|)-

Comments

1. We do not study explicitly the risk of /f;m for one model S,, but a particular case of (4.13)
when M, is restricted to {S,,} provides the following inequality.

E [Hhm - h||%T] <" {tler}gi It — hHQfT +pen§h<m)}

for =1 or 2.

2. Huber and MacGibbon (2004) prove that the minimax rate of convergence on the Holder
space H(f3, L), for > 0 and L > 0 is the classical rate n=25/(2+1) Besides, suppose that
h 6 H(ﬁ’ L)’
i — Al < i —hl < =0,
Jnf (|t = hllp, < inf It =& < C(L, B)Dy;
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Thus for a model of dimension D,,- = E(n!/(26+1),

E |||Ape — h|% | < Cn~28/CG0+D),
m Fr

So, for this choice D,,«, Em is optimal in the minimax sense on the space H(/3, L). Thus,
the collection M, contains an estimator with optimal rate, but the choice of D, =
n'/(8+1) i not accessible as (3 is unknown.

3. The model selection procedure enables us to choose automatically such a model, without
estimating 3. More precisely, Inequality (4.13) (called an oracle inequality) shows that
the risk bound of hz; has same order as the risk of the best estimator among the collection

{hm,m € M,}. In particular, ?Lmj reaches the minimax rate of convergence n23/(4+1)
over all Holder classes H((, L) for 3 >0, L > 0.

4.4 Data-driven estimators

The estimators presented in this section are similar to the ones of Section 4.3, but the unknown
quantities Fy and ||h||« 4 are replaced by estimators.

4.4.1 Estimator of F

Fy is the lower bound of F7 on A = [0,a], so Fy = Fr(a). Thus a natural estimator of F
would be the value of the empirical survival function in a. In order to force the estimator of
Fy to be lower bounded, we define:

~ 1 <&
Fy = max(a,, - Z; U¢r,>a}),  Where o, = 1/v/n.
Let 5 .
AQ = {mln(Sp(@m)) Z F\Q} and Ag = {ZFO S ﬁo S ZFO} .
The following result holds.

Proposition 4.4.1
ANA; C A'NAs; ¢ AyNAs

Proof of Proposition 4.4.1
According to Section 4.3.1,

Ay C Agh = ANA;C Agh N As.
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Moreover, on the set A" N Ag, according to Lemma 4.8.1,

P 3= .3 4~ 3.
D> _Fy> - x —Fy=-F
ftesm oy (2 =4 =2 75 0T 50

min(Sp(G,,)) =
hence AP N Az C Ay N Az O

4.4.2 Estimator of ||h| x4

Let v = ||h|la. Let D = |n”] be a middle-sized model with 0 < fy < 1, and Sp =
Vect(oP, ..., pB) be the set of piecewise constant functions on [0, a] with gp =+/D/allj- 1)/D.aj/ D)

Let hp = arg minyes, Yo (t). As the basis functions (p?) have disjoint supports, the matrix Gp
of the scalar product (.,.), in the basis (¢P,...,p5) is diagonal, with diagonal coefficients

(e 17) =y p - On Ao,

-----

35 3
P12 > SFo > Zan > 0

5
thus GD is invertible. Let hD = 2]21 ..... D4 gof where
1/n i T;
1/ )ﬁpD”Q%( ) on Ay
~D

0 otherwise.

N D
v, = —maxa
a j=1..p 7

Besides, let hp be the |||z -projection of h on Sp,

Let 7, = |[2]|so, then

D —
o7 (z)h(x)Fr(x)dx
hp = Z af)gof where af = Jaer @ht@)Fr : (4.14)

j=1,..,D H%DJ HFT(x

Finally, we define the following set whose probability is close to 1 (see Proposition 4.7.3),

3 N 5
A4:{A—LV§I/¢L§A—LI/}.

4.4.3 Data-driven estimator

Let S,, be a model of the collection M,,. We follow a procedure snmlar to the one described
in Section 4.3.1, but now the set A" is replaced by A,. Let h T ap ¢, where A
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(ap,....ap ) = G-V, on Ay, and 0 otherwise, and G, and V},, are defined in (4.8). Moreover,

BK 2 Dm Dm
= ——, — B/\n_
peEN (m) = ] n PENY (m) 1% n

with B > 15/4. Finally we consider the estimators ﬁml and Emz where
m; = arg mi}l Vo (o) + pen;(m) (4.15)
meEdn

for y =1 or 2.

4.4.4 Results

Now our estimators are completely data-driven when B is chosen, and we can generalize The-
orem 4.3.1 as follows.

Theorem 4.4.1 Let j =1 or 2. Assume that Ag)od and Agrame hold, as well as the following
condition: y
Ih = holleo < 3 (4.16)
where hp is defined by (4.14). Let m; be defined by (4.15), then
Cl

he —hl% | < — b2 hll
E |lIha, = ki, | < C inf [inf [t - Al .+ penf(m m)]+—

where C is an absolute constant and C' depends on (K, Fo, ||h| s, a).

Remark 10 1. If h is in the Holder space H([3, L) for some 3 €]0,1[, L > 0, then (4.16) is
satisfied for n large enough. In fact, let y € A:

(D/a) Jit/5 jp (@) Fr () d
h(y) —hp(y)| = |k —
|7 (y) ()] (y) — (DJa) [ Fr(e)da

((D/a) [0 o b Fr(@)de = (Dfa) [4) (2 Fr(x)da

_ a(j—1)/D a(j—1)/D
(D/a) [1%),, ) Fr(w)da
L5y 1) — h@)[Fr(e)ds 1
N L5 b Fr(a)de - D

Comments of Section 3.53.3 hold, thus the adaptive estimators are minimax over Holder
spaces.

2. As notified in Remark 9, B could be choosen as any numerical constant, provided that it
15 greater than 1.
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4.5 Numerical examples

In this section, we present the performances of the model selection estimator on simulated data.
For the sake of simplicity, we suppose that the parameters Fy and ||h||e.4 are known, which
corresponds to the estimators described in Section 4.2. Besides, preliminary numerical studies
prove that replacing these parameters by estimators only slightly affects the result. Indeed,
this change is equivalent to a small change of the constant involved in the penalty. Moreover,
simulations prove that the method is quite robust with respect to this constant. We consider
two collections of models of functions supported on [0, a] for some a > 0.

1. For m € N*| let
La _ 1 . COI _ _
S, = wect ({qbl’m rx = 1}U{¢y,, 1 v — /2/acos(m(k 1)$/a),k:—2,...,m}> :

This basis is not exactly the classical trigonometric basis: only cosine elements are used,
and instead of cos(2wkxz/a) and sin(27kz/a) we consider cos(wkx/a). This model is based
on the following observation. Let ¢ be a function defined on [0, a], t can be extended as an
even function t* on [—a,a] by setting t*(—z) = ¢(x). Thus by classical Fourier analysis,
t* can be expanded in the basis {cos(mkz/a)} since the sine Fourier coefficients of t*
vanishes, and so does t. (See Efromovich (2007), Section 3, Remark 1 for more details.)

2. For m € N*, let

ot = vect({gg, : & — V/m/aWage 1y /manpm)(x),k = 1,...,m})

be the set of histograms of step a/m.

Each simulation run is constructed as follows.

e Sequences (Y7,...,Y,) and (C4,...,C,) are simulated following one of these distributions.

(1) Y; has a bimodal density defined by fy = 0.8u+ 0.2v where u is the density of exp(W/2)
with W ~ N(0,1) and v is the density of a gaussian distribution with mean 2 and variance

0.17. The (C;)’s are generated from an exponential distribution with mean 2.5.

(i) Y; is generated from a gamma distribution with shape parameter 5 and scale 1. The
(C;)’s are generated from an exponential distribution with mean 6.

The mean of the (C;)’s distribution is numerically choosen such that E[(1/n)(>"1 Ly;>c3)] =
0.4.

e We compute the sample (T3, 0;)i—1,..., where T; = min(Y;, C;) and 6; = Uy, <c,3-
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e We consider either the collection {SL* m = 1,...,y/n} or {S%* m = 1,...,/n} sup-
ported on [0, a] with: (i) a=3 (ii) a=10. In numerical computing we can restrict ourselves to
models m smaller than /n without altering the result, since in practice the selected model is
much smaller than y/n. For every m € {1,...,/n}, we compute the matrix

( Z AT, ()H{x@}dﬂ?) ,
k,k'=1,....m

the column vector

Zél km

o

=1,....m

and the coefficient vector
G-V, if max(Sp(G)) > Fo/4
0 otherwise

where Fy = Fr(a) and Fr is the survival function of 7.

e We select the model m € {1,...+/n} which minimizes

~ o~ o~ ~ ~ 3 ~ ~ ~ 3~
A G — 288,V + Sl laon = = =2, Vo + 2[Rl oon =
2 n 2 n

where ||h]|o0,4 is the maximum of h on A = [0, a]. The constant 3/2 in the penalty was chosen
from simulations over a wide variety of distributions, only a few of them are presented here.

e Let I be the set of 100a+1 equispaced points in [0,a]. For every x € I, we compute

,_.

mza,f?ezs /) (@)
k=0

where A, = (a7',...,a"_;)". We plot the set of points {(z, ha(z)),x € T}.

m

4.5.1 Bimodal distribution

Consider the model (i). Figure 4.1 illustrates the performance of the model selection estimator
in trigonometric basis for sample sizes n = 200, 500 and 1000, and Figure 4.2 presents a beam
of 20 estimators for n = 500. We notice that the estimation is bad at the end of the interval,
which is classically observed in hazard rate estimation. Besides, this behaviour is consistent
with the theoretical aspect. Indeed Fr is decreasing, so the [|.||z, -risk puts more weight on the
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beginning of the interval and the bad estimation at the end of the interval has less influence on
the risk [|hz — h||%,. Thus, similarly to Comte and Brunel (2005) and Antoniadis et al. (1999),
we also present in Figure 4.2 the beam of curves of 20 estimators restricted to the interval [0, 2].
We note that estimation is much better than on the full interval [0, 3].

4.5.2 Gamma distribution

Consider the model (ii). Figure 4.3 illustrates the performance of the model selection estimator
in histogram basis for sample sizes n = 200, 500 and 1000. Similarly to the bimodal model,
we present in Figure 4.4 a beam of 20 estimators for n = 1000 on [0, 10] and the same beam
restricted to the interval [0, 6].

Figure 4.1: Model selection estimator in trigonometric basis for n = 200 (small dotted line),
n = 500 (large dotted line) and n = 1000 (solid line), and true A (thick line) from the bimodal
distribution.

4.5.3 Numerical results

Examples (i) and (ii) have been studied in Antoniadis et al. (1999), Reynaud-Bouret (2006)
and Comte and Brunel (2005). Antoniadis et al. (1999) use wavelet methods, Reynaud-Bouret
(2006) builds an histogram estimator, and Comte and Brunel (2005) also use model selection

142
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Figure 4.2: Beam of 20 estimators in trigonometric basis for n = 500 (small dotted line) from
the bimodal distribution and true h (thick line).

but with a different contrast. The authors study the squared integrated risk of the estimator
h: they draw a large number L of replications {(77,0!)i=1. n,l = 1,...,L}, and compute an

177

estimator A for each replication. Then the MSE is the quantity
11 & A )
7 > 7 > (W' (t;) = h(ty)) (4.17)

where the (¢;)’s are regularly spaced points in the interval [0, max(7;)]. It turns out to be
difficult to compare their estimators with our since we do not estimate A on the same interval.
Nevertheless, they also compute an error MSE2 similarly to MSE but on a restricted interval
[0,0] with b = 6 in the gamma case and b = 2 in the bimodal case. More precisely, MSE2 is
equal to (4.17) where the (t;)’s are regularly spaced points in the interval [0, b]. In our examples,
we take 100a 41 equispaced points in [0,a] and L = 500 replications.

The performances of the three above-mentionned estimators for the MSE2 are gathered in
Table 4.1, whereas Table 4.2 shows the performance of our estimator in bimodal and gamma
case. We notice that our estimator provides slightly better results for the MSE2 in the gamma
model, and slightly less good results in the bimodal model.

We also compute the mean and the empirical variance of the selected model for L = 500

143



Figure 4.3: Model selection estimator in histogram basis for n = 200 (small dotted line),
n = 500 (large dotted line) and n = 1000 (solid line), and true A (thick line) from the gamma
distribution.

replications, namely,

1

)
e~
o~

L L
1 _
doml and  Var(m) =+ (' —m)’
=1 =1

where M is the selected model from the I** sample. The results gathered in Table 4.3 indicate

that the model selection algorithm really selects various values of m for the different runs (see
the variance of the chosen m’s), and thus adapts really to the data.

Besides, our estimator is quite fast-computing. (For example, the running time for the

MSE2 computed with L=500 replications of a sample of size n=500 is a few seconds on a
personnal computer.)
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Figure 4.4: Beam of 20 estimators in trigonometric basis for n = 500 (small dotted line) from
the gamma distribution and true h (thick line).

H m Antoniadis and al. H Brunel and Comte H Reynaud-Bouret H
H model H gamma \ bimodal H gamma, \ bimodal H gamma \ bimodal H

n=200 | 0.0025 0.048 0.0023 | 0.1068 0.0032 0.150
n=>500 || 0.0016 0.032 0.0013 | 0.0408 0.0012 0.051

Table 4.1: Results of MSE2 for the estimators of Antoniadis et al. (1999), Comte and Brunel
(2005) and Reynaud-Bouret (2006), for bimodal and gamma models.

4.6 Proof of Theorem 4.3.1

The following Propositions are intermediate results to prove Theorem 4.3.1. Assume that
A frame holds.

Proposition 4.6.1 Let j =1 or 2. Under AW

mod’
E ||[ham, — h|/% ]IA] < C inf |inf ||t — hl|% + pent(m) +g (4.18)
M Fro2t] = 7 e, [teSm Fr J n

where C is a numerical constant and C' depends on (K, Fo, ||h|oo)-

Proposition 4.6.2 For every model S,, € M,

KN,

~ 2 "
0
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H model H gamma \ bimodal H

n=200
n=500

0.0019

0.0009

0.172
0.080

Table 4.2: Results of MSE2 for our estimator, for bimodal and gamma models.

H \H gamma m bimodal H
H | m [ Var(m) | m | Var(m) |
n=200 | 2.26 0.51 3.33 2.50
n=500 | 2.50 0.65 5.00 2.85
n=1000 || 2.89 0.65 5.49 2.89

Table 4.3: Mean and empirical variance of m for bimodal and gamma models.

Proposition 4.6.3 Assume that A d or A q holds, then

P[A¢] < 2N? eXp( Cy 2]3 )

where Cy is a numerical constant.

4.6.1 Proof of Theorem 4.3.1
Under Agod, N,, < n/(logn)? so according to Propositions 4.6.2 and 4.6.3,

2K\/_

E[Hﬁ — b))% HAC} <2N2<

< Cn®exp (—le(z)(log n)2>

2
n
) oo
!

—27logn —o C
n3 [n_chO] — Op3CoFolosn < =

—(419)

_ logn
=On? <exp(—C’1F(2) 10gn)> -

which, together with Proposition 4.6.1, ends the proof of Theorem 4.3.1. O

4.6.2 Proof of Proposition 4.6.1

Let j=1 or 2. To simplify notations, we denote pen(m) = penth(m) and m = m;. Let S,, be a

model in the collection M,, and h,, be any function in 5,,. On the set A", by definition of m;,
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Yu(hm) + pen(in) < yu(h) + pen(m).
Thus,

[hall2 = ]2 < pen(m) — pen(im Zé (T)).
Besides, |[hm — hml2 = [[Ball2 + [|Bmll2 = 2(ha, ), s0

B — b2 < pen(m) — pen(i Za (T3) = 2(hs, han)n + 2 ||

= pen(m) — pen(m) — 2(ha — b, Bon)n + - ZZI 0i(hiz — hp )(T3)

= pen(m) — pen(m) — 2(//“;,% — By By — BYp + 2Vn(ﬁ,71 — h)
where

1 n
== 6T —
n <
=1
Let Sy, + Sy = {t +t/,t € Sy, t' € S, }. The application v, is linear hence
[h — hal2 < pen(m) — pen(in) — 2(ha — oy b — b + 2| B — o1, sup Un(t).
t€Sm+Sm,lItlF, =1
Moreover, for every numbers b and ¢, 2bc < 2b°+(1/2)c?, and with Cauchy-Schwartz inequality,
~ 1 ~
Hhﬁ% - hm”i < pen( ) pen( ) + 2||h hm“thm - th + §||h7?l - hm”QFT

+2 sup (va(t))2

For every p(m,m’) function of (m,m’),

~ 1~
7 = hlly < pen(m) = pen(i) + 2p(m, @) + 2|z — huallnllom = Dl + Sl = o) I,

+2 sup [(Vn(t)) — p(m,m)]

IN

1 ~
pen(m) — pen(m) + 2p(m,m) + lehm—hmlli+4llh—hmlli

1 ~ ~
+§||hm — hmHsz +2 sup [(vn (1)) — p(m, m)]
tESm+Sm7||t||fT:1
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since 2bc < 402 + (1/4)c? for every b, c. Thus

3.~ 1 ~
W = hullz < pen(m) —pen(i) + 2p(m, i) + 5 |[ha = bl + 4117 = A1,

+2 sup [(l/n(t)) _p(m> 7/7\1)]
teSm—&-Sﬁl,HtHfT:l

On the set A; N ALY = A, (see Proposition 4.4.1), | — A2 > (3/4)|him — hm||%, hence

3\* 1\~
(<1> _§> lha = b7, < Allh = s, + pen(m) — pen(in) + 2p(m, i)

+2 - osup o [(va(t)” = p(m, )],

Moreover, we note that ||[hz — hmHQfT > (1/2) || — hH%T —||h — hmH%T and E[||h — h,,||%] =
Ilh — hmusz SO

E hs = hliZ, s, < Co{llh—hull%, + Elpen(m) — pen() + 2p(m, i)

} (4.20)

+E sup ((Vn(t))Q — p(m, ffz))

tESm+Sam |tz =1

where C5 is a numerical constant.
On the one hand, consider p(m,m’) = (pen(m) + pen(m’))/2, then

pen(m) — pen(i) + 2p(m, i) = 2pen(m) (4.21)

On the other hand, v,(t) is a centered process since

E[6;t(T;)] = /At(x)h(a:)FT(:v)d:v = E[(t, h),)

(see (4.7)). Therefore, we insert the mean term [, t(z)h(z)Fr(z)dz to obtain the sum of two
variance-type terms. More precisely, we define

v (t) = %Z&t(ﬂ) _ /A H2)h(x)Fr(z)dz  and

U o(t Z/ z) g, > dr — /At(a;)h(x)FT(:U)dx.
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Then, as (b+ ¢)? < 2b% + 3¢? for every b and c,

E sup ((va(t))? = p(m, m))]
t€Sm+Sam[ItllF, =1
3 5y 2 5
<E sup  ((vaa(1)” = p(m, @)+ | + 3E sup  (vaa()?] . (4.22)
t€Sm+Sm[[tllF, =1 t€Sm+Sm, ltll7, =1

Moreover, the two terms above are upper-bounded as follows.

Lemma 4.6.1

E IRII%, -

sup  (vaalt))? FL

t657n+sm7Ht||FT:1

Lemma 4.6.2 Let j =1 or 2, and m; defined by (4.12) with B > 3. Then under AV

mod’

E ( sup (Vna(t))? = gpﬁ(m’mﬂ')> = %

teS'nL“!‘Sﬁzijt”szl +

for some constant C' depending on (K, ||h|c.a, Fo).

Finally inequalities (4.20), (4.21), (4.22) and Lemmas 4.6.1 and 4.6.2 ends the proof of Propo-
sition 4.6.1. O

Proof of Lemma 4.6.1

For every m, m € J,, S,, + Sz C Sy, hence

E sup (I/n72(t))2 <E sup (1/,172(75))2 .
t€Sm+Sa 7, =1 teSn|ltlF, =1
Besides, by Aframe,
—1
{thg, <1} c {elar <7y} (4.23)

SO

E

IN
&=

sup (Vn,z(t))2]

teSm+SﬁLi 7||t||fT:1

sup (Vn,z(t))2]

[tE€Sn,[ItI2<1/Fo

= E sup (i%(( k> Pn — ( Z7h>FT>>

Nn
Dopt 1ak<1/F0 k=1
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where (¢7,...,¢% ) is an ||.||-orthonormal basis of S,. With Cauchy-Schwartz Inequality, we
obtain

N,
1 - n n
E sup (Vn,z(t))2] < = E[((&, h)n — (%, h)F,)°]
tESm-l-Sma”tHfT:l FO k=1
1 O
7 2 ver | [ e sz
1 ol
< —F noh() 2
< T ;(% () {le.}>]

_ FLOHE A Mgy s 1) sul1?]

where (h(.)1l{r;>1)s, denotes the L*-orthogonal projection of h(.)Iz > on S,. Thus

E sup (Vn,2(t))2 <

tESm+Sﬁ“|ltHFT:1

1 1
—E[||A()1T = —|nlx . O
=B (1RO L2y ] = A,

Proof of Lemma 4.6.2

For j=1 or 2, we have

t€Sm+Sg, .t =1

E ( sup (V1 (1))? — gpj(m»mj)>

<Y E ( sup <un,1<t>>2—§pj<m,m'>)

e t€Sm+S It =1 .

Besides, for every models Sy, Sy, we upper bound the term E[(supseg,, v 1t/ i (na(8)? —
mb T

p;(m,m'));] with Talagrand Inequality (see Introduction, Theorem 1.2.3).

e Consider j = 1. Under A](;z)d, Sm C Sy oor S,y C S,,. Thus S, + S, is equal ei-
ther to S,, or to S,s. Let Dpyp = max(D,,, D,,) denote the dimension of S,, + Sy,
and (7™ ... ™ ) be the orthonormal basis of S,, + S, defined as ¢f*™ = ¢ if

m+m/

S+ Sy = S, and @7 if S, + S = Sy
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Let us compute the term H. With (4.23),

E sup (l/n,l(t))2 < E sup (1/7%1(25))2)4r
4€Sm+ 8,1, =1 tESm~+S,,1,|It|<1/Fo
1 Dm+m/
< = —Var [(51 e (Tl)]
Fy P
D /
1 m+m 1 m+m/ )
< = 3 SE|@ptAm). (4.24)
0 n
k=1
. . . . 1
Besides, according to (4.5) in Assumption Afnz)d,
, 1 Dt .ol KD+ D)
E sup (Va0 < —sup| Y (¢fT ()| < L = H2.
teSm+Sm’7”tHfT:1 nFO z€A k=1 F(]n

Moreover, we assume that B > 3, so (2/3)p;1(m,m’) = 0H? for some 6 > 1. Let us compute
the terms ¢ and v involved in Talagrand Inequality.

sup [6:18(T1) ][00 < sup (SUP |t($)|)

tESm+S,nlltlF, =1 tE€Sm+S,,It2<1/Fo \z€A

Doyt

— sup sup Z apd™ ™ (2)

kD:rr;+m/ aiﬁl/Fo €A 1
With Cauchy-Schwartz Inequality,
1 e K
sup [614(T1)loo < —=sup| Y (65" (x))’| € —=+/Dum + Dyt =10.
t€Sm A5, [tll 7. =1 V Foeed| 5 Fo
Moreover, (4.7) entails
sup Var(6:t(Ty)) < sup E[6:t*(T))]
tE€SmA+ S |tlF, =1 t€Sm+S It =1

_ sup /A 2(2)h(@) Fr(2)dz < |[Bllan = v.

t€Sm -+, It =1
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Then Talagrand Inequality (Theorem 1.2.3) leads to

E< sup <un,1<t>>2—§pl<m,m'>)

t€Sm+S It =1

+
—||h]|so K*(D,, + D, —K?*(D,, + D,
< C’—” loc. ex (—/@ i i )> +C ( _2+ )exp(—ﬁ’\/ﬁ).
n Fol[lloo,a Fyn?

Thus, with (4.6) in Al

mod’
2 o
Z E sup (Vna (1) — g]h(m,m’) <9
m/eEMn tesm+sm’7“tHFT:1 + n

which concludes the proof of Lemma 4.6.2 for j = 1.

e Consider j = 2. Let (¢1,...,¢p_. ,) bea |||z, -orthonormal basis of S, + S,. Similarly

m+m/

o (4.24),
Dm+m 1 Dm+m’
E sup (D)’ < - Z Var(@yi(1) < = > E[0igi(Y1)]
t€Sm+S,lIthg, =1 1 n 1
1 7n+'m
= _ x)d
m+D
< oo =2 — H2,
n
Besides, according to Amod,
K
sup |018(T1) oo < sup sup |t(z)| < ——+/N,, =
t€Sm A+, [t 7, =1 tESm+S,,,||t]|2<1/Fo z€EA vV Fly

and the end of the proof is similar to the case j = 1. O

4.6.3 Proof of Proposition 4.6.2

Let m < N, R N -
[hm = MlEy < hmllz, + 1217, < [hnll + 2] 7,

On (A%, | A,]| = 0. On A,

1Al < max (Sp(@)) 1Tl = [min ($p(@)] " 1 ||_3—%||v ol

152



Hence

- 97 1/2

~ 4 1

[hm = A7, < 3T Z(EZW(T@-)&) + 7l 7,
1/2

+hll7,

IA
w
;qpb

(]

=Y @rm)

1/2
Z(cbk( )?

+ [|All7,
k=

IA

— sup
3F0 T€EA

< K/

+ A7, B

4.6.4 Proof of Proposition 4.6.3
The proof of Proposition 4.6.3 is inspired from Baraud (2002). By definition of A,

1 1
z{WM—WMg>ZW%WWe&}={ sup »mWM>Z}
tES'ru“tHFT Sl

where 7,,(t) = (1/n) >0, ([, t(@) iz spda — [, t(x)Fr(x)dz). Besides, for every t € S,

Folltl* < [[£]1%,

1
Al C sup |77n(t2)‘ > — 5.
€S |[tI2<1/Fo 4

Let (¢1,...,%y,) be an orthonormal base of the global space S,, for the norm ||.||, then

AS C { sup Z |ak||ag || Skpr| > —}

Eak_l/FUk’k" 1

where

Sk = %é (/A V(@)Y (2) Wiy >y do — /A@/)k(ﬂ%/(w)FT(x)dx> .

On the one hand, let k, &’ be fixed. Let
2
</ ?ﬂkwk/H{lex}dl) ] = Uk’
A

1o ?
- ZE (/ wkwk/H{Tizm}dﬂ?)
i A
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and for every [ > 2,

Vel (@) llri2a)do | = V() w (2) Wiz, >0y da 2 |k ()b ()| d o
U )] <= |() ) (/ N
< g (/ Vi(x dx/zpk, > e

= Uk k”ck k’

with ¢, = 1 for every k, k’. Thus Bernstein Inequality (Theorem 1.2.4) provides the following
upper bound:

P [\Sk,k" > /20 + Ck,k/x} < 2exp(—nz), V>0,
On the other hand,
{1Skw| < 20k wt + crpwm, Yk K =1,... N, }
Nn, Ny, N,
C { Z |ak||Sk7k/||ak/| <V 2x Z |a’k‘|\/ Uk‘,k’|ak:’| +x Z |ak|ck7k/|ak/|av(ak)k‘1,._,Nn}

kk'=1 kk'=1 k,k'=1

C{ sup Z |ak||5kk/||ak/| < VQI‘ sup Z |ak|,/vkk/|ak/|+x sup Z |ak|ckk/|ak/|}
Yap=1p =1 Yap=1y p—q Yap=1y
={ sup 0. (1%)] < V2p(V )+xp(0)}
teSy,||t]]2<1
C
— sup |77n(t2)‘ < / p( ) IO(_)
teSn,[[tI2<1/Fo Fo
where

p(V) = sup Z |ak| /x| a |

Yag=1p =1

p(C) = sup Z |ak|cr |-

Yap=1p =1

Thus for every = > 0,

14 C -
P sup 7. ()| > V2 p% ) +a:p(_ ) Z P [|Sew| > 20ew + o]

t€Sn,[|t]|2<1/Fo 0 Fo ke,k'=1
< 2N?Zexp(—nz).

IN
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In order to upper bound P[Af], we choose z such that v 22p(V)/Fo < 1/8 and 2p(C)/Fy < 1/8.
Let L(¢0) = max(p(C)/Fo,16(p(V)/Fo)?) then,

P[A] < 2N%exp (— 8;(’1/})) .

Let upper bound L(¢). Applying two times Cauchy-Schwartz Inequality, we obtain

2 N, N, [ N, 2
(p(V)? = sup Z|ak| (ZII/_” < swp (Z) Z[leakllmkl
Sai=1 |15 Yap=1 \ k=1 Lk'=1
" 2 N, /N,
- 3 (S wvmr) <3 (L)
Yap=1y—1 \w k=1 \k'=1

We replace vy, by its expression.

N. [ Na
(p(V))* <) R Z<¢k',¢kH{Tl>.}>2]
=1 Lb=1

Besides, \/Zg’;l(wk/, el > 1)? is equal to the norm of the ||.||-projection of 9317, > 3 on Sy,
S0

Nn

> W bk myzay)® < el sy lI* < [lvel|® = 1.

k=1
Hence (p(V))* < N,. Moreover,

Yai=1 \ g pr YaZ=1

ak_

p(C) = swp (Z |akr|ak/) = swp (Zw) < swp N, (Z) = N..

Finally L(v) < max(N,/F, 16Nn/70) = 16]\[,1/70 and
Plag < e (-CiFi ) O

4.6.5 Comment about the constant in the penalty
Provided that the set AL is replaced by
(A5 = {min(Sp(G) = (1 - a)Fo |,
<

and the inequalities of the kind 2bc < 20* + (1/2)c? by 2bc < (1/8)b* + B3c* with «, 3 small

enough, Theorem 4.3.1 holds for any constant B > 1.
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4.7 Proof of Theorem 4.4.1

The following Propositions are intermediate results to prove Theorem 4.4.1. Assume that
Aframe holds.

Proposition 4.7.1

1. Under A(l)

mod’

~ C’
9 . . 2 th
B (1, — hl, Masnnss] < inf | inf 1= hlE, + penth(m)| + <

where C is a numerical constant and C' depends on (K, Fo, ||h|oo)-

2. Under Afﬁld,
7 2 2 h ¢
: : ¢
E [Hhmg - h“fTHA1ﬂA20A3ﬂA4:| < leef}an [tlergn It — h”FT + peny (m)} + "

where C is a numerical constant and C' depends on (K, Fo, ||h]|co)-
Proposition 4.7.2 There exists a numerical constant Cy such that, provided that o, < Fy/2,
PIAS] < 2exp(~ConFy).
Proposition 4.7.3 Assume that condition (4.16) is satisfied, then

PIASN A < 4Dexp <—C’%> (4.25)

where C' depends on (v, Fo, ||h||ee, ).

4.7.1 Proof of Theorem 4.4.1

For every model m, similarly to Proposition 4.6.2,

~ 5K, 5K\/N, 5
1hm — b7, < —5 iz, < =+ b7, = 3En+ [lhlz,
0 n

since ﬁo >« and N, < n.
(1) Let j = 1.

~ 5 2
E [, — 11, Tsnsunnor] < (5504 ik, ) PIALN 220 o).
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Besides, according to Proposition 4.4.1, A;NAsN A3 = A;NAs. Therefore, Propositions 4.6.3
and 4.7.2 entail

Pl(ArnA;NA3)T < P[A]] + P[A]]

< 2N3 exp <_01F3N£) ~+ exp (—CQF()TL) )
Thus similarly to (4.19),
~ C’
E |, — b, Tasnsanaoe] < —. (4.26)

Proposition 4.7.1 and (4.26) conclude the proof of Theorem 4.4.1 for j=1.

(2) Let j = 2.

P[(A1NAsNA3NAYT] = PIATUASUA) NA]+ PIAS]
< PIAY] + P[AS] + P[A] N A]

and Propositions 4.6.3, 4.7.2 and 4.7.3 allow to conclude similarly to the case j = 1. O

4.7.2 Proof of Proposition 4.7.1

We only expose the proof of (1) since the proof of (2) is very similar. The proof of Propo-
sition 4.7.1 follows the same line as Proposition 4.6.1, let us point out the slight differences.
Inequalities (4.20) and (4.22), as well as Lemma 4.6.1 hold. Hence, for every model m and
every h € S,

E s, = bll, Wasnasnas | < Co {0 = hullZ, +E[(pen (m) — pens () + 21 (m, ) s, ] +

e ( sup <un,1<t>>2—§pl<m,m'>>

=
Fon = 1€Sm+ S, It =1 .

with
2B K? D,, + D,
5 F, n '
The only difference with the proof of Proposition 4.6.1 is the upper bound of

p1 (m) m,) =

E [(peni(m) — peny(mi) + 2p1(m, mq))a,] .
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Indeed,

[ (K2BD,, — Ds,  4K*B D,, + Ds,
E - i) + 2 M) la,] = E|( 222y 22 2 2m Tm ) g
(pems(m) = perms(7n) + 2ps(m. )] = B | (FP P00 SR D Pn
(K2BD,, — Ds  K2?BD,, + Dz,
< E < _ p B m )]IAS}
L FO n FO n
2K2B D,), 8K2B D,,
= E|*= —HAg}s el
F() n 3 0 n
4.7.3 Proof of Proposition 4.7.2
If a,, < Fy/2, then
PIA§] =P 1Zn:(11 F)>1F Z]I E[1I ])>1F
3l = n 4 {T;>1} 0 o| = - {T;>1} {T;>1} = 4 ho

We apply Bernstein Inequality (Theorem 1.2.4 with the parameters ¢ = 1 and v = F, then
PJA§] < 2exp(—CaynFy) where Cy is a numerical constant.

4.7.4 Proof of Proposition 4.7.3
Let 2y and 7y be in A such that
v=|hllsoa = h(ze) and T, = |[hp|eos = hp(To).

Then

.....

Similarly,

o~ ™ T D -
v —Up < (h—hp)(zg) < (h—hp)(xo) + (hp — hp)(x0) < ||h — hplles + 4/ " slupD]a]D —a?l.

Hence |v — | < [|h — hpllse +v/D/asup,_; _plaP —a?], and according to (4.16),
C - 1
P = Plv—5] > ]
_ D D_ sV
< Pllh = hplle + sup [a; —aj| >
a j=1,., 4

VAN
s
%‘
)
o
e
Q)
=0
|
Q
s
V
|
|
VAN
[]=
s

=1,...



Besides, for every j =1,..., D,

B oy o [DUnYLePT) [P @) Fred
G = \f[ EdE [P, ]

i (Hsojl e ) P2 e - [ (x)h(x)mx)dx}

=1

D D ia ! ;
+\E/Asoj (@h(z)Fr(e)de [ll% PIZ - ePIZ ]

Moroever, on the set Ay,

3 a/D p_ 3F
oI 2 S0P, =7 [ DFa()ds 2 2
(j-1)/D @
and
’/Awf(x)k(x)ﬂ(ﬂf)dw < |hllz, lle? llz, < |z,
Hence
D
|a]D_aD|]IA1
a
4 [D|1& lo? 1% — lle? Iz
<2 /21 &gof-’(m—/souh( \F(2)da| + \/ b, [
T\ @ [n 20 j " | Pl TP
4 /D D
§3_170 E _Z ’L(pj Z ’L(pj ||h||FT —2 ||g0j ||FT ||<l0]
Thus
= 4 D1 v
PIASNA,] < P AN 6:02(T)) — EBls 0P (T > 2
sinail < 3r | 2| St ot 2
D
+Z Vo HhHFT Q_Q‘Hso] 1%, — e 115 ]
7=1

J=1

P, ; and P,; are upper bounded with Bernstein Inequality (Theorem 1.2.4). For P ;, the
parameters b and v are the following.
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B0 (E] = [ (DM@ < Pl = and el ()l < /2 =
Hence, for every j € {1,..., D},
P < 2exp (—Cﬁ) (4.28)
where C' depends on (v, ||k s, Fo, a).

Let us upper bound P, ;. For every j € {1,..., D},

LNhllz, [D]1 ¢ v

P . =P L el D2H.md—E/D2H.wd > —
=P S\ o 2 ([ e & | [ 2P wiente] ) 2 5
and
2
E </ (gof)2(x)]I{Ti2m}dx> ] <1l=wv and H/(gof)Q(x)]I{Tizl,}dx <l=c¢

A A 0o

Thus, with Bernstein Inequality we obtain
Py; < 2exp (—C’%) (4.29)

where C” depends on (v, |||z, Fo,a). Then (4.27), (4.28) and (4.29) conclude the proof of
Proposition 4.7.3. O

4.8 Appendix

Lemma 4.8.1 Let M be a symmetric matriz of dimension n, with real coefficients, then

. U'MU
=  min .
{Uern, U0} UtU

min(Sp(M))

Proof of Lemma 4.8.1. M is a real symmetric matrix hence according to classical algebra
results, there exist an orthogonal matrix P and a diagonal matrix D such that M = P'DP.
Moreover, D = diag(hy, ..., h,) where h; is an eigenvalue of M for every j € {1,...,n}. Let
Jo = argminj—; _, h;.
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On the one hand, let U € R", and V = PU = (vy,...,v,)", then

3

U'MU = (PU)'D(P Zh v} > min(Sp(M Zv = min(Sp(M))V'V.
7=1 7=1
Thus min(Sp(M)) < mingyern pz0y il .

On the other hand, Let Vj be the vector whose coordinates are all zero except the j&* which
is equal to 1. Let Uy = P!V, then UtUy = VIV = 1 since P is orthogonal.

ULMUy = VI DVy = h;, = min(Sp(M))UUq

hence min(Sp(M)) = mingyern 20y % . g
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Chapitre 5

Généralisation de la méthode de
sélection de modele ponctuelle :
application a ’estimation ponctuelle du
risque instantané a partir de données
censurées a droite

Ce chapitre présente une généralisation de la méthode de sélection de modele ponctuelle devel-
oppée au Chapitre 3, a d’autres cadre que celui de 'estimation de densité. Un résultat général
est tout d’abord énoncé, en dégageant les principales étapes de la majoration du risque de
'estimateur ponctuel de densité : a partir d’une collection {g,,} d’estimateurs non adaptatifs,
et d'une collection de fonctions {g,,} (généralement les projections de la fonction cible sur les
modeles), nous développons une procédure de sélection de modele ponctuelle. Elle conduit a
une inégalité presque-oracle sous certaines conditions, la principale portant sur la majoration
de probabilités de déviation des termes (G, — gm)? (o).

Ce résultat est ensuite appliqué aux estimateurs non adaptatifs {ﬁm} du taux de risque
instantané construits au Chapitre 4 a partir d’'un contraste de type regression : le vecteur A\m

des coefficients de h,, dans une base (¢1,...,¢p,,) vérifie une relation de la forme
@mle\m = ‘7m7
ol @m est la matrice de Gram de (¢y,...,¢p,, ) pour une norme empirique dépendant des

observations. Afin d’avoir une expression manipulable des coefficients de h,, et de majorer
la probabilité de déviation de (h,, — hy)*(z0), nous considérons une collection de modeles
constituée de polynomes par morceaux et les matrices @m sont alors diagonales par blocs.
Ainsi, I'application du résultat général de sélection de modele ponctuelle fournit un estimateur
adaptatif du taux de risque instantané pour le risque quadratique ponctuel.
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5.1 Introduction

In Chapter 3, we have developed a model selection procedure which provides an adaptive den-
sity estimator for the pointwise risk. In this chapter, we generalise the procedure by enhancing
the main steps which are not specifically related to density estimation framework and state a
general result which can fit other frameworks. Thus, we propose a general pointwise model
selection procedure which enables to reach adaptive minimax rate of convergence.

In the density estimation framework, we have built a collection of estimators {g,,, m € J,}
by projection on a collection of linear models M,, = {S,,,m € J,}. Then for a given point z,
in the support of g, a model m was selected by minimising an empirical criterion:

_@Dj+anDn] | 5 D
n

Crit(m) = sup  |(G; — Gm)*(w0)
j€Jn,D;>Dy n +

where the {D,,}’s are quantities related to the models {S,,} (most of the time, D,, is the
dimension of S,,), and the {z,,}’s are positive weights of order log D,,.

The model selection estimator g satisfies an inequality close to an oracle. Indeed, the
pointwise risk E[(gm — ¢)*(z0)] has the order of the minimum of the risks of the non adaptive
estimators {g,,} for m € J, (see Theorem 3.3.1). The proof of this result is based on the control

of the deviation between the empirical criterion C'/r\it(m) and its non empirical counterpart:

. D,
Crit(m) = sup (g — gm)*(x0) + Byn—"
jeJn,DjZDnL n

where g, is the L2-projection of g on S,,. This deviation can be expressed in terms of deviation
between g,, and g,,. More precisely, the key point of the proof is the control of the following
term

P | (G = gm)*(w0) = Cy (x + xm&ﬂ (5.1)

n

via Bernstein Inequality.

This result can be extended to estimate an application ¢ in a different framework, and get
an adaptive estimator for the pointwise risk. We assume that we have a collection {g,,, m € J,,}
of estimators of g, and a collection {(D,,, z,,), m € J,} of integers and positive numbers. More-
over, we suppose that there exists a collection of unobserved applications {g,,, m € J,} such
that the probability (5.1) is small enough. Then the estimator gz, where m is the minimiser

of C’/ﬁt(m) over J,,, satisfies a nearly-oracle inequality.
The procedure is applied to the hazard rate estimation in presence of right censoring from

the non adaptive estimators defined in Chapter 4. Consider a sample (Y7,...,Y,) of i.id.
positive random variables of common density fy and common survival function F'y, and a
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compact A on which Fy is lower bounded by a positive number, the hazard rate of Y is

h(z) = iy(l’) , Vxe A
Fy(z)
We assume that the data are right-censored: there exists a sample (C, ..., C,) of i.i.d. positive

variables independent of the {Y;}’s and we only observe the sample
(T; = min(Y;, C3), 0; = Uyv,<cyy)i=t,...n- (5.2)

In Chapter 4, a collection of non adaptive estimators {ﬁm, m € J,} is built from the sample
(5.2) by minimisation of a regression-type contrast on piecewise polynomial models. In the
present chapter, the deviation (5.1), where the {h,,}’s are the orthogonal projection on models
for a well choosen norm, is upper bounded with Bernstein Inequality and the general result we
prove that the pointwise model selection estimator satisfies a nearly-oracle inequality. More-
over, the control of the bias term on Holder provides a rate of convergence which should be the
adaptive minimax rate, even if no minimax study is available in this context for the pointwise
risk.

In the litterature, the hazard rate estimators adapted to the pointwise risk are generally
based on kernels. The first hazard rate kernel estimator introduced by Leadbetter and Watson
(1964) has been widely studied in the litterature (see for example Tanner and Wong (1983)).
Moreover, the performance of basic kernel estimator have been improved by developping vari-
able bandwidth estimators. Patil (1993) proposes a cross validation method to select the band-
width. Nielsen (2003) carries out a numerical comparison of nine bandwidth estimators, built
directly as function of the data or from a pilot estimator, that is a hazard rate estimator based
on a non-variable bandwidth kernel, and one of them is more precisely studied by Bagkavos
and Patil (2009).

The papers is organised as follows. Section 5.2 focuses on the general procedure and states
the main result. This result is applied in Section 5.3 to hazard rate estimation. Section 5.4 is
devoted to the proof of the general result, and Section 5.5 to the proofs of Section 5.3. Section
5.6 presents properties of piecewise polynomials which are used in Section 5.3.

5.2 Generalisation of the pointwise model selection pro-
cedure

5.2.1 Procedure

Let g be a function defined on an interval A, and xy a fixed point in A. Assume that we have

1. A collection {g,,, m € J,} of estimators of g.
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2. A collection {g,,, m € J,} of applications (which can be the projection of g on subspaces
of L?(A)).

3. A collection {D,,,m € J,} of positive integers, and a collection {x,,,m € J,,} of positive
numbers which depend on the parameters of the problem and such that

Dj < Dj/ = Ty < Zjr. (53)
For every m € J,, let
. 2 Dm
Crittm) = sup  (9j — gm)"(z0) + Brpyy— (5.4)
jGJn,DjZDm n
~ ~ ~ D mDm Dy,
Crit(m) = sup (@ — Gm)*(z0) — e e + Bx,,— (5.5)
jGJn,DjZDm n + n

where B > 1/2. Then we set

Mopt = arg mrél/l&tl Crit(m), m = arg mng}al C’/r\it(m).

We assume that the following assumption holds.

e (H) There exist a set A and a function F': R x N x J,, x R% — R* such that, for every
m € J,, x >0, and a > 0,

{K/g\m _gm>(x0)| > a\/ff—f—l‘m%} NA

and there exist a numerical constant 0 < B’ < 1/v/2 and a constant B, depending on the
parameters of the problem such that, for every n € N*

o B
Z/ F(z,m,n, B')dz < =2. (5.6)
0

n
mEM'rL

P < F(z,m,n,a).

Remark

1. The constant B’ for which inequality (5.6) holds has to be specified since in applications,
these constants are involved in the definition of the weights (z,,), as we will establish in
Section 5.3.

2. Proposition 5.2.1 would hold with any constant B > 0 in (5.4) and (5.5), but we assume
that B > 1/2 by sake of simplicity.
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5.2.2 Result

The model selection estimator g5 satisfies the following result.

Proposition 5.2.1 Under Assumption (H), there exist a constant r depending on B and B’
and a constant k' depending on B and By such that

/

E[(Gm — 9)*(20)Ia] < £ (Crit(mop) + (9 — Gy ) (20)) + %

Comment.  Similarly to Chapter 3, (¢ — gm,,,)*(70) and sup;s,, (95 = Gmg,)*(z0) have
same order, thus the result of Proposition 5.2.1 is nearly an oracle inequality. Indeed, E[(g7 —
9)*(xo)a] has the order of inf,,c;, Crit(m), which has the order of

inf {(g — gm)?(z0) + me%} :

meJn

5.3 Pointwise adaptive estimation of the hazard rate in
presence of right censoring

The framework and the non adaptive estimation procedure are identical to Chapter 4. We only
recall the definition here and the reader is refered to Chapter 4 for more details.

5.3.1 Framework and notations

We consider the sample defined in (5.2) and a compact interval A on which F'y = FFy is
lower bounded. Let zy € A be fixed; For sake of simplicity A is assumed equal to [0, 1]. We
consider the following assumption.

Aframe : We assume that Frr is lower bounded on A = [0, 1] by Fo > O,_and h is upper
bounded by ||h]|c.a = supyeq h(x) < +00. The quantities ||h|/c,.4 and Fy are supposed
to be known.

Remark As in Chapter 4, the parameters ||hlo 4 and Fy could be replaced by estimators.

We define the following scalar products and norms on L?*(A). For every s,t € L*(A),

(5.t = / S (@) Fr(@)de, [t]2, = / () Fp(a) do
(5th= > [ stotansads, =23 [ Pa)ns.ds
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Let M be a square matrix, we denote by Sp(M) the spectrum of M i.e. the set of its
eigenvalues.

Let 8 and L be positive numbers, and r the greatest integer smaller than 3, we define the
Holder space H((, L) on A:
H(B, L) ={f: A= R, | (@) = [ (y)| < Lz —y|7",Va,y € A}.

For every x € R, we denote by |x] the integer part of z, that is the greatest integer smaller
than or equal to x.

5.3.2 Collection of estimators

We build a collection of estimators of & by minimisation of a regression-type contrast following
the procedure of Chapter 4. We consider the collection of piecewise polynomials of degree
smaller than or equal to a fixed positive number r. More precisely, let (¢°,...,¢") be a ||.||-
orthonormal basis of polynomials on [0, 1] which satisfies deg(¢’) = j for every j = 0,...,r (an
example of such family is given in Section 5.6.1). For every m € N* and k € {1,...,m}, let

7 (@) = /Dy (D — (k — 1)) (5.7)

with D,, = m. For every j, fcm is supported on Iy ,,, = [(k — 1)/Dyy, k/D,y,[ and

Skm = Vect{gbj j=0,...,r}

k,m>

is the set of polynomials of degree smaller than or equal to r on Ij,,. Now for every m € N*,
we define

Sm = @]lg):lsk,m

and consider the collection of models

M, ={S,,m=1,...,N,}

where N,, < n/log®n. We note that for every constant ¢ > 0, there exists a constant C' > 0

such that
Nn

Z exp(—cD,,) < C. (5.8)

m=1

To simplify notations, we denote by

I =(0,1,m),...,(r,1,m),(0,2,m),...,(j,k,m),...,(r, Dp,m))
and ¢, = im for every A = (j, k,m) € J,,.
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Let us define the collection of estimators built on the collection M,,. For a detailed heuristic,

the reader is referred to Chapter 4, Section 4.3.1. For every m € {1,..., N, }, let

~ ~ 1<
G = (¢, ¢A’>n))\,/\’ejm v Vin = (E ;(Mb)\(TZ))

AETm
and 5
A, = {min(Sp(@m)) > ZFO} . (5.9)

The matrix G,, is invertible on A,, (see Chapter 4), and we set

~ Dm T . .

hn = D@0 = DD Wi

AETm k=1 j=0
where
~ ~ @;}Vm on A,,
Am = (@)res, = { 0 otherwise .
Besides, for every m € {1,..., N,.}, let hy,, be the |.||z -projection of i on S,,. Then
Dy, 7 ) '
b= DL 032 = DD i
AETm k=1 j=0
where
Am = (ax)yey,, = G Vin
and
Gm == (<¢)‘7¢)\/>FT))\,)\’€JWL ) Vm = (<¢)"h>FT))\€Jm *

G is the Gram matrix of the ||.||-orthonormal basis (¢) for the scalar product (.,.)% , and
the norms ||.|| and [|.||#, are equivalent so G, is invertible. Note that

~

E[Gn] =G and  E[V,] = V..

On can note that, contrary to Chapter 4 where a general collection M,, can be considered,
we restrict ourselves to piecewise polynomial models. Let us justify this choice. In order to

upper bound the term

o~

P | (h — h)*(20) > ag (x * xm%)}
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with Bernstein Inequality (Theorem 1.2.4 in Introduction), we need to upper bound the variance
term

E[(h — h)?(z0)]. (5.10)

Besides, we note that if the model S,,, consists of histograms, the Gram matrix @m and G,, are
diagonal and (5.10) has a simple expression. Nevertheless, histogram models can not enable
us to reach minimax rate for regularity greater than 1. To preserve an explicit expression of
(5.10), we consider models such that the matrix G,, and G,, are block-diagonal with block
dimension independent of n, which is guaranteed for our collection, since the models satisfy
the strong localisation property (see Introduction, Section 1.2.5). Indeed, for every k # k', and
every A € Ky, N € Ky,

(Ox; ox)n =0 and  (dx, o)7, = 0.

More precisely,

G

Gum : with G® = ({ ?%,ma¢§c,m>fT)j,l:o )

am ‘ . with @,(fi) = (< im’(béfm)”) j =

é#?m)

Similarly, we decompose V,,, and 17m in blocks.

V7£7'1) <¢?,m7 h>FT
Vi = . where V,,(f) = .
V’rng”l) <¢;,m7 h>FT
~ ‘7721) R % Z?:l 5Z¢?,m (T‘Z)
V., = . where V) = .
Vo) 7 i1 0] (T3)

Let ko € {1,...,m} be such that xy € Iy, = [(ko — 1)/Dp, ko/ D[, then
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T

hom(20) = Z @l Bl (T0)

j 0
E :akgm kom

The expansions of A, (o) and Ay, (o) involve a fixed number of coefficients as n grows, which
is a key point to control the deviation between h,,(zq) and h,,(z). The following Proposition
controls the bias term (h,, — h)?(zo) on Holder spaces.

Proposition 5.3.1 Let (L, 3) be two positive numbers. There exist a constant L' which depends
on (L,r,3) such that for every h € H(B, L) and for every m € {1,..., N,}

Hh - hmHoo < L/D;LB

We note that h,, is the [|.||#_-projection of h on S,,, hence Proposition 5.6.1 (Section 5.6) which
states a result about projection on piecewise polynomials leads to Proposition 5.3.1.

5.3.3 Pointwise model selection procedure

For every m € {1,...,N,}, let

Dy,
Crit(m) = sup(hj — hpm)?(20) + Bry——
j=>m n
~ N N D mDim D,
Crit(m) = sup [(h B )? (0) — ekt B } + Bx,,—
i>m n + n
where H
Ty = 4B (r + 1) A3 1ogDmmaX{1,910gDm—m} (5.11)
n

4\ (&
A2 = e 2 .
= (5) (Z ||¢f||oo)
7=0
and B and B’ are numerical constants with B > 1/2 and B’ > 2. Let

Mopt = A1g mm C’rit(m) and m—arg min C’mt( ).

e =1,.., Nn
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5.3.4 Results

The model selection estimator ﬁm satisfies the following theorem.

Theorem 5.3.1 Assgme that Agame holds. There exist a numerical constant k and a constant
x" which depends on Fy, ||h||« and on the basis {¢;} such that

/{l

E[(ha — h)?(z0)] < & (Crit(mop) + (h = hin,,)*(z0)) + - (5.12)

Theorem 5.3.1 states a nearly-oracle inequality for the pointwise risk of h (see Comment
after Proposition 5.2.1). Moreover with Proposition 5.3.1, the right hand side in (5.12) is upper
bounded on Holder spaces.

Corollary 5.3.1 Assume that Agame holds and h € H(B, L) for some positive numbers [3, L,
then there exists a constant By which depends on (F, ||h||s, L, 3,7) and on the basis {¢;} such

that
n

—26/(26+1)
log n>

Blfin — 1)) < B

Comment The minimax rate of convergence for the hazard rate is known for the integrated
risk, but no result is proved for the pointwise risk. Nevertheless, several papers underline
the similarities between density and hazard rate estimation (see e.g. Diehl and Stute (1988)
or Antoniadis et al. (1999)). In particular, in each of these papers the authors develop a
density or subdensity estimator and divide it by an empirical estimator of survival function
to form an estimator of h. Then they prove that the hazard rate and the density estimators
converge at the same rate since the survival function is estimated at rate 1/n. Thus, we can
presume that these similarities still hold for lower bounds. If we refer to the results of Butucea
(2001) about pointwise density estimation, we can speculate that the pointwise minimax rate
of convergence for h on the Hélder space H (3, L) is n=2%/(26+1) " and the adaptive minimax rate

is (n/log n)fw/(wﬂ).

5.4 Proof of Proposition 5.2.1
We denote by P[] = P[. N A] and E,[.] = E[.1[A].
The proof of Proposition 5.2.1 is based on the following decomposition.

Ei[(Gm — 9)*(0)] < Ei[((Ga — 9)*(20) — Uopt) 4] + B [Uopi] (5.13)
where U, is chosen to satisfy

1. E;[Upyp) has same order as Crit(mgpt).
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slQ

Ei[((9m — 9)°(20) = Uopt)+] = 2/0 ) Pi[(Gm — 9)*(w0) — Unp > 27)da < (5.14)

Consider the following Lemma.

Lemma 5.4.1 Let 6 and x be some positive numbers

(1) P {@m —9)*(wo) > (1 +9) ( sup (g = 9)°(x0) + Om’t(mapt)> + 2} N {Ds > Dmom}]
jEJn,DjZDmopt
T T . T
<F(TmaenCs)+ > F(T.5mCs)+ > F(5zmnCs).

jeJnijZDmopt meJy

~ . wmoptDmopt
2) PG~ 9)(a0) 2 201+ 0)Crit(my) + 477 D

2y — 9*(@0) + 20} 0 {Ds € Dy ) S F (Fomosn, Cs) + > F(5,5,m.Cs).

2
j€JIn 7Dj ZDmOpt

where Cs = (2(1 +1/5))~Y/2.
Let § > 0 be such that C; = (2(1 +1/6))""/? = B'. Let

o~ . Imo tDmopt
Uopt = 2(Gimgpe — 9)2(20) + 2(1 + 0)Crit(mep) + 4—2—rt

+(1+6) sup (g5 —9)*(xo)

jeJn’DjZDmopt

On the one hand, according to (1) and (2) in Lemma 5.4.1,

o~ z !
P1[{(gm - 9)2(370> > ut)pt + Qx} N A] < F <§7m0pt7n7 B>

T T
+2 Z F (5,],71,8') +2 Z F(E,m,n,B’> :
mEJn

§€Jn.Dj>Din

Moreover,
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Ey[(Gn — 9)2(20) — Unpe)s] = 2 / " PG — 9)2(0) = Upp + 22]de

0
“+o00 T “+00 T 400 T
/ . / /
§4/0 F(E,mopt,n,B>dx+ § 4/0 F(i,j,n,B>dx+2m§€J/0 F(—B,m,n,B)d:c

§€Jn,D;>Din

+oo +o0 +00
= 8/ F(z,mop,n, B")dr + 8 Z / F(x,j,n,B")dx + 2B Z / F(x,m,n, B")dx
0 0 0

€, D52 D) el
< 2By(8 + B) .
n

according to Assumption (5.6). On the other hand,

~ . xmoptDmopt
EiUopt] = 2E1[(Gimope — 9)?(z0)] + (2(1 + 0)Crit(mep) + 4—2—2

n

G€In,D;> Dy

+(1+4d)  sup (g5 — gmopt)2(l’o)> :

Moreover,

~

Er[(Grmope — 9)%(20)] < 2B [(Gimope — Gmope)*(20)] + 2(Gmope — 9)° (o)

and with Assumption (H),

Er[(Gmope = Gmop)* (20)]

400
<[ PG = i a0) > alda
0

e -~ 'z.mo tDmo t
= / P]- |:(gmopt - gmopt)2<x0) 2 y + 23#} dy

2Bzmopt Dmopt /n

—gp—opt Tort / P
n 0

n

q, \/ Y xmoptDmopt
‘<gm0pt - gmopt)(x0)| 2 2B\/ﬁ —+ —] dy

V2B >1> B’ so
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El [(/g\mopt — mopt )2 (l‘o)]

Lot D, e A
S 23# +/ pl“(gmopt - gmopt)('ro)‘ Z B,
0

n

< opTmon Dmope / +OOF( Y B’) d
~ n o 2B ) mopta n, Yy

< 2B$moptDmopt I ZBBO
- n n

Hence

xmoptDmopt 4B B
E[Unpt] < 4(Gimyye — 9)°(w0) + 4B +—

+2(1 4+ 9)Crit(mop)

n n
Tomgpe D,
F4EET L (146)  sup (g5 — Gmow) (@0)
n §€Jn,D5>Dum
. 2 Bl
< A[Crit(mopr) + (Gmep — 9)” (20)] + -

where Ay depends on B and B’ (as § depends on B’), and B; depends on B and By. Then
(5.13) concludes the proof of Proposition 5.2.1. O

5.4.1 Proof of Lemma 5.4.1

The deviation between C’/T\z't(m) and Crit(m) can be expressed with deviation between g, and
gm- Therefore, it is upper bounded via the application F' as stated by the following claim.

Claim 5.1 For every 6 > 0, for every x > 0 and for every model m:

Py |Crit(m) > (14 8)Crit(m) —i—x] <F (g,m,n, C'(;) + Z F (z,j, n, C'(;)

, 2
jeJnijZDm
where
1
s = ———.
V2(141/9)
Indeed,

P [C/Et(m) > (14 0)Crit(m) + x}

ZL’ij + l’mDm
n

< P

sup (@~ 3)%w0) -

) >(1+0)  sup (g5 — gm)*(w0) + @
jeJ7L7DjZD"L —+

jEJ’FHDjZDTVL
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AS SUD;ej, p,>p,, (95— 9m)?(20) +2 is positive, we omit the positive part (.),. Besides, for every
sequences (GJ)JGJ and (b;) e,

Pl[ﬂjej{aj < b]}] S P1 |:Sllp Q; < sup bj:| .
jeJ jeJ
Consider the complementary of the above expression:
P {sup aj > sup bjl < P[Ujes{a; > b;}].
jeJ jeJ
Hence

P[Crit(m) > (1 + 8)Crit(m) + x]

PN x;Dj + 2D
sup <(9j—9m)2(l’0) ; ) (14+0) s (g5 gn)i(x) +

J€In,Dj>Dm JeJijZDm

< P |:Uj€Jn,Dj2Dm { (@g — Gm)*(z0) —

< P

23D + T D ) (1+6)(g; — gm )2(ﬂco)+x}] (5.15)

Moreover, for every j, m

{((’g}- — Gm)*(20) — z;Dj + mem) > (14 6)(gj — gm)*(z0) + x}

n

=4 (95 — Gm)*(z0) > (1 + 9)(g; — gm)* (o) + (1 + %) (\/I + (xall)J—:‘lfgsz)/”>

2

For every positive numbers a, b, (a + b)? < a*(1 + 1/8) + b*(1 + §), therefore

{((@} — Gm)*(m0) — z;Dj + mem> > (14 6)(gj — gm)*(z0) + x}

n

2

C { (G5 = Gm)*(20) = (I(gj = gm)(o)| + \/

= {|(§j — Gm)(@0)] > (g5 — gm)(20)| + \/x—l— (z;D; —I—mem)/n}.

z+ (z;D; + 2 Dp,) /10
1+1/6

1+1/5

Besides,
1(G5 — Gm) (o) = [(gj — gm)(w0)| < (G5 — Gm)(0) — (g5 — gm)(w0)|.
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Thus

n

c {\@- — 03)(@0) = (G — g (20)] > \/ v+ (205 + TnDu)/ ”}

{((g] Gm)*(20) — z;Dj + mem) > (14 6)(gj — gm)*(x0) + x}

1+1/6
For every positive numbers a, b, va+ b > (1/v/2)(v/a + V/b), hence

{ <(§j G ag) — B mem) >(1+0)  sup (g5 — gm)*(z0) + x}

n J€Jn,Dj2Dm

C{|(9 = 97)(w0) = (G = gm)(w0)| 2 %m(\/fwfu@ﬁmfm)}
{‘( gj :I:‘o \/Tl/é J }
U {’(jq\m — gm)(20)| > \/%M}

=0; U0, (5.16)

Reporting this result in (5.15), we get

P[Crit(m) > (1 + 6)Crit(m) + ]

< Py[On U (Ujes, 0,20, 0;)]

< PO+ Y. PO

§€Jn,D;>Dp,
A
<F<2 mnC’5> Z F(a,j,n,C’(g)
JGJTMD]'ZDWL
which ends the proof of Claim 5.1. O

e Let us prove (1) in Lemma 5.4.1.

P {@m —9)*(mo) > (146) ( sup (g5 — 9)* (o) + Crit(mo,)t)> + x} N{Dz > Dmom}]
§€Jn,D;j>Dim

<P {@ﬁ —9)%(x0) > (140)  sup  (g; — 9)*(wo) + Crit(m) + f} N{Ds > Dmm}]
jEJnaDjZDmopt 2

+P [(fﬁt(m) > (14 6)Crit(mep) + g] .
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By definition of m, C/'Et(m) = inf,,c, C/'Et(m) < C/'ﬁt(mopt) thus with Claim 5.1,

Py [@t(m) > (14 06)Crit(mep) + g] < P [C/ﬁt(mopt) > (14 60)Crit(mep) + g]
< F (%,mopt,n,05> + Z F (%,j,n,@;).

jEJnij ZDmopt

Besides for every model m, Crit(m) > Bz, Dy, /n by definition of Crit(m), and if Dz > D
SUPje,,D;> D, (95 — 9)*(w0) > (9m — 9)*(20), thus

Mopt)

Py

{@ﬁw —9)%(z0) > (1+9) sup (g5 — 9)%(x0) + Crit(i) + E} N{Dz > Dmopt}]
§€Jn,D;>Dimy 2

~ 2 9 Dy =z

< P |(Gmn—9)(z0) > (1 +6)(9m — 9)"(w0) + me—n +3

IN

5 P = 9200) 2 (14 8)(g0 — 9)a0) + B+ 3

2
meJn

Moreover,

& [@m —9)*(w0) = (1 +6)(gm — 9)*(20) + me% + g}
D,, n T

< A (14 5) @n = 0 (00) + (14 8) 0 — 97(00) 2 (14 0)(am — 9 (a0) + B 22 4

J

[ . T D,,
|(Gm = gm)(20)| = C5V2Byf o5+ meI
[ . T D,,

< P ||(Gm = gm)(@0)| = Csyf o5 T fL’mT]

x
<F <ﬁ,m,n, Cg) )

e Let us prove (2) in Lemma 5.4.1. Assume that Ds < D, ,, then x5 < z,,, by
Assumption (5.3). Hence

n

Crit(m) >  sup [@j—ﬁﬁf@o)—
jEJnaDjZDFﬁ

T D;ﬁ — Trmopt D
n

Mopt

Z </g\mopt - /g\ﬁl)2<x0) -
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Moreover (ga — 9)*(20) < 2[(Gim — Gimop)*(¥0) + (G, — 9)*(w0)], thus

. 1, ~ TaDa + Ty, D,
Cmt(m) > 5(9% _ 9)2(1,0) _ (gmom - 9)2(x0) . - pt pt
[P ~ Tomons D
> 5(% — 9)*(%0) = (Gmop — 9)*(w0) — 2%'

Therefore

Vv

Lot Dimope
(14 0)Crit(mey) + 2%

FGmope — 9)7(@0) + 3} N {IM < Mgy }]
P [{iﬁt(m) > (1 + 8)Crit(mep) + x} n{m < mopt}}

Pl[{%@m — 9)*(x0)

IN

< P [@t(mopt) > (14 90)Crit(mep) + x}
< F(g,mopt,n, C’g) + Z F<§,j,n, Cg). O

jeJnij szopt

5.5 Proofs of Section 5.3

5.5.1 Proof of Theorem 5.3.1

Let
A=A,

where A,, is defined in (5.9). We denote by Pi[.] = P[. N A] and E[.] = E;[.1A].

Claim 5.2 There exists a function F(x,m,n,a) such that for every m € {1,..., N,}

~ / Dm

Pl SF(Z‘,m,n,G)

and

for some constant By.

179



Let us prove Claim 5.2. According to Chapter 4, ﬁm minimises the empirical contrast

2TL
L) = (It = =Y 64T
Y (t) = |It]I5 n; (

for t € S,,, and h,, minimises
V() = |Itllz, — 2, )F,-

For every m € {1,..., N,,}, we define the application h,,

7o argmingeg, 7,(t) on A,
™1 0 otherwise

where

Tu(t) = 1t% = 2(t, W) 7
Lemma 5.5.1 For everym € {1,...,N,},
2
. . ' 1 n
(hm - hm)Z(xO) S A%Dm Z <Tl Z (5 ¢k0 m( ) - [ ’l¢k0 m( )]))
=0 i=1

Lemma 5.5.2 For every m € {1,...,N,},

(hm - hm>2(x0> S Ag (Z (< ko,m> ¢k0 m> <¢k0 m? ¢ko m)FT)2>
4,1=0
where

Ay = (r+ DRI (Z W!P)

Lemmas 5.5.1 and 5.5.2 lead to Claim 5.2. Indeed, let a > 0.

o~ / Dm

T T 2 Dm T 2 Dm
< Py [ = Fon00) 2 5 (2022 ) | 4 o = e Pa0) 2 5 (42022
n n

= Pl,m+P2,m-

P

On the one hand, according to Lemma 5.5.1,
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2
r 1 n 2 .
P < P (ﬁza {0~ Bl (T >]) z;—f@(Di+%>

§=0 i=1

<

< P
Jj=

Z(SZ kom - [ Z¢k0m

X Tm
—
\/ ’r’ +1 .Al ]
We apply Bernstein Inequality (Theorem 1.2.4) with the following parameters v and c.
E [67 (01, (T1))?] = /A( o (@) (@) Fr(@)de < ||Alo,alldremlZ, < [Plleo = v.

16107 1 (T1)lloc < /D = c.

Thus 2
P, <2(r+1)exp <— min (E, E))
20 ¢
where
B a T Ty
AN D
2 2
T T (m ”’”) Gl m,n,a)
and
% > 2\/%./41 (\/E;m—k meim) = Cy(x,m,n,a).

Hence

Py <2(r + 1) exp (— min(Cy(x, m, n, a),Ca(x, m,n,a))).
On the other hand, according to Lemma 5.5.2,

- 9 a? D,
Py < ];P A(( homs O mdn — (B Do ) iy ) Em(xﬂLfEmT)}
= P ( ¢ om 0,Mm )]I >xd$ - |i (b ()m Om( )]I z>xdx:|)'
3P |F [ hunlehntortn | Shun@e (o)

Dm
> —\/§(T+1)A2\/x+$m - ]
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We upper bound each term of this sum with Bernstein Inequality. Let j, I € {0,...,r}, let us
compute the parameters v and c¢. According to Cauchy Schwartz Inequality, we have

2 .
(/ Dy (T) Dy )HT>:vde) < E [(/( rom(2))2d) X </(¢§co,m(x))2]lTiZ$dx):|
A A
= | Ghgmll%.
< 1=w.
Moreover
H/ ¢k0m kom )]ITiZdex < / ’¢k0m ¢k0m )dx‘

< \/ ([ @anterras) ( [ @hotorae)

= l=c
Let
a / n D,
V2(r + 1) A n
ne? a?
T o apag T ) = Gl ),
E22< A (n\/_—l—\/xm mn) Cy(z,m,n,a).
c
Then
P2,m < Q(T + 1)2 exXp <_ min(Cg(x, m,n, CI,), C4(Q?, m,n, CL))) .
Finally,
- / D,
Py |[(hy — b)) (x0)| > ar/z + xpp— | < F(z,m,n,a)
n
where

F(z,m,n,a) =2(r + 1) exp (— min(C; (z, m, n, a),Co(z, m,n,a)))
+2(r + 1)? exp (— min(Cs(z, m, n, a), Cy(x,m,n, a))).
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For every constant C' > 0, ["* exp(—Cx)dax = 1/C and [,"* exp(~C'y/x)dz = 2/C?. There-
fore,

Nn

oo 2r + 1) A2 1 & a?
Zl/o exp(—Ci(w,m,n,a,))dr < Tﬁ;Dm €xXp (—mﬁm) .

m=

Assume that

a? 6(r +1)A2
D,, -2, | <D? & m > ———Llog D, 5.17
e"p( 2<r+1>A%$>— " T2 T 108 (5.17)
then
No  rioo 01
> [ ep-cimna < S
=170 n
Similarly,

N,

Z/ exp(—Ca(x,m,n,a))dx

(2\/7’+ Al) Z_m (_ a f n)
m— n 2\/T+1A1 mDm

<( ) ZD eXp( 2WA1\/7TL>'

IN

Assume that

a [ n N 36(r + 1).A7 D,
D,,e - Jm— | <D?? & z,>———"1log’*D,,—2, 5.18
Xp( 2\/7“4——1./41 Dm) - N a? n ( )

then

Z/ exp( Cg:rmna))d:r<%

n

Moreover,



According to (5.8), there exists a constant C3 such that

Nn +o00 03
Z/ eXP(_C3(xam7n7a))d$ < —
m=1 0 n
Np 400 2(7”—" 1)./4 2 1 Np, a
exp(—=Cy(z,m,n,a))dr = 2 —2) 15 (_— xmn)
7;/0 p(—Cu( ) ( - nQ; D 2(r+1)A2’/_
< &
n

For every a > 1/v/B’, conditions (5.17) and (5.18) are satisfied by definition of the weights
(#m) (see (5.11)). Thus there exists a constant By which depends on (||, 7, a, >0 [|¢7]|?)
such that

No o phoo

1 By

F(x,m,n, —)dxr < —.
mZ/ (rom.m, e < 55
which concludes the proof of Claim 5.2. O
It follows immediately from Proposition 5.2.1 that
- /
E [(h’fﬁ - h)Q(xO)]IA S O[Oriﬂmopt) + (g - gmopt)2(x0):| + E (519>

where C is a numerical constant depending on B and B’, and C’ depends on ||A||s0, Fo, B’ and

on the basis {¢’}.

Claim 5.3
E[(ha — h)*(2)ac] <

S1Q

Indeed, according to Proposition 4.6.3 in Chapter 4,
. 9 —2n
P[A ] S 2Nn exp _ClFOF

for some numerical constant C;. Moreover, for every m € {1,..., N, }.
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Besides

Thus

Therefore

and

(o))

r 2
= ( Thym io,m(xo)>
7=0

IN

7=0

= (@S

(ﬁ)%m)<gwwmw>

1\7(ko)||2Dm (Z H¢j|!§o>
7=0

< [min(Sp(GY))] VP D (Z WH@) :
§=0

V2
<
<
<

EZ( Zj¢mm )2
EZ ;2 T (T
E]WMMP

D (; |I¢j||§o> :

(futea)) = (3p) (ZH«WI?) 1A% D2,

(ha — h)(

ZA{(M%)<§jw2>zﬁ+1}
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2
—~ 4 2 r . —9n
E [(hm - h)2(900)]1m] < 4HhH§o,A (T) (Z ||¢J||<2>o> Np+1 4 Nzexp (_CngN_)
=0 "
12

> ||¢j||2o> ntexp (—C1F; log”n)
=0

IN
S
=
R
bS

12

(%)
= 4||h||oo,A(3é) gnasjnzo) n* (exp (~C1F; logn) )
(7.)

logn

12

r — 1
j -C 1

> j||¢ﬂ||io> L

j=0

< (5.20)

which concludes the proof of Claim 5.3. O

Finally (5.19) and Claim 5.3 provide the result of Theorem 5.3.1. Now let us prove Lemmas
5.5.1 and 5.5.2, which rely on the block diagonal structure of the Gram matrix G,,.

Proof of Lemma 5.5.1

Let m € {1,..., N, } and ko be such that zy € [(ko — 1)/Dn, ko/Dy[. The result is obvious
on A¢, as h,, = h,, = 0, thus we assume that we are on A,,, defined by (5.9).

Let A,, = (@)xer, be the coefficients of h,, in the basis (¢x)rer,, -
Dp 7 ) A
hm = Z Za?g,m gc,m‘
k=1 j=0

A,, satisfies 5
5o T D_ W82 =0, Vho € Iy

Ao AEln,

which is equivalent to

GinAm = V. (5.21)
According to the expression of @m, ‘A/m and V,, in Section 5.3.2
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(o = o) (20) = (Z(azgo,m ) fgo,muo)) .

As m and kg are fixed, we simplify notations by setting

) = =
aj = ay, ,, and a;=a, ..

>)

(a; — aj)qﬁio,m(%))
' (a; — aj)2> (Z( io,m(l"o))2>

J=0

-

( m_hm)2(x0) = (

IA
<

= GV — Vil (Z( io,m(xo))2> : (5.22)

J=0

On the one hand, for every j =0,...,r,

167 mlloe < VDlldlloc = Z ko.m (0))* < Dy (Z ||¢j||io> : (5.23)
j=0

On the other hand, the matrix Gmo is symmetric positive (as a matrix of a scalar product) so
its eigenvalues are non negative. Thus

|G~ (T = V)| < p (GU) =) V8 — Vb))

where p((G%))=1) denotes the spectral radius of the matrix (G%*)~1. Moreover on A,
N ~ 1 . - 4
PG4 = [min(5p(@%)] < [min(Sp(@n))] < = (5.24)
3F,

Besides, since E[); qbko (1)) = (9] h)F,s

k07m’

[P = Vil =3 (; > (6, (L)~ EI5, io,mmm) (5.25)

and (5.22), (5.23), (5.24), (5.25) conclude the proof of Lemma 5.5.1. O

Proof of Lemma 5.5.2
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We denote by @; the coefficient a{;mm

(hm_ﬁm>2(x0> = (Z(aj_aj

< (o
=0
= (G -
<
On the one hand,
(ko) ~, o/ D
VA = Sl ol < |
;0 o M =\ oy

On the other hand, let (z/;io ) =0
transition matrix from <¢i‘0,m)j=0

basis (wioo’m) =0,

.....

.....

. Then similarly to Lemma 5.5.1,

(G VP (Z(¢io,m(:vo))2)

+1
) (Z\r(bkomr\FT) < Il 5

» be a ||.||z,-orthonormal basis of Sy, ., and P be the

to (wk[) m)] =0,...,
for the scalar product (., .)z_, so

piGkIp =1.

We denote by H¥) = PG P then

PGL) P =

By classical algebra results,

§=0

P(GE) T = (@G5 Ve HQ( mZHWIP) (5.26)

(5.27)

P1G% ) P is the Gram matrix of the

(H3)™!

p((GEN 1 — (G =1y = p(P~Y(I — (H)™P) = p(I — (HID)™)
and
Sp((H{F)™1) = Sp((G)~1).
Therefore,

max

max
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On A,,, v > 3F,/4 for every v € Sp(ﬁ(ko ) = Sp(G ) Hence

p(I — (AnfO)yl) < STmaX{]l —v|,v € Sp( Agfo))}
0

Besides, for every r x r square matrix M,

p*(M) = sup |MU|? = sup Z Zm]luj < Zm

IUl=1 Yi—oui=1=0 1=0 G1=0

Hence, according to the definition of G and G ,

T

PGED = GU) <3 ((Shams St = (Shoms S Fr) (5.28)

7,0=0

and (5.26), (5.27), (5.28) conclude the proof of Lemma 5.5.2 O

5.5.2 Proof of Corollary 5.3.1

Assume that h € H(3, L). According to Proposition 5.3.1, there exists a constant L’ such that
for every m € {1,..., N, },

sup(h; — B ) (0) 2sup(h; — h)(z0) 4 2(hp — h)?(z0)

j>m j>m

< 4(L)D;2°.

IN

Let

{ G(m) = L'D,*® + Az, B2 Vm e {1,...,N,}

my = argmin,,—;__ n, G(m).

77777

For every m, Crit(m) < G(m).

1. If mi Z Mopt
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Crit(mopt) + Z(le - gmopt)2<x0) + 2(gm1 - 9)2(x0>
Crit(mopt) + 2 sup (gj - gmopt)z(xo) + 2(gm1 - g)z(xﬂ)

JZMmopt
3CTit(Mopt) + 2(gim, — 9)* (20)
3CTit(my) + 2(gm, — 9)*(x0)
3Crit(my) + 2L'D;2°
5G(my).

Crit(Mopr) + (9 = Gmoye)* (o)

IAIA

VAN VAN VAN VAN

2. IfFmy < mgpe

Orit(mopt) + (g - gmopt)2<x0) CTit(mOPt) + 2(97711 - ngpt>2(mO) + 2<gm1 - 9)2(1'0)

Crit(my) + 2 sup (g; — Gmy )2 (10) + 2L’Dﬂif‘3

j=ma
3Crit(m) +2L' D,

IN A

IA A

Moreover let my € {1,..., N, } be such that

1/(2p+1) 1/(26+1)
. < Dy <2( — .
logn logn

Then
n O\ ~28/26+)
< <
G(ml) ~ G(mg) ~ Co <logn)
Thus, with Theorem 5.3.1,
N ) K/ n \ 24/26+1)
E [(hﬁ — h)(x0)| < 5rGm) + = < Oy (logn) (5.29)

which concludes the proof of Corollary 5.3.1. O

5.6 Appendix

5.6.1 Orthonormal basis of polynomials

Let P,(I) denotes the set of polynomials with degree smaller than or equal to r, defined on the
interval I. As a well known result, there exists a collections of polynomials (P, ..., P,), called
Legendre polynomials, which form an L*-orthogonal basis of P,([—1,1]). Besides, for every j,

/_1 P2 a)dr =
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Define ¢/(z) = /27 + 1P;(2z — 1), then (¢°,...,¢") is a ||.|-orthonormal basis of P,.([0,1]).
Moreover, for every j € N and every = € [—1,1], P;(z) < 1. Hence

167 loo < /25 + 1. (5.30)

5.6.2 Projection on sets of piecewise polynomials

Let f : [0,1] — R be a function which belongs to the Holder space H(s+ (3, L), where s € N and
B € 0,1[. Let u be a non negative function defined on [0, 1] such that ||pfle = sup,ep 1y #(r) <
+00. For every t,v € L*([0,1]), we denote

b= [ temle)s and 1l = [ Pl

Let r be an integer larger than or equal to s and S be the set of the polynomials on [0, 1] with
degree smaller than or equal to . Let {o,...,¢,} be a ||.||,~orthogonal basis of S such that

deg(p;) = j.

Let m € N*, D,, = 2™ and S,, be the set of piecewise polynomials of degree r and step
1/Dy, on [0, 1]:
Sm = Vect{pjr,j=0,....,mk=1,..., Dy} (5.31)

where @;i(z) = vV Dpmj(Dpr — (k — 1)1y, . and Iy = [(k — 1)/Dy, k/Dy[. Moreover, the
family (¢;x) is (., .),-orthogonal. Finally, let f,, = argmineg || f — t||z, then,

where a;; = (f, pjk)u. Then the following result holds.

Proposition 5.6.1 There exists a constant L" which depends on (L,r,s,||tt]|s) and on the
basis {p;} such that,

1f = fnlloo < L"DL0HP Y f € H(s + 3, L)
where fp, is the ||.||,-projection of f on the space Sy, defined in (5.31).

Proof of Proposition 5.6.1
We first prove the following lemma.

Lemma 5.6.1 There exists a constant L' which depends on (L, s, ||t]l) and on the basis
(p;) such that for every m € N*, for every k € {1,..., D,,} and for every x,y € Ij m,

1F9(2) — fOy)| < L'|w — y|?.
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Let k € {1,..., Dy} and z,y € Ij, be fixed. For every z € Iy, fin(2) = Z;ZO ajkPjk(2).
For every j € {0,...,7}, deg(pjx) = j so

f(S Za]kgoj Za]kD \/D gpjs Dpz — (k—1)).

T

@) = 19 < D lagul D526 (Do — (k= 1)) — @\ (Dyy — (k — 1))

j=s
s+1
< N agal D520 ool (D — (k= 1)) = (Dyy — (k — 1))
j=s
= Y al D3P0 ool — ]
j=s+1
since {*T) = 0.

Let us upper bound the (a;x)’s. Let 2y € Ij,, be fixed, for every z € I, there exists
21 € |z, 20] or |20, 2] such that

(5=1) (2, ) (2,
f2) = f(ZO)+(2—Zo)f/(20)+"'+(Z—ZO)S_1f(s—(1)!) ez
=1 (2, ) (2,
= f(ZO)+(z—zo)f'(20>+"~+(z—Zo)s_l%(1)!)+<Z—ZO)Sf s(! :
) (z) — f© 20
o= )t ( )S!f (20)
fO =) = £ (z0)

= P(2)+ (2 —2)° o

where P(z) is polynomial of degree smaller than or equal to s. Then, the coefficients (a;)’s of
the orthogonal projection of f on S, satisfy, for every 7 > s+ 1,

F(z1) = fO(z)

s!

G = (1 P = (30 Py + / oiel2)(z — 20)° n(z)dz.

Ik,m

Besides, ;) is orthogonal to every polynomial of degree smaller than j, hence (@, P) = 0.
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With Cauchy Schwarz Inequality,

(s) 21) — (s) 20 2
ae < \/ / o2 (2)l2)dz) / (2 — e @) T RIE g

S g \// |2 = 20*L?|21 — 20|*°pu(z)dz
< —,D;fﬁ*s) / p(z)dz

8. Ik,'m

L s
= ;Dm( Do

as the length of the interval Iy, is equal to 1/D,,,. Therefore

L\/ 00 s

(@) = £ ()] < oo D210 g — |
Jj=s+1
L 00 - s
- —V!,"” S DA e — Pl — i
) j=s+1
Jj=s+1

since |z — y[17# < Drﬁ(lfﬁ), which ends the proof of the Lemma. O

The proof of Proposition 5.6.1 is based on a result from DeVore and Lorentz (1993)(Theorem
10.8, Chapter 3).

Proposition 5.6.2 Let g be a continuous application on an interval [a,b]. Let v be a non
negative application on [a,b]. Let P, be the orthogonal projection of g on S for the norm
L3([0,1], v(z)dz), then there exist (r + 1) distinct points xy, ..., x, such that

g(x;) = Po(x;), Vi=0,...,r

Let 2 € [0,1] and k be such that zy € Ij . Let us denote by g and g,, the restrictions of
f and f,, to I, then obviously g, is the ||.|| ,-projection of g on S ,,. Thus, by Proposition
5.6.2, there exists a set of r + 1 points (20,...,2%) on which g and g, are equal. By applying

iteratively the Mean value Theorem to g, we obtain that for every j € {0,...,s}, there exist
(r+1—j) points 2}, ...,z _. € I such that

r—j
9 (:) = 9 ().
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Then

(9 = gm)(x0) =

g gm tl dtl

A

[T ACED
-/ (/ J —g:;><t2>dt2>dt1

/ ( / ( / (9~ gﬁ,?)(tg)dtg) dtg) dty

By iteration, we get

=) = [ ( A ( [ e e ) d@) a

0

Moreover, g(s)(zﬁ) = 955)(25)’ S0

(9—9m)(z0) = /;O <

g € H(s+ (3, L) thus

0 0

99(ts) — g (| < Lits — 201 < LD, ]

Besides Lemma 5.6.1 ensures that

195 (¢,) — g2 (20)| < L"D,.f.

zo t1 to ts—1
2] 23 z2 zSil

Therefore

The s integrals in the above expression are computed on intervals of length 1/D,,,, hence

[(f = fm)(@o)| = (9 — gm)(w0)| < (L + L")D; 7 x (DL) U — 1'D-6H). O

m

194

/11 </: o /:11 [(g(s)(ts) — g(s)(zg)) _ (97(5)(155) _ gs)(zg))} dt, ..

) dtg) i



Chapitre 6

Estimation de la fonction de
distribution conditionnelle a partir de
données censurées par intervalle, cas I

Ce chapitre est situé dans le contexte de la censure par intervalle, cas I : soit Y une variable
positive appelée temps de survie dépendant d’'une covariable X € R, et T" une variable positive
appelée temps de mesure telle que Y et T sont indépendants conditionnellement a X. Nous
proposons une procédure d’estimation de la fonction de distribution F' de Y conditionnellement
a X :

F(z,u) = PlY <u|X =z

a partir de I'observation de
(X7 T7 0= ]I{YST}) )

basée sur un constraste de régression. Un simple calcul montre que E[§|X,T] = F(X,T), c’est
a dire que F est la fonction de régression de 0 sur le couple (X, 7). Nous estimons donc F' par
minimisation d'un constraste de régression, suivie d'une étape de sélection de modele.

En s’appuyant sur la norme empirique associée a ’échantillon {(X;, T;)}, qui se dégage
naturellement du contraste des moindres carrés, nous proposons une approche de I’étude du
risque différente de la méthode classique, et basée sur une version de 'inégalité de Talagrand
pour des variables non identiquement distribuées. Enfin, nous présentons une étude minimax
qui atteste I’adaptativité de notre estimateur sur des espaces de Besov anisotropes.
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6.1 Introduction

In some survival analysis studies, the observation of a positive variable of interest Y called
lifetime, is restricted to the knowledge of whether or not Y exceeds a random measure time 7.
We only observe the time 7" and the “current status” of the system at time 7', namely 1y <ry.
Such data arise naturally for example in infectious disease studies, when the time Y of infection
is unobserved, and a test is carried out at time 7. The lifetime Y may depend on observed
covariates X, and a general assumption in such models is that T" depends on X, and Y and T
are independent given X.

Current status data have been widely studied for the last two decades. Most results about
nonparametric estimation of the survival function are based on NPMLE (Nonparametric Maxi-
mum Likelihood Estimator). Groeneboom and Wellner (1992) prove that the NPMLE is point-
wise convergent at rate n~'/3 which is the optimal rate, and van de Geer (1993) establishes a
similar result for the L?-risk. This unusual rate of convergence differs from the uncensored and
right-censored cases, in which the distribution function can be estimated with the parametric
rate of convergence n~'/2. Besides, as far as the author knows, no minimax rate of convergence
has been computed on classical regularity spaces. More recently, estimators developed from
the NPMLE allow to take into account the knwon regularity of the function. Hudgens et al.
(2007) build three estimators derived from the NPMLE, and compare their performances on
simulated and real data. van der Laan and van der Vaart (2006) apply smoothing methods
to the NPLME to estimate the survival function from current status data in presence of high
dimensional covariates. Birgé (1999) proposes an easily computable histogram estimator which
reaches the minimax rate of convergence. Nevertheless the procedures proposed in these papers
are not adaptive on classical regularity spaces. Few results about adaptivity are available, and
they do not include covariates: Ma and Kosorok (2006) introduce a NPMLE and a least square
estimator on Sobolev classes, and select the regularity parameter with a penalised criterion.
Brunel and Comte (2009) consider a least-square estimator on classical bases and introduce a
model selection procedure with a more easily computable penalty function.

In this chapter we consider an i.i.d. sample (X, Y;);—1__», where the (X;)’s are i.i.d. random
variables with common density fx, and the (Y;)’s are positive variables called survival times.
For every i, Y; depends on X;, and we denote by F(z,y) the cumulative distribution function
(c.d.f.) of Y; given X, namely

F(z,y) = P[Y <y|lX =]

where P[FEi|E;] denotes the conditional probability of E; given E,. We consider an i.i.d.
sample (7});=1,.. n of positive random variables such that for every i € {1,...,n}, T; and Y; are
independent given X;, and we observe the sample

(T3, 0; = Wy,<1;, Xi)i=1,...n- (6.1)
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We present an estimator of the conditional cumulative distribution function F' from the sample
described by (6.1). Moreover we compute the minimax rate of convergence over anisotropic
Besov balls and prove that our estimator is minimax. The procedure, inspired from Brunel and
Comte (2009), is based on the following heuristic. For every (z,u),

Given X =z, Y and T are independent, thus

E[6|(X,T) = (z,u)] = E[lly<,|X = 2] = P[Y <u|X =z] = F(x,u).

Thus F is the regression function of § over (X, T'), and the interval censoring issue turns into a
regression function estimation problem where all the variables involved (X, T, ¢) are observed.
We consider a collection of linear subset of L*(R?), and build an estimator by minimisation of
a least-square contrast on each subset. Then a model selection criterion provides an estimator
whose rate of convergence is the one of the best estimator among the collection. More precisely,
we get two oracle inequalities. Considering the risk associated to the empirical norm
Fo P2 = LS Fo PRt
I [ nZ( ) (X, T),

=1

a nonclassical use of Talagrand Inequality states the adaptivity of our estimator under weak
assumptions. Besides, the result can be extended to non random observation times (7;)’s.
Oracle inequality for the integrated risk requires classical assumptions about the collection of
models and demands in particular that F' is regular enough. Nevertheless, considering the
integrated risk enables us to conduct a minimax study and prove that our estimator is optimal
over anisotropic Besov balls Bzﬁ,oo(L).

The chapter is organised as follows. General assumptions, estimation procedure and main
result are presented in Section 6.2. In Section 6.3, we study the rate of convergence of the
estimator over anisotropic Besov balls and prove that it is minimax. Section 6.4 is devoted to
the proofs. Section 6.5 presents a version of Talagrand Inequality for non identically distribued
variables and a linear algebra technical lemma.

6.2 Definition of the estimator, main assumptions and
main result

6.2.1 Notations

For every i.i.d. random variables {V;, W;}, we denote by fi the density of V; and by fyw (v, w)
the conditional density of V; at v given W; = w for every 1.
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We estimate F'(x,y) on a compact A = A; x Ay where A; is a compact interval of R, and
Ay = [0, as] for some positive ay. Let lg(A;) denotes the length of the interval A;.

For every t, s € L*(A), let

3

(s,t)p = s(X;, T)t(X;, T;)

S|

i=1
and

(8, 8) fxm :/ / s(x,u)t(x, u) fox (e, u)dud.
x€A1 JucAs

6.2.2 Collection of models

In order to estimate I, we define a collection of finite-dimensional linear subsets of L?(A) called

models. These models are constructed as tensor products of models on A; and A,. Let MY =
{Sﬁf, mi € IV} be a collection of linear subsets of L2(A4;) where Dz’m(S,(,B) = D) < +o0 and
( ,znl)kzl o) is an orthonormal basis of S,(,B, for every my € 1Y, Let MP = {Sr(,fg, mo € ]7(12)}

be a collection of linear subsets of L?(Ay) where Dim(Sr(gg) = DY) < +00 and (), _

is
an orthonormal basis of 57(733, for every mo € 112, Then for every m = (mq,mg) € I,, = 1Y ><IT(12)7
we define

Sm =t A— Ra t(l‘,y) = Z ak,l¢$l (l’) lm2(y)

The family {¢" ¢k =1,..., D,(,Q, I=1,... ,D%} is an orthonormal basis of S,,, and the

dimension of S,, is D,,, = DgzD% We consider the collection M,, = {S,,,m = (my,ms) € I,,}.

We assume that the following assumption holds.

(H): Let j =1 or 2. For every b > 0, there exists a constant B; such that

Z exp <—b ij> < Bj;, VneN-.

m; GIy(lj)

Assumption (H) about collections MY implies a similar result for M,,. Indeed, let b > 0

Seo(-WD)= Y [ 2 exp(_b@\/Dng> |

meln mi EL,G) mQGL,(lQ)
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Besides for every z,y > 1, 20y > x + y, thus

Z exp <_b\/-D_m> < Z Z €xp <‘§(\/Dv(72 + \/D%)

mely m1€1»,(11) ngL,(IQ)

b
[ X ew(-5v0m)
m1€I¢(11)

< BB

> e (-5v/0i2)

m2€IT(L2)

. P
for some positive B, Bj.

6.2.3 Regression contrast

Let (z,u) € R? be such that fixr)(z,u) > 0.

E[6:[(X1,Th) = (z,u)] = E[lly,<n,[(X1,T1) = (2, u)]
= E[Ipycnl(X1,T1) = (z,u)]

= / ]I{y<u}.fY|(X m\Y, T, U)

Az

(
_ / H{ygu}f(YXT(y )dy
Ag XT)( ) )

_ formx (v, u, ) fx (x)
— /A2 H{yﬁu} f(X,T) (27, u) dy

Y1 and T are independent given X;: for every (x,y,u) € A; X Ay X A,,

fomixW,w ) = fyix(y, o) frx(u, ).

Hence

—(z.u _ leX(%x)leX(u?x)fX(x)
BB T) = ()] = [ ey PRI

Tyix(y, z) fx ) (z, u)
foxr(z,u)
= /A Ley<uy frix (v, x)dy

2

= F(z,u).

dy

dy

Wiy<uy

I
S
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It amounts to say that F' is the regression function of é; over (X;,T}). Thus we consider the
least-square contrast, already use to compute the regression function estimator in Chapters 2
and 3, and which is classical in regression function estimation. For every ¢ € L?(A)

lt) = 3 (X T) = 8

7n(t) measures how the {¢(X;, T;)}’s approximate the {0;}’s. As

E[(0; — (X, T0))"] = [|F =t} ,, + EIF(X;, T)) — F*(X;, T))]
and E[F(X;,T;) — F*(X;,T;)] is independent of ¢, a minimiser of the mean of (&; — ¢(X;, T;))?
is a relevant estimator of F'.

6.2.4 Minimum contrast estimators

Let S,, be a model in M,,. We define

F, = arg trgén Yu(2). (6.2)

m

For sake of simplicity, we denote the index set J,, = {(k, 1),k =1,... ,D%},l =1,... ,DﬁZl} as
a vector:
Jm = ((1,1),....(1,D2)),(2,1),...,(2,D2)),....(DV,1),..., (DY), DX)) (6.3)

2 my? mi’ ma

and ﬁm(x, w) = ke, i@y (@)Y (u). Then (6.2) is equivalent to

GonAnm =V, (6.4)

where A, = [@r1]xes,, 1S a column vector,

~ 1 <&
G = [5205}?1(&) V(T ot (X)) (Th)
=1

(k1) (K1) €T X T

is a D,, X D,,-square matrix and

Vi =

1 n
- D (X (T)6;
=1

(kD)eTm

is a column vector. The matrix G,, is the Gram matrix related to {5 ™ Yy, for the
scalar product (.,.),.
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We examinate the existence and unicity of E,.. Let S, be the subset of R" defined by

o~

S = {(t(X1, T, H(X, T)) £ € Sin).

~

and Z\m = argmin, g %Z?:l(Zi — ;)% Z,, is the projection of (dy,...,d,) on §m for the

~

canonical norm on R", so Z,, is uniquely defined. Moreover, by definition of §m, there exists
at least one function G € S, such that 7, = (G(Xy,T1),...,G(X,,T,)), then G minimises
Yn(t) on S,,. Moreover, if two such functions G exist, they are equal on the {(X;,T;)}’s, so
|| F,, — F||2 remains the same. For that reason, the definition of arg minyeg, ¥n () is sensible for

.....

Let F\m be any minimiser of 7, on S,,. To prove the results of Section 6.3, we need our
estimator to be bounded almost surely, thus we set for every (z,u) € A

0 if Fp(z,u) <0
Fo(r,u) = 1 if Fu(z,u) >1
Fo.(z,u) otherwise.

Remark 11 For every (z,u) € A, F(z,u) € [0,1]. Hence almost surely,

|Fm(x7u> - F(ZL’,U)| < |ﬁm(x7u) - F(ZL‘,U)|, V(x,u) S Av Vm € N*.

In particular, . R
[En = Fll7 < | Fn = FII;  as.

Bt Al

=1,...,

6.2.5 Bias-variance decomposition and model selection procedure

The estimation procedure from Section 6.2.4 provides a collection of estimators {F,,,m € I},
among which one is automatically selected by a data driven procedure to be adaptive for the risk

=1l,... =1,...,

..........

E |1 Fn = FIZH(X0 T iz n| = IF = B2+ E [| B = Ful 2{(X T)bict,n|  (65)

where F,,, = argminscg,, ||F' — t||?. The best model among the collection, called the oracle, is
the one which minimises the right-hand side in (6.5), but it is unknown since F' and F,, are

201



unobserved. Hence we construct an estimator of this bias-variance sum and select the model

m which minimises it. More precisely, let (z1,...,x,) € A", (uy,...,u,) € A,
A={Xi=x,.... X =z, T1 =u1,..., T, = u,}

and for every s,t € L?(A),

n

1 1 &
- t 15 Wi iy Uy d t2:_ t2 iy Ug ). 6.6
; Ti, ui)s(zs,u;)  and [[E]fg n; (@, ui) (6.6)

3

Then R ~
E I — FIELA] = IF = Fol3 +E || F — FRI3IA

where F° = argminyeg,, ||F — t|jo- Let (¢x)rer,, be a ||.]lo-orthogonal basis of S, such that
llollo =0 or 1 (see Lemma 6.5.1 states the existence of such a basis), then

Fy = Z(‘PMF%SO,\ and  F, = Z (%Z@A(xiaui)éz) ©x
i=1

Al Aelm,

Hence

E||Fn - Fal3lA| = S E (—Z w<xi,ui>6@-—<w,F>o>) A

AELm,

2
1 n
=) E (ﬁ > onwi w) (Tiyi<uy — E[H{YiSui}])> A

Al i=1

1 n
=y = > enlwi, u)eon(zn, w)E [(Ty<uy — Ellyicuy]) (Tpicuy — Elgyi<uy]) 4] -

Aeln, i,l=1

Given A, the (Y;)’s are independent, and so are the (1ljy,<,,})’s. Therefore for every i # 1,

E [(Ly;<u — By, <uy)) (Wgvicuy — Elyi<uy]) 4] =0

and

E[IF - FRa] =3 > A w)E | (Tpycuy = Elllyicu)” 4]

AELm,

= Z ng/\ iy i) F (2, w) (1 — Fx,u;)).

/\eIm
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For every i, F(x;,u;) € [0,1] so F(x;,u;)(1 — F(x;,u;)) € [0,1/4], hence

D,

~ 1
— FY3lA] < — L
E |15 = FallflA] < 2= 3 llealld < 2

AELn,

Thus the variance term is upper bounded by a term of order D,,,/n. Moreover

n n

1 1
£ —Fllo géléﬂ n El (t(wi, wi) — F (x4, u:)) trgsl,g n E'l (t(wi, wi) — E[6; (X3, Th) = (i, ui)])
which is naturally estimated on A by
min 1 En (t(zi, ) — 05)% = yn(Fin)
teSm n (2 (2 7 ’}/n m

=1

Finally, we select the following model:
m = arg mi}n [%(ﬁm) + pen(m)]
mely
where pen(m) = 6D, /n for some numerical constant § > 1. Our estimator of F' is Fj,.

Remark 12 The condition on 6 could be weakened to 6 > 1/4 with slight changes in the proofs,
but we assume that 6 > 1 for sake of simplicity.

6.2.6 Risk for the empirical norm

In Sections 6.2.6 and 6.3.1, two similar results are stated: the model selection estimator is
proved to converge at the same rate as the best estimator among the collection, on the one
hand for risk associated to the empirical norm |.||, (Theorem 6.2.1) and on the other hand
for the risk associated to the integrated norm ||/, (Corollary 6.3.1). These two results
are presented separately to underline the fact that very few assumptions are required to upper
bound the ||.||?-risk, and that stronger assumptions about the collection of models arise to
obtain the equivalence of the norms ||.[,, and .||, ,, on the models {S,,,m € I,}.

Theorem 6.2.1 Assume that Assumption (H) holds, there exist numerical constants Cy and
Cy such that almost surely,

~ C
PR T | <O it 2 C2 .
E [1Fn — PG T mnn] < Coint {inf 1P = 2 4 pentm) b+ 0 (01

Comments
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1. For every model m € I, {inf,cs, ||F — t||>2 4+ pen(m)} has the same order as ||F),
F|? (see Section 6.2.5). Thus Theorem 6.2.1 indicates that almost surely, the model

selection estimator Fj; converges as fast as the best model among the collection, up to a
multiplicative constant.

2. Taking expectation in both sides of (6.7), we obtain

~ C
E [||Fm — F||,QL] < O mf { {mf | F — t||2} + pen(m )} + =
n
< Cy inf  inf E[||F —t|l2] + pen(m) p + G
- mel, | t€Sm n
= O inf { inf |F —¢t||3 . +pen(m)p + @
"€l | t€5m Foxm n
3. It is clear that the same result holds with non random observation times (77,...,T,).

4. By Remark 11,

- C
E ||l Fn = FIZH(X: T im0 < Cr inf {tlenf IF — t]|? + pen(m )} + =2

6.3 Minimax rate of convergence on anisotropic Besov
balls B, . (A, L)

In this section we study the minimax rate of convergence for the distribution function F' on
anisotropic Besov balls, and prove that our estimator reaches it.

6.3.1 Risk for the integrated norm

In order to prove that our estimator is minimax over Besov balls, we need to study the rate of
convergence for the non empirical risk E ||| Fj, — F ||§(X |- We state a result similar to Theorem

6.2.1 provided additional conditions.
(Aq): There exist hy > 0 and hy < 400 such that
ho S f(X’T)<LU,U) S hl, \V/(I,U) S A.

(Az)‘ For j = 1 and 2, there exists a model S9 e MY , such that for every m; € I,(lj),
57(73]) c Y. Let N = Dim(Sx g )) Besides, there exists a polynomial PV such that

Card(MY) < PY)(n), Vn eN. (6.8)
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(As): There exists a positive constant K such that, for every m; € If(Ll),

D&)
sup > (¢ («))* < K1 D))
ved
and a positive constant K, such that, for every my € Iy(f),
D)
sup S (47 (u))? < K>D2).
u€As =1

Moreover NV NP < y/n/logn.
The following Proposition states a similar result for the two variable models.

Proposition 6.3.1 Assume that (A1), (Az) and (Ag) hold.
1. For every n € N, Card(M,) < P(n) = PW(n)P?(n).

2. For everym € I,,

sup > (6" (@) (u)* | < KD (6.9)

where K = K1 Ks.

3. For everym € I,,, S,, C S, where

Sn =t:A— R,t(m,u) = Z ak,l(bZ(x)wln(U’)

Under these additional conditions, Theorem 6.2.1 leads to the following result.

Corollary 6.3.1 Assume that (H), (A1), (Az) and (As) hold then
E (I~ FIF,] < Conf & f 17—t + penm) L+ &
= oo | < Cs inf < in Foey T pER(M -

mel, | teESm

where C3 is a numerical constant and Cy depends on hy and K.

Comment Corollary 6.3.1 indicates that the rate of convergence of F, for the ||.|| Sox.myTisk
is the one of the best estimator among the collection {F,,,m € I,} (see Comment (1) after
Theorem 6.2.1)
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6.3.2 Definition of anisotropic Besov spaces

We recall the definition of two-dimensional Besov spaces stated for example in Hochmuth
(2002). Let Q C R? and f € L*(Q). For j=1or 2, r € N* and h > 0, let

T

ANy =Y ) (17 f (@, y) + khey)

k=0
be the directional partial difference operator for every (z,y) € €}, ; where
i =1{(r,y) € Q, (2,y) +rhe; € Q}
and (ey, e3) is the canonical basis of R?. For ¢ > 0, let

wri(f,4,9) = sup | A ()@, )| ey

Ihl<t

be the directional modulus of smoothness for the L*norm. Let § = (81,5:) € (R%)? and
r; = | B;] + 1 where | ;]| denotes the integer part of 5;. We define the anisotropic Besov space
of parameters (3,2, 00) as

BYo() = {1 € LX), 1y _ i) < o0}

where
|f|[3§ Q) — Stug) [t_ﬁlu’ﬁ,l(f? t, “) t_ﬁ%"m,?(fa L, &2)} .
4,00 >

We consider the following norm on Bg (),

Hfugg’m(g) = ‘flgg,oo(gz) + I fII-

6.3.3 Rate of convergence of F; on anisotropic Besov balls

For classical collections of models, the bias term inf,cg, ||F — t||3c(x », is upper bounded with

the following lemma, proved in Lacour (2007) based on papers from Hochmuth (2002) and
Nikol'skii (1975).

Lemma 6.3.1 Assume that ' € Bgoo(A L) where
Biol(A L) = {F € Bl (), IFllgy oy < 1}

for some L > 0 and 3 = (51,02) € (R%)?. For j =1 and 2, and for m; € M assume that
the space SY) is one of the following.
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) 57(7{]) is the set of piecewise polynomials with mazimum degree s; > B; — 1, and step

lg(A;)/DS).

° ST(%; = Vect{,l <m;, k€ Z}, where ¥ is a mother wavelet with reqularity s; > 3; — 1,
Uii(x) = 2422z — k) and DY) = 2ms.
° S,(,JLJ) 1s the set of trigonometric polynomials with degree smaller than or equal to D%g

Then there exists a positive constant Cy such that

Jnf [[F =] < Co (D)™™ + (D) ™) -

Plugging the result of Lemma 6.3.1 in Corollary 6.3.2 provides the rate of convergence of
the risk of Fj.

Corollary 6.3.2 Assume that F' € Bgfg.f%A, L) with B, Po > 1 Let MY and MP be collec-
tions set up from linear spaces described in Lemma 6.3.1, with

1/4
NY < (10;‘ n) for j=1,2. (6.10)

Assume that the assumptions of Corollary 6.3.1 hold, then there exists a positive constant Cs
such that

E |[Fn — FII2| < Con#/+0

where
2 1 n 1
B B B
Indeed, for every m = (my, msy),
n 2 04
E HFm—FHf(XI)} < mf | F — t||f(XT)+pen( m) +—
2y Cy
< hq 1nf |F — t||” + pen(m) p + —
n
D, Dy, C
n n

Let m; and T be such that

1< D%zn—ﬁz/(ﬁﬁ-ﬁz-i-?ﬁl@) <2 and 1< Dggn—&/(ﬁﬁ-ﬁz—ﬂﬂlﬂg) <9
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Such models exist for n large enough according to (6.10), since

62 1 ﬁl 1
< — and < —. 6.11
Bi+ 02 +20:10, 4 B+ Ba+20152 4 (6.11)
Finally, there exists a constant C' such that
pYpe 2
(1)y—2 (2)y—2 m1 m2 — 1
2h1Co ((Dml) oy Dmg) 62) + QT < O~ P/B+D),

Moreover,

- 1 -
E ||~ I’ < 3B [1Fn— FIf,
which proves Corollary 6.3.2. O
Remark 13 The condition (31, 32 > 1 in Corollary 6.3.2 can be generalised to

(51, B2) € (By, +00) X (B3, +00)

for a known couple (81", 33) with 3* > 1, where B* is the harmonic mean of 57 and (33, by
considering N and N such that

N < (1og711)1/znﬁf/w“ﬁ;“m;) and NP < (1og711)1/2nﬁy(ﬁfw%%m)-

Then the results of Corollary 6.3.2 hold, and the proof is similar except that (6.11) is replaced
by

B2 < B3

B1+pP2+2681682 — ﬁf+ﬁ§ﬁ+*25fﬁ§ (6.12)
1 1

B1+B2+2061 82 < Br+B54+28785

Thus, if we know a priori that F is more reqular in one direction than in the other, we can
take into account this information by an appropriate choice of (ng,l), NT(LQ)).

6.3.4 Lower bound

We recall the definition of the minimax rate of convergence.

Definition 6.3.1 Let F be a set of conditional cumulative distribution functions on A. Let
(rn)nen be a sequence of positive numbers, r,, is the minimax rate of convergence for F over F
if there exist two constants ¢ and C' such that

¢ < inf sup (r;lE[Hﬁn — F||2]> <C

F, FeF

where the infimum is taken over all possible estimators ﬁn
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According to Corollary 6.3.2, provided that 3, G2 > 1,

inf sup  (nOVE(F, - FI) < swp (nVEOE(|Fs - FIP)) < ©

Fn FeBy (A,L) FeBy . (AL)
Moreover, the following result holds.

Proposition 6.3.2 Let 3 = (01, 52) € (0,400) x (1,400). Assume that by = ||fix1)llec <
+o0, there exists a constant ¢ which depends on (0, L, hy) such that

inf sup E [n_ﬁ/(ﬁﬂ)ﬂﬁn - F|?
Fn FeBf (A,L)

Therefore, for every (31, f2 > 1, the minimax rate of convergence over Bg (A, L)is n=p/ (BH),

and F;, is minimax over every Besov ball Bg (A, L). Thus our estimator adapts to the unknown
regularity 3 of the function F'.

6.4 Proofs

6.4.1 Proof of Theorem 6.2.1
Let m = (my,my) € I, and F,, € S,,. By definition of m and ﬁm, for every F,, € S,,

n(Fi) + pen(in) < v (Fn) 4 pen(m) < yn(Fn) + pen(m). (6.13)
Besides, for every s,t € S,,,

() = s) = —Z (X0 T) = ) = (X, T5) = 8]

= - Z [(2(X,, T) — (X, To) — 26X, T0)5; + 25(X;, T0)55)]

n

2
= [lellz = lIsllz - - D (XL T) = s(Xi Th) 6

i=1

= (Ht—Fll2 = Fl5 +2{t, F)a) = (Ils = Fllz = 1 FIl7 + 2(s, F)n)

__Z XuT‘z Xzaﬂ))é

2 n
=t =Fllz = lls = FlI = = > (45, T) = s(X0, 1) (0 = F(X,,T)
=1
=t =FI = lls = FIZ = 2va(t = 5) (6.14)
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where
n

valt) = -3 (6~ F(X, T HXT), Vi€ L2(4).

Thus (6.13) implies

|Fa = Flls < 1B = FII, + pen(m) — pen(i) + 2va(Fr — Fu)
| En — F[7 + pen(m) — pen(im)
+2||Fa — Foulln sup Un(t).

tGSm+ST;L, ||tHnS1
This last inequality is the main distinction with the more classical proof developed in similar
contexts (see e.g. Chapter 2). In general we consider sup,cg, g 16152y <1 v (t) instead of
SUDes, 18, [[fln<1 Vn(t). Technically, this change leads us to consider a version of Talagrand
Inequality for non identically distribued variables (Theorem 6.5.1) instead of the i.i.d. version
(Theorem 1.2.3 in Introduction). Moreover, this proof requires weaker assumptions and gener-
ates smaller constants in the upper bounds than the classical one.

For every function p(m,m’) of m and m/,

. I P
|Fs — FIlz < ||Fn — FII2 + pen(m) — pen(in) + IEm = Fall?
+4 sup (Vn(t))2

_ B
= [Fn = Pl +pen(m) — pen(i) + dp(m, m) + Z[|Frn — Full;

T4 s (w0 = plm,m).

Now, consider
1 0D, + D,,
p(m,m’) = - (pen(m) + pen(m')) = £ =",

—_

|Ba = FIE < |1 = FII2 + 2pen(m) + 5 (21 Fn = FI + 2115 — FI2)

4 s () = plm, ).
teESm+Sm, [tn<1

Finally,
1, ~ 9 3 9
SIEa = Fl < SliFn = Fll; + 2pen(m)

+4 sup vp(t 2 — p(m, m' . 6.15)
m’ze;n t€Sm+S,,, |t]n<1 [( ( )) ( )]+ (
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Lemma 6.4.1 There exist numerical constants Cy and ko which only depend on the constant
0 in the penalty such that, for every m,m’ € I,,, and every (z1,...,x,) € A} and (uq,...,u,) €

n
A27
n

E sup (lZ(ﬂ{YiQH} - F(xz,ul))t(x“ul)> —p(m,m') A

tESm-i-Sm/,(l/n) Z?:l tz(cci7ui)§1 n i=1 N

< exp(—nov/Dor ¥ Do)
where A denotes the following event:
A={X1=ax1,... . Xp =2, 1 =uy,..., T, = uy}.
Proof of Lemma 6.4.1

The proof relies on Talagrand Inequality (Theorem 6.5.1). Let (z1,...,2,) € A}, (u1,...,u,) €
A% and m, m' € I,, be fixed. Let

n

pat) = = S (Mg — Fos )i, ).

i=1

Then

tESm+S,,1,||t] o<1 FEF m m?

Z= s ()= sw (%Zf“)<ﬂnsw>>

where F,,, v is the following set of functions from R to R™:

Fnae = {1 = (FV, f0), fO (@) = tai, wi) (@ — F(ai,u)), t € S+ S and [[to < 1}

Let (¢a)a=1..p L. bea ||.]lo-orthogonal basis of S,, + S, such that [|¢x|lo = 0 or 1, where
Dy denotes the dimension of Sy, + S, (see Lemma 6.5.1). Let I" be the set

T—{\e{l,.... Doumh loallo 2 OF.
Let t € Sm+m/, t= Zf:frm/ arpx then

D

m+m’
1115 = Z axax (e, px)o = Zai.
AN =1 el
We compute the term H in Theorem 6.5.1.
Dm+m/ 2

E[Z%|A] = E sup  (a(t))’

tESm+Sm/, ||t||0§].

Al =E sup Z axpin(or) | |A

2oxer “igl A=1
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Besides, for every A ¢ I' and for every i € {1,...,n}, or(z;,u;) = 0. Hence

n

1
pn(r) = > (v — Fag, u))oa(wi,u) =0, YAET.

1=1

Therefore,

E[Z*|A] < E| sup (Z%Mn(%\)) A

err a3<1 \xer

| Zaera3<l \\er AeT

n 2
= ZE (n ; ]-I{Y<ul} xzaui))(pk(xiaui)) A

Ael’

1 n
= n2 Z Z Ox(s, ui)pa (T, w)E [(]I{Yigui} — F(x, ui))(H{Ylgul} — F(xy, ul)) ‘ .A] .

il=1 Al

For every i, E[lljy,<u|A] = F(x;,u;) (see Section 6.2.3), and for every i # [, 1ly,<,,) and
y,<y,} are independent, thus

E [(H{Yiﬁui} B F(xuul)) (H{Ylﬁul} - F(xlaul»‘ “4]
=E [(]I{nguz} - F(l’z,uz)) |Xz = Iy, E = Ul] E [(]‘I{Ylﬁuz} — F(ﬂ%ul)) |Xl = xy, 7} — ul}

= 0.
Thus
1 1 & 5
E[Z3|A] < - - [_ :.,:.]2.A_
[Z7]A] < nz<nZE (Wyi<uy — Flosw))” |Xi = 20, Ty = wi | 95 (3, u;)
el =1
Moreover, for every i = 1,...,n,

E [(H{Y@z} F(:vi’ui))z X =, T; = Uz}
= (1 — F(x;,w))?PY; < ug Xs = 23, Ty = wi] + (F(,u:))*P[Y; > | X; = 25, Ty = ]
= (1= F(wi,us)* F (25, w) + (F(xi,u:)) (1 = F(z3,u;))
= (

1 — F(zw)) F(x,u;) < i (6.16)
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since F'(z;,u;) € [0,1]. Hence

1 1<
E[Z%|A] < ™ <EZ¢§(%“")>
Ael i=1
1
= EZH‘PAHS

AeT
Card(T)
4dn

D+ D _ oo
4n

IN

Now we compute the terms b and v.

sup ( sup H(H{.Sui}—F(%ui))t(%wwm)

teSm+S,,,llt]o<1 \i=1,...,n

= sup ( sup |t(, ui)| || Mg <uyy — F(l’z’aui)Hoo) :

tESm+S,, 1 llto<1 \i=1,..n

Wiy, <u;y and F(z;,u;) are in [0, 1], so || Mgy, <uy — F (24, wi) ||o < 1 a.s.. Moreover, let t € S, 4.5,
be such that [|t||o < 1, for every i € {1,...,n}

(i, u;) < Zt2(Il,Ul) = n|t]l§ < n.
I=1

Thus
sup ( sup H (H{.gui} — F(xi,ui)) t(xi,ui)Hoo) <+/n=>o.

tESm—FSm/,”tHoSl i=1,...,n

Besides

tESm+Sm/7|‘tI|Q§1 n

1 n
sup (— Z Var (Wgy,<uy — F(i, )t (i, w)| Xy = 2, T; = u,))
i=1

tESm—‘rSm/,Ht”()Sl

1 n
= sup (ﬁ ZE [(H{Yigui} - F($i7ui))2|Xi =z, 1; = Uz} t2(£z’>“i)>
i=1
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According to (6.16),

1 n
sup (; S Var (e — Fles ug) s, )| Xi = o5, T = m))
=1

tESm+S,,7,tlo<1

1 1 —
< — (24, w;
<1 (Ere)

4 e8,m15,, ltlo<1

= — = .

4

p(m,m') = OH? with @ > 1, thus by Theorem 6.5.1 there exist numerical constants C, U/, K, K
which only depend on 6 such that

E sup ((un(£))* = p(m,m")) IA]

tESnLJ"Sm/,IIt”OSl
— H? — b? H
< cl exp (—En—) - C’l—2 exp (—E’n—>
v n
C R c I
= —exp (—E(Dm + Dm/)) + —exp (—i D,, + Dm,)
n n 2

C
<0 exp(—ro\/ D + D).
n

This concludes the proof of Lemma 6.4.1. O

According to Lemma 6.4.1, for every m, m' € I,,,

( sup (va())” = p(m, ml))

tESmA+S,,r,(1/n) o0 #2(X4,Yi)<1

C
< -0 exp(—ko\ Dm + D)
n

almost surely. Now, by Assumption (H), there exists a numerical constant B which depends
on 6 such that

Y E

m/el,

almost surely. Then by (6.15),

E

+

{(X5,T3) it

tESm+S,,,(1/n) S 12(X;,Y;)<1

( sup (va())* = p(m, m/>>

Jr

4CyB

----- n

which concludes the proof of Theorem 6.2.1. O

214



6.4.2 Proof of Corollary 6.3.1
The proof of is divided in two Propositions. Let

0 { [
2
C

E [Hﬁm — FH?(X,T) ZIQ] < C nllreli {tggn |F — tch(Xj) —|—pen(m)} + =2

1
< -Vt n o -
_Q,VES}

Proposition 6.4.1

n
where C and C4 are numerical constants.

Proposition 6.4.2 Under the assumptions of Corollary 6.3.1,

_ Cs
E |1 Fn = Fli3, o] < =2

n

where Cg depends on hy and K.

Proof of Proposition 6.4.1

First of all, the matrix G, is invertible on the set €. Indeed, let 1 be an eigenvalue of G, and
U € RPm an eigenvector with norm 1, then

2
W= U'GU = Z (OYS
AETm n
where (£3),c;  is a ||.[[-orthogonal basis of S,,,. Hence, on
. 2
w2 5 Z (OYS
AESm fix,m)
; 2
0
z2 5 D Ay
AETm
A 2 .
AeJm

Moreover, let
_ : 2
Fn = argmin [ F — ¢l .,
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be the projection of F' on the global model S,,. Then (ﬁm — F,) €5, so
n 2 o 2 2

By definition of €2,

E||Fs— FI3, 119]

IA

2K _||Fm — FnHiHQ] + |1 — FH?‘(X,T)

IA

B [|F5 — FIa +71F, - FI,

Moreover, according to Comment 2. after Theorem 6.2.1,

~ Cy
o~ — 2 ] 1 —_— 2 —
E [HFm FHn] <0 %rel;n {tle%fn IE =% —l—pen(m)} +=

For every m € J,,, S,, C .S, so

. 9 . 2
32 1~ ey < J0E IF — el

thus
5 2 . . 2 402
E [||Fm ~FI2, . HQ} < inf §(4C+7) jinf |[F =t} +4Cipen(m) { +—.
Besides, according to Remark 11,
E[|Fn — Fli3, o] <E[IFn ~ FIE, Tlo]
which ends the proof of Proposition 6.4.1. O
Proof of Proposition 6.4.2
The proof is based on the following Lemma.
Lemma 6.4.2 Under the assumptions of Theorem 6.2.1,
3—2v2 nhg
P[] < 2(N,)? - .
[Q°] < 2(Ny) exp( 9 (Nn)2K2>
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Indeed, assume that Lemma 6.4.2 holds. Fi(x,u) and F(z,u) € [0, 1] for every (z,u) € A,
S0

= 2
|- FI2,, <1
Hence, let ¢y = ho(3 — 2v/2)/(2K?).

E||1Fn - FI2 1|

IA

2n exp(—co log” n)

IN

l Qn—(co log n—2)
n

IN

and 2n~(®01°87=2) ig ypper bounded by a constant Cy which depends on K and hgy. This con-
cludes the proof of Proposition 6.4.2. O

Proof of Lemma 6.4.2

Let {X(xu, (k1) € J,} be an .|, ,,-orthonormal basis of the global space S,, where J,, is
the set of index defined in (6.3) for D&) = N and D$) = N&?. Assumption (As) for the
model S,, = S,, implies that

SUD (1) 4 (t(x,u))2 < KN, ||t]|?, VteS,
= SUD(,u)ca (t(x,u))” < %NnHtﬂch’T), vt e S, (6.18)
S SUD(uyed X (kiyel, (X (. 0)” < %Nn

and the latest equivalence comes from Proposition 1.2.1 and the consecutive remark.

c 1
PO = P [3te Sl - I, | > 310,
=P s | >
o 2p n foxm 92
€St 5, =1
As (X(ki))(k’l)@n is a |||l s x.r,-orthonormal basis of .S,
PlQ] = P sup Z Ak 1Ok 1!

Zknyen %a= (k1) edn, (K 1) ETn

1 « 1
o Z (¢ (Xas T) X ey (X, T3) — Weymqwr ) || > 5|

=1
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Let

n

Sk,l,k’,l’ = ﬁ ; (X(k,l) (Xi, Ti)X(k,l) (Xi, Ti) - ]I{(k,l):(k’,l’)})
= %XZ; (X (X, T X ) (X3, T3) = B [ Xy (X, To) x e ) (X3, T3) ) -
Then
Pl]< P sup Z |agllar || Sk ] > %

2 __
2 knedn Wa=L (k1) edn, (K1) ETn

Let C' and V' be the following N,, x N,-square matrix.
V= (v”k,l,k’yl’)(k,z)eJn,(k,zf)eJn where vy prr = B () (Xi, T)X (o) (X0 TH]

C = (Chap ) e yesn (hines, Where cpppy = ||X(k:,l)(XiaTz‘)X(k’,l’)(Xi;Ti)Hoo

and
p(V) = sup Z |ani||aw i |\/Or k00
Zkiyedn %i=L (k1) dn, (K 1) ETn
p(C) = sup Z |ak,l||ak’,l’|ck,l,k’,l"
Ziknetn %= (ki)edn, (K 1) En
Let V3
3—2¢v2 . ( 1 1 )
r= min : , (6.19)
2 p*(V) p(C)
then
V2zp(V) < V3 —-2v2=+v2-1
= V2xp(V)+2p(C) < 3. (6.20)
p(C) < 252
Thus
PQ <P sup Z |ang||ar i||Skpr | > V22p(V) +2p(C)

2 __
2k nedn =L\ (k1) €T, (K V) ETn

Besides, for every (ax;)(k)es, such that Z(k,l)eJn ai,l =1,
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> arallaw s ||Seiw | > V2up(V) + 2p(C)

(kD) en, (K1) eI

= Z |akﬁl\|ak/’l/||5k’l7k/7l/| > sup Z |bk,l||bk’,l’|<\ / 2ka,l,k’,l’ + xck,l,k’,l’)

(k1) Edn, (K 1) E T Ziknetn a=1 \ (ki)edn. (& 1) edn
= > arallawr||Seiwr| > > (V2200 0 + TCh )
(k) EJn, (k' 1) ETn (k,l)eJn,(k’,l’)GJn
/ !
= ’Sk,l,k’,l” > £/ 2$Uk,l,k/,l’ + TC 1k 1! V(k, l) € Jn, (k , l ) € Jn
Hence,

P[] < Z P Usk,z,k/,l/| > /220 51 + ka,l,k/,l/] :

(kD) ETn, (KU e Tn

According to Bernstein Inequality (Theorem 1.2.4 in Introduction), by definition of vy 4y
and Ch,l k' I

P[] < > 2exp(—nz) = 2(N,)? exp(—nz). (6.21)

(k) EJTn (K I")ETn

Now, we upper bound p?(V') and p(C). With Cauchy Schwartz Inequality,

2
2
P (V) = sup E |le|’ak/ z’| Uk, 1k’ I
2 _
2 kyedn g =L\ (k1) edn, (K 1) Tn
2
< sup ai, E |k 1|/ Ok ik
2k edn %=1\ (k, l)eJ,L (k, l)eJ,L (k' V)ETn
2
= sSup E |6l1<;',l/ |\/'Uk,l,k:’,l’
2 __
2kpedn =l (kyes, \ (K, 1)ed,
< 2
< sup ak/J/ Uk, 1k

2 _
2ok yedn W =1 (k€T (k' 1 ETn (K1) EJn

= E Uk Lk

(kD) edn, (K 1) en

By definition of Uk, 1k I
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pPP(V) < E Z X?k,l)(XhTi) Z Xk’l’ (Xi, T)
(kD)edn (k' 1YE Ty,

< sup Z Xy (@, u) | % Z E[X%k,l)(Xi;Eﬂ‘

(@weA \ 1/ e, (k1) ETn

For every (k,l) € J,, E [X%k,l) (Xl-,Ti)} = 1. Hence with (6.18)

K(N,)?
pP(V) < (h S
0
Similarly,
p(C) S Z Cz,l,k’,l’
(kD)€ dn, (K1) edn
= Z ||X(k,l)(Xi,Tz‘)X(k',l')(Xz‘,ﬂ)Hio
(kD)€ Tn, (K" ey
2
B > ||X(kvl)(Xi7Ti)HzoHx%k/,l/)(XivTi) N
(k1) Edn (K 1) ETn
With (6.18),
KN, KN,
HX(k,l)(Xini))HQ < sup ‘X(kl (x U)‘z_ 2 ==
(zu)€A 0
and KN
Xy (Xa T2, < .
0
Hence

KN\’ KN,\*> K(N,)?
O) < n _ Nn 2 n _ n)
pO) < Z (ho) \/()<h0> ho
(kL)€ (K 1) E Ty
Plugging the upper bounds of p*(V') and p(C) in (6.19) implies
ho 3—2V2
T >
- K(N,)? 2
and (6.21) ends the proof of Lemma 6.4.2. O
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6.4.3 Proof of Proposition 6.3.2

The proof is based on the following Theorem from Tsybakov (2004) (Chapter 2, Theorem 2.5).
Let B =B, (A, L).

Theorem 6.4.1 Assume that there exist M > 2 and Fy, ..., Fy such that
1. Fj € B for every j € {0,...,M}.
2. ||F; — F||* > 2r for every j #1€{0,...,M}.

3. Pj(n) << Pén) foreveryj € {0,..., M}, where Pj(n) denotes the distribution of (X;, T;, §;)i=1
if F'=Fj, and

-----

M
Z K(P",P{") < alogM

with 0 < a < 1/8.
Then there exists a constant ¢ such that

inf sup E [THﬁn - FHZ} >c

F, FeB
Up to rescalings and translations, we assume that A = [0, 1] x [0, 1]. We construct a set of
distribution functions {Fy, ..., Fis} which satisfies (1), (2) and (3).
Construction of the (F;)’s

Let
Fo(z,u) = o qy(2) (a]I[07+oo[(u) + aulljp 1)(u) + (1 — a)]I[lﬂLoo[(u))

with a = min(1/3, L/2). Fy is a conditional distribution since for every z € [0, 1],

o [y(z,u) =0, Yu<O.
o [h(x,u) =1, Yu>1

e [{(x,.) is increasing on [0, 1].

Let ¢ be a one-dimensional compactly supported wavelet. Up to a rescaling, the support of v
is assumed to be [0, 1]. For every J = (j1,J2) € N?, S = (51, 89) € Z2?, let

¢J,S(l’> u) = 2(jl+j2)/2¢(2j195 - 31)¢(2jgu — 53)

for a fixed J which will be determined further. For every J € N, there exists a subset R; of Z
such that
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x  Supp(vys) = I;5 CJ0,1[? for every S € R;.
« The applications {15, S € R;} have disjoint supports.

* |RJ| = 2j1+j2.

Let b be a positive constant which will be determined later. For every e € {0, 1}/ let

G. = \/g > estus

SeRy

and F, = Fy + G.. For every x € [0, 1],

o [ (x,u) = Fo(x,u) =0, Yu<0

o F.(z,u) = Fy(r,u) =1 Yu>1

Moreover, for every (z,u) € [0,1]?,

¢ b Iys
Fe(x,u):a—i-/o (a—i-\/; Z €s o (x,y

SER;

b_. : oY(z,.) a
2 931/29352/2 il e A < Z
\/;2 e H 0y Hoo T2

Assume that

) "

(6.22)

then for every x € [0, 1] the application Fi(x,.) is increasing on [0, 1], so F. is a conditional

distribution function on [0, 1]2.

Condition which guarantees that F, € B for every ¢

On the one hand, assume that v is regular enough, then according to Hochmuth (2002) (The-

orem 3.5),
Gelsg_qoapy < @7 + 222Gl
Moreover
Gl =/ el < \/Eg(jﬁjz)/;
SeRy n n
Thus
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||Ge||5§m([0’”2) = |G€|B§m([0’1}2) + |G| < \/;2(31+J2)/2<231ﬂ1 + 2028 4 1),
On the other hand, ]F0|82,@ (oa2y = 0- Indeed, let r; = |Bi] +1 for i =1 and 2. Then r; > 1,
r9 > 2 and '

[Folsg o) = sup [t w1 (Fo, £, [0,1]%)2 + ¢ Pwy, o(Fo, £, 0, 1]%)s] -
Besides, for every (z,u) € [0,1]*> and h > 0 such that (z+h,u) € [0,1]%, Fo(z+h,u) = Fy(z,u).
So, as r; > 1,

AZ{IF()(I',U) =0.

Hence

le,l(Fo,t, [0, 1]2)2 = Sup ||A2171F0||2 = 0.
t

|h|<

Moreover on [0, 1], Fy(x,u) = a(1+w) if u < 1 and Fy(z,1) = 1. Thus, let Fo(x,u) = a(l +u)
for every (x,u) € [0,1]*, Fy and Fy are equal on [0,1]* except on a set of measure 0, so
| A Foll = |AR,Foll. Besides, for all (z,u) € [0, 1]

A}L,zﬁo(% u)=ah = AZ?;lA,%,QFO(x,u) =0
as ro — 1 > 1. Then w,, 2(Fy, t, [0,1]?)2 = 0. Therefore |Fo|35700([071]2) =0,

1 1
7
”FOHBQB ([0,1]2) = \// / a?(1 + u)?dudz = \/;a
> o Jo

7 b .. .. . ,
HFEHBg ([0,1]2) S \/;a_|_ \/;2(J1+J2)/2(2J151 + zjgﬁg + 1)'

By definition, a < L/2 so ||F6||B§ (o.aj2) < L as soon as

b ... : . 7
Z9Ui+i2)/2(9i1Bt L9022 L V< L1 —=4+/— . 2
\/; @R+ 41 < V 12 (6.23)

Expression of ||F, — F.|?

and

b
IF=Fel? = 23 [ (e = )0 s(o widoda
SERy J.8
b b
= E Z H{es#eg} - Ep(ea 6/) (624)
SERy
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Upper bound of K(PE(”)7 Po(n))
For every i € {1,...,n}, the distribution of (X;,T;, ;) under F, is

pe(x’uad) = [(FE(ZL‘,U))dﬂ - F6<x7u))1_d] f(X7T)(x7u)

with respect to £L ® L ® p where L is the Lebesgue measure and g is the counting measure on
N. Similarly, under Fy, (X;,T;,0;) has a distribution

pO(I7U7 d) = [(Fo(x,u))d(l - Fo(xvu))l_d} f(X7T)(x7u)

with respect to L ® L ® u. For every e € {0, 1}|RJ‘, P. is absolutely continuous with respect to
Py. Indeed,

Folx,u) =0 = (z,u) ¢[0,1] x [0,4+0[ = F.(z,u)=0,
Fo(z,u)=1 = (z,u) €[0,1] x [1,4+00[ = F(z,u)=1,

thus, po(x,u,d) = 0 = p(z,u,d) = 0.

K(P.Py) — /]R 2 {log <%> Fo(z,u) + log (%) (1- Fe(x,u))} Joum (i, u)dadu

Out of the intervals {I;5,5 € R;}, F. and Fj are equal. Hence

- ¥ /IJ’S {1og (1 + ﬁ) (a(1 +u) +0s)

SERy
0
TM) (I—a(l+u) - 98)} foxm (x,u)dxdu

b
s = Es\/glﬂJ,s(lU, u).

Besides for every v > —1, there exists w such that

+ log (1 —

where

log(1 + ) vl
o V) =0 — ——— < 0.
& 2 (1 +w)? =
By construction of F, for every S € R; and every (z,u) € I3,
F.(r, 0
w) o o o
Fo(z, u) a(l+u)
1 — F(x,u) Os
>0 = - —
1 — Fo(x,u) 1—a(l+u)



Therefore

6% 6%
K(P.,Py) < / {05 + 5 g+ ————| fixm (2, u)dzdu.
s%;, 1 a(l +u) 1—a(l+u)|"&"
For every u € [0, 1],
1 1 1 1
— < -  and < .
a(l+u) ~ a l—a(l+u) ~ 1-2a

and by definition of a, @ > 0 and 1 — 2a > 1/3 > 0. Thus,

1 1
Ker) < (34i05) [ ooy

SeRy IJvS

1 1 b
< (- 2 IR
< <a+1_2a)n||f(X,T)|| Ry
b2j1+j2

= d||fxmlls
where ' = 1/a +1/(1 — 2a). Finally,

K(P™, Py < || fox . l|ocb271 772

Conclusion

Acoording to Lemma 2.7, Chapter 2 in Tsybakov (2004), there exists a family (¢®, ..., ™) c
{0, 1}179] with ¢ = (0,...,0) such that

o ) > % _ 2]-1:2’ Vi €{0,..., M}
and
log(M) > 10522”'1”2,
where the distance p is defined in (6.24).
Now parameters By, b, j; and j, are choosen so that the family (Flwo), ..., F.on)) satisfies

the assumptions of Theorem 6.4.1 with

r = BynP/B+D),

1/(14+B1+pB2

) log 2 L ( \ﬁ [
:—7 Ch = _— —_ —_
72| fx.1)llooa’ R O/ 2

Let



and 7; and jo be in N* such that
%nﬁ2/(ﬁ1+ﬁ2+2ﬁ1ﬂ2) < Qi1 < Conﬁz/(ﬂ1+52+2ﬁ1ﬁ2)

%nﬁ1/(51+ﬂ2+231,32) < 972 < Conﬁl/(61+62+2ﬂ162).

Let By = 32/bc3. Then for every i,i" € {0,..., M}

b 9J1+72
Fo —F >
| Foy — Fn||* > —
DCG  (B182)/ (Br-+Ba 261 2)
> n 1 2 1 2 192
- 32n

_ Bon*Qﬂlﬂz/(51+ﬂ2+2ﬂ152)
_ Bon_B/(B—H)

which proves (2) in Theorem 6.4.1 with r = Byn~?/(3+1)_ Moreover

log 2 log M

2j1 +i2 <«
72 -

M ZK (1)7 < a ”fXT Hc>ob2]1+]2 =
which proves (3) in Theorem 6.4.1 with a = 1/9.
Finally (1) in Theorem 6.4.1 is satisfied as soon as (6.22) and (6.23) are satisfied. As 3; > 0
and [y > 1, there exists ny € N which depends on ¢ and L such that for every n > ng, (6.22)
is satisfied if (6.23) is satisfied, By definition of 2/* and 272, condition (6.23) is satisfied if

\/[_)Con*ﬂlﬁz/(31+52+2ﬁ1ﬁ2) ((Cgl + Cg2>n5152/(ﬁ1+52+25152) + 1) <L (1 _ 1_72>
which is guaranteed as soon as
L 7
\/BC()<C€1 + C€2) < E (1 — 1—2> and (625)
\/Econ—51ﬁ2/(ﬁl+ﬁ2+2ﬂ1ﬁ2) < g (1 _ 1_72> ) (6.26)

(6.25) is satisfied as soon as

26631+52+1§ L 1 — l :
2vb 12

which is guaranteed by definition of ¢q. Moreover, there exists an integer ny such that (6.26) is
satisfied for every n > n;.
Thus for every n > max(ng,n1), (1), (2) and (3) in Theorem 6.4.1 are satisfied with r =

Bon#/(B+1) which concludes the proof of Proposition 6.3.2. O
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6.5 Appendix

6.5.1 Talagrand Inequality
We use the following form of Talagrand Inequality.

Theorem 6.5.1 Let (V4,...,V,) be a sample of independent random variables, and F be a set
of applications from R to R™ which has a countable dense subspace for the norm ||.||. Let

Z =sup |~ S(FO (Vi) — BFO1))|.

feF |
Let b, v and H be such that

sup sup |[f@]| <0,
feFi=1,..,n

) — —

Then for every 6 > 1, there exist positive numerical constants C, C', K, K such that for every
n?

o H2 i H
E[(Z° - 6H%).] < o exp (—En—) + C'/b— exp (—E’n—> . (6.27)
n n
Proof of Theorem 6.5.1

Theorem 6.5.1 is obtained from the following result by Klein and Rio (2005).

Theorem 6.5.2 Let (V4,..,V,) be a sample of independent random variables. Let S be a count-
able set of applications from R to [—1,1]. Let

n

Z' = sup Z s9(V;).

seS i1

Assume that E[s(V;)] = 0 for everyi € {1,...,n}. Then

P[Z' > E[Z'| 4+ 2] < exp <_2(V +2E[Z]) + 3510)

where V = sup,cg Var(Y 1, s9(V0)).
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e By density arguments, Theorem 6.5.2 can be generalised to a set of function S which has
a countable dense subset for the norm ||.||.

e We note that

Z = sup | = S (190 - E[f(“(Xi)])‘ —  sup (

feF | —1 fEFU(—

;’IH

Z (fOVi) —E[f9(X )]))

Moreover,

sup sup 1/ Do = sup  sup ||f?| and

feEFi=1,...,n feEFU(=F)i=1,..,n
sup— Y Var(f9(X;)= sup = Var(f9(X)))
fer n Zl fEFU(-F) I ; (A

Thus it is enough to prove (6.27) for
1 .. .
Z =sup | — D) —E[fD(X)]) | -
sup (n ;1 (f7 (Vi) = E[f(X3)])
o Let Z/ =nZ/b,

Z' = sup Z sO(V;)

seS i

The {V;}’s are independent so
V =supVar (Z sO(V; ) = Supz Var <%(f(i)(V,~) — E[(f(i)(Vi)])

sES i—1
= sup Var (— @) Vi)
feF; (W)

Besides,



Thus, for every x > 0, Theorem 6.5.2 implies

PZ>H+4a] < P[Z>E[Z]+4]
- Pz 2E[z]+ 2]

IN

n?z?/b?
exp | —
2(V +2E[Z]) + 3nzx/b
e [ nx?
P\ T T aH 1 362 )

Then, we apply the above inequality with z = y + vH for some positive y and v. As 2% >
y? + 2vH, and for every positive numbers a, b, c,

1 1 1 1
—Z_mln _7_7_ b
at+b+c 3 a' b’ c

n(y* + 2vHy)
20 + 4bH + 3by + 3bvH

n . [y* o? 2vHly
——ming &¥—, o
20" 3by’ (4bH + 3bvH)

3

n o fyy 2wy
——min¢ —, >, ——— .

3 20" b’ 4b + 3bv

2vy S 2vy
40+ 3bv — b

PlZ>(14+vH+y] < exp

Moreover, if v < 1,

and if v > 1,
2vy vy 2y

> = .
4b+ 3bv — 4bv +3bv 7D

Hence, for every v > 0,

2vy ) Y
— 7 >2 1,v)=.
13ty = 2min(L )z
So,
_ vy Yy y . [2min(1,v) 2min(1,v)y
__ Z > Z R 1 =
mm{4b+3by’b}—bmm{ 7 7b
Thus,
2 2min(1
PlZ>(1+v)H+y] <exp (—gmln{g—UW}) (6.28)

Besides, for every random variable X of density fx,
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Bl = f " afx (@)

[tz

d Z.

Noting that lim, ., . zP[X > x] < E[X,], we can integrate by part.
E[X,]=— lirJlrn rP[X > z] —|—/ PIX > z]dx g/ P[X > z]dx.

Thus

E[(Z? - 0H%),] < /+0o P[(Z* — 0H?), > s]ds

+o0
< / P(|Z| > VOH? + s]ds.
0

As 0 > 1, there exist 0y, 05, 63 > 0 such that 6 = (1 + 6;)(1 + 65)* + 03. Moreover, for every
2,y 20, \/(L+01)z+ (1+1/61)y > /& + /y, hence

E[(Z* - 0H*),] < /m P [|Zy > /(14 601)(1 4 05)2H2 + 03H2 + s} ds

“+oo
< [ r
0

93]1']12 + s

Z| > (1+09)H —
212 W E s,

ds.

According to (6.28),
E[(Z° — 6H?). |
/+°° n_. { O3H? + s 2min(1,92)\/93H2+3}>
< exp | —5 min ds
0

20(1+1/61)"  7b\/1+1/6,

+oo n(0sH? + s) +oo 2min(1, O5)n/03H? + s
< exp | ————= | ds + exp | — ds
0 6v(1+1/0:) 0 21by/1+1/6

VOHZ + 5 > /0;H2/2 + \/s/2, hence

E [(2? — 6H?),]
< /O+Oo exp (_M) ds + exp (—%min(l’%)(\/@m i \/§)> ds.

6u(1+ 1/6;) 21b1/2(1 + 1/6,)
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We recall that

+o00 1 +o0 2
/ exp(—Cs)ds = — and / exp(—C/s)ds = =, VC > 0.
0 C 0 C
Thus,
6(1 + 1/91)1} 93 TLHQ
E [(Z* — oH? < -1 7 —
(=0, s = e ( 6(1+1/6) v

b2 ( 2 min(1, 92)\/@)

21 2
+(—2mm(1,92)) 201+ 1/0) s SOV

which ends the proof of Theorem 6.5.1. O

6.5.2 Linear algebra

Lemma 6.5.1 Let V be a linear subspace of a vector space E with Dim(V) = D < oco. Let
(s,t)o be a scalar product on E, and ||t||o = \/(t,t)o the corresponding semi-norm. Then there
exists a basis (p1,...,¢p) of V which is orthogonal for the ||.||o-norm, and such that ||¢;llo = 0
or 1 for every j=1,...,D.

Proof of Lemma 6.5.1

Let (¢1,...,%p) be a basis of V. The proof follows the Gram Schmidt orthogonalisation
procedure, but with a possibly linearly dependent family.

o Let o1 = 4y.
o Let oy = 103 + apy be such that

(@2, @100 =0 & (2, @1)0 +all@1y = 0.

If ||¢1]]o = 0, with Cauchy Schwartz Inequality, (¢, ¢1)0 = 0 as well and we set

_W281)0 therwise.

21113

{ 0 if |p1flo =0
a =
e Forevery k € {1,...,D — 1}, we set @41 = i1 + Z§:1 a;p; where

—M otherwise.
12,115

{ 0 if [|@;]lo =0
a; = 5

Thus, for every k € {1,...,D}, Vect(¢n,...¢r} = Vect(r, ..., ¢r) and the (¢;)’s are orthog-
onal for the |.||o semi-norm. Finally, let
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?i_ otherwise. O
l¢5llo

B { B if |g;]0 =0
Yj =
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Concluding remark about
regression-type estimators

In Chapters 2 and 6, we have estimated a regression function by minimisation of a least square
contrast on models S,,. We have shown that the coefficients of the resulting estimator satisfy
an equation which brings into play the Gram matrix of a basis of .S,, for the empirical norm
associated to the designs. But this form of coefficients also appears in other frameworks, like
in Chapter 4 for hazard rate estimation.

More precisely, let g be a function to estimate from a sample (U;, W;);=1,. , and M,, =
{Sm,m € J,} be a collection of models. Let {¢1,...,¢p,, } be a basis of Sm, the non adaptive
estimator g, on S, is called a regression-type estimator if g,, = " axdr and the vector

A, = [a1,...,dp, | satisfies
GrnAm = Vi, (6.29)
where G,, is the Gram matrix of {¢1,...,¢p,,} for the empirical norm
2 1o
=13 ew)
i=1
and

( ZW¢1 ZW¢Dm >t.

In such a context, we generally assume that the norm ||t[/s, = \/ [ () fu(x)dz is equivalent
to the canonical L? norm ||.||, which is guaranteed if f;; is lower and upper bounded by positive
constants.

In this manuscript, we have considered three regression-type estimators:

- the regression function estimator by, in Chapters 2 and 3,

- the hazard rate estimator h,, in Chapters 4 and 5, R

- the estimator of cumulative conditional distribution function F), in Chapter 6.
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According to (6.29), g, is uniquely defined if and only if the matrix G, is invertible. More-
over, we need that the estimator g, does not become too large, so the invertibility of CAJm is not
sufficient: indeed, the coefficients of g,, can become very large if the eigenvalues of g, are close
to 0. For the three estimators presented in this manuscript, we have considered three different
ways to take in account this problem which are summarized and compared in this conclusion.

[1] The first approach, used in the regression fuction estimator from Baraud (2002), consists
in forcing g, to remain smaller than a value k,. More precisely, we replace g,, by the following
estimator

Gm i gl <k
Im = (6.30)
0 otherwise

and k, is chosen so that the probability P[||g,,|| > k] is small. First of all, the norms ||.|/z,
and .|| are equivalent, hence

Pll[gmll > knl < Plllgmll s > ckal

for some constant c¢. Then, we consider the set of large probability

= {0

14117

where the norms ||.|| s, and its empirical counterpart .|/, are close, and

—1‘ < i,VteSm} (6.31)

PGl > kn} N Ap] < Pll[ginlln > k.

Besides, under some assumptions about the collection of models, the probability P[A¢] is smaller
than C/n® where
A = Uper, Am. (6.32)

Now, we have proved in the regression context that g,,(U) = (9, (U1), ..., 9m(U,)) is the
projection of Y = (Y3,...,Y,) on the subset

Sm(U) = Vect{p1(U),...,ép, (U)}

of R™, and this result holds for a general regression-type contrast. Indeed, let U be fixed and
(¢1,-..,9D,,) be a ||.||,-orthogonal basis of S,, and Gp, = S_o™ brpr. Consider equality (6.29)
in the basis (¢1,...,¢p,,), then the matrix G, is equal to identity. Hence

n n t
Em = |:/51,...,/b\Dmi|t = <%ZVVZ@1(UI>’7%2W1¢Dm(UZ>>
i=1 i

which is equivalent to
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(G, Pr)n Zngok Vk=1,...,D,

& (Gm(U), ee(U)) = W, on(U)), VEk=1,...,Dp,

where (.,.) denotes the canonical scalar product on R". Thus, g,,(U) is the projection of W on

Sm(U) so

1 1 1 &
m = —||Ym <_ _ - - P
G I5 an (Ol n”” I n ;1: Wi
Therefore, Markov Inequality entails

C
EE[WE]-

n

Pll[gmlln > chn] <

Finally, after the model selection procedure, the risk of gz decomposes in E [H Jim — ngfU G 1<k} A}
which provides the main term in the oracle inequality and

E [l — 9l7, Uigaisraoac] < NglF, P Gall > ka0 Al + (lgll s + En)® PA]
C’ ky,
S ﬁ +C”

Then, if we set k, = n, the term above is smaller than C"” /n.

[2] Another procedure consists in considering directly a set where the matrix @m is invertible
“enough”, that is where the eigenvalues of @m are larger than a threshold which is chosen by
the following argument. Consider the matrix G, = E[G], then G,, is the Gram matrix of the
basis {¢1, ..., ¢p,, } for the norm ||.||s,. By assumption, fi; is lower bounded by hy > 0. Hence
let A be an eigenvalue of GG,,,, and Z an eigenvector related to A\, then

GnU =)\7Z = Z'GnZ = \2'Z

Dim 2
Z 21Ok
=1

=
fu
D 2 D 2
= h Z%% <A sz%
k=1 k=1
& ho < A

Thus, we build an estimator ﬁo of hg and define
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~

Jm if min(Sp(G,,)) >
9m =
0 otherwise

Then we upper bound P [min(Sp(@m)) < (1/2)%0]

N 1~ N 1~
P |min(Sp(G,,)) < §h0] < P {min(Sp(Gm)) < %ho] + P Eho < §h0]

~

= P {min(Sp(Gm)) < %min(Sp(Gm))} + P

2~
h() < §h0:| .

The study of the term P[hy < (2/ 3)};0] depends on the context, but & is generally the mini-
mum of a non adaptive estimator of fx, and Plhg < (2/3)ho| is upper bounded with a devi-

~

ation inequality (Bernstein,...). On the other hand, the deviation between min(Sp(G,,)) and
min(Sp(G,,) brings into play the difference between the norms ||.||, and ||.||s, since G,, ad Gy,
are the Gram matrix of the basis {¢1, ..., ¢p,, } respectively for the norms ||.||, and ||.||s,. This

heuristic is stated more precisely:

D, 2
min(Sp G — min UG, U= min ZUWS —  min 12
(oG = guin UG = in |3 | = min i

Hence

N 2
P min(Sp(Gm))<§h0} = P[min l <§}

4 1€5m ||t][2he 4
t||? 3
P | min | HZ" < =
iesm ]2, 4
< P[Ay]

where A,, is defined in (6.31).

[3] The third approach, developed in Chapter 6, consists in considering, in a first time, the
risk associated to the empirical norm ||.||,. Indeed, as proved in [1], §,,(U) is the projection of
W on S, (U) 0 g (U) is defined and unique, that is to say that g,, is uniquely defined on the
set (Uy,...,U,). Thus, the risk E[||g,, — g||?] arises naturally.

In Chapter 6, we even prove an oracle inequality with the risk E [||gs — g||?|U] for U a.s.
(which entails an oracle inequality for the risk E[||gm — gl2]):

. ) ) Cy
E ~ 2 l] < _ 2 + + -
[Hgm gllx| } <G réleluffn {tle%fn lg =l pen(m)} n’ (6.33)
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This result has the advantage to be directly transposable to the fixed design context: assume
that (U; = vy, ..., U, = v,) are non random, and consider the risk associated to the non random
norm ||¢||2 = (1/n) >, t*(v;) (this risk is classical in fixed design regression, see for example
Baraud (2000)), then the same oracle inequality holds. Moreoever, this result is obtained under
very few assumptions on the collection of models and generates constants C; and C5 smaller
than in the L?-risk oracle inequality.

Nevertheless, the L-risk E [||§m — gH?U} is more classical. First of all, it enables to conduct
a minimax study, which would be much more difficult with an empirical risk. Besides, in
regression context, the behaviour of the estimator at other points than the design is one of the
main purpose of regression function estimation (for example to know the quality of a prediction).

The oracle inequality for the L2-risk is inferred from (6.33). Indeed, on the set A (defined
in (6.32)) , E [[[gm — gll5,] <4E[|gm — glI2] is upper bounded by (6.33). To control the risk
on A€ similarly to [1] and [2], we need to restrict the definition of the estimator on a set on
which @, is not too large, and put g,, = 0 otherwise. The distribution function F' studied in
Chapter 6 is especially simple since we know a priori that F(z,t) € [0,1] for every (z,t), but
in a general case, we consider rather a restriction like (6.30). Moreover, we prove that

Pl < &
n

This result requires stronger assumptions on the collection of models, in particular a restriction
of the dimension of the models, and provides a very large theoretical constant C'.

Conclusion

Finally, we note that these three approaches, even if they are differently presented, are ac-
tually very similar. The risk is estimated on two sets: a set of “good estimation” where g, is
well defined, which generates the main term inf,e;, {infieg,, ||t — gl|3, + pen(m)} in the oracle
inequality, and a set of “bad estimation” where ||g — gml s, is forced to remain bounded and
which has a small probability depending on P[A€].

- In [1], the set of good estimation is {||g,|| < kn.} N A, and the set of bad estimation is
{gmll > kn}y U A

- In [2], the set of good estimation is {min(Sp(Gm)) > ho} and the set of bad estimation
is {ho < (2/3)ho} N {min(Sp(Gm)) < (3/4)hg} and we have proved that {min(Sp(G,,)) <
(3/4)ho} C A. Contrary to [1] where the threshold k,, is arbitrary fixed, the threshold ho has
an interpretation and provides an information about the quality of the estimation.

- The procedure presented in [3] is different: contrary to the two cases above, we first con-
sider a set of values where g, is uniquely defined: (Uy,...,U,). Then, the upper bound of
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the risk on this set of values can be immediately transferred to the set of good estimation
ANA{Gm|| < k,}. The two steps described in this method are actually present in the proof
of procedures [1] and [2]. Thus, the third approach allows us to distinguish the assumptions
which come from the framework and and those which come from the equivalence between the
empirical and L? norms. But if one is only interested in the L?-risk, procedures [1] and [3] are
equivalent.

Besides, we have summarized these three methods for a general regression-type estimator to

underline the fact that each procedure can be applied to any of the three frameworks considered
in this manuscript.
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