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Abstract—This paper presents two results: a density estimator and an estimator of regression error
density. We first propose a density estimator constructed by model selection, which is adaptive
for the quadratic risk at a given point. Then we apply this result to estimate the error density in
a homoscedastic regression framework Y; = b(X;) + ¢; from which we observe a sample (X;,Y;).
Given an adaptive estimator b of the regression function, we apply the density estimation procedure
to the residuals €; = Y; — b(X;). We get an estimator of the density of ¢; whose rate of convergence
for the quadratic pointwise risk is the maximum of two rates: the minimax rate we would get if the
errors were directly observed and the minimax rate of convergence of b for the quadratic integrated
risk.
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1. INTRODUCTION

Consider a sample (X}, Y;) from the homoscedastic regression framework:
Y;:b(Xi)—i-ei, (1)

where the (¢;) are unobserved independent identically distributed (i.i.d.) data with common density f,
with zero mean and independent of the (X;). The main goal of this paper is to propose an estimator for
the density of ¢;, and to provide an upper bound for the quadratic risk of this estimator at a fixed point xg.

The main issue in regression problems is to predict Y; by measuring only X;. The first step in such
study is the estimation of the regression function b(z) = E[Y | X = z|. This question has already been
studied at length. The second step consists in studying the variations of Y; around its conditional mean,
which are characterized by the density of the errors (¢;).

The knowledge of an estimator of the error density has many applications: for example, it allows model
validation and, combined with an estimator of the regression function, it provides confidence intervals for
future observations Y. The reader is referred to Efromovich [8] for practical applications. Many papers
are devoted to density estimation but the difficulty in our problem is to estimate the density from a sample
(€;) which is not observed. The natural approach consists in computing proxies of the (¢;), i.e., quantities
based on the data which estimate the true (¢;), and applying to them a density estimation procedure as if
they were the true error sample. Observing that ¢; = Y; — b(X;), we naturally estimate the errors by the
residuals (¢, = Y; — B(Xl)), where b is an estimator of the regression function. Efromovich applies this
strategy with a thresholding density estimation procedure (see, for example, Efromovich [8]). He gets
an estimator of the density of the (¢;) whose L?-risk reaches the same minimax rate of convergence we
would obtain if the (¢;) were observed. Nevertheless, this result requires strong regularity conditions
on the regression function b, and on the density of the (X;) and (¢;). Another estimator is built in
Plancade [17] by model selection. Its L?-risk has a rate equal to the maximum of the minimax rates
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2 PLANCADE

of estimation of b and f if the sample (¢;) were observed. Let us also mention the papers by Akritas
and Van Keilegom [1] and Kiwitt ef al. [9] which propose estimators of the regression errors distribution
functions. But to the author’s knowledge, no paper studies pointwise estimation of the error density by
any method.

The estimators presented in this paper are based on a pointwise model selection procedure. Model
selection theory has been initiated by Birgé and Massart (see, for example, Birgé and Massart [4]), and
adapted to regression function estimation in Baraud [3]in the study of integrated quadratic risks. We will
use here the estimator b of b proposed in Baraud [3], constructed by a model selection procedure based on
least square estimators. Although the principle of pointwise model selection is the same, the techniques
to carry it out are different. In particular, the key tool to prove the adaptivity of classical model selection
estimators is the Talagrand inequality, whereas the adaptivity of pointwise model selection estimators
comes out of a simpler Bernstein inequality. The techniques developed in this paper are based on Laurent
et al.[11], in which they develop these methods in a different framework.

This paper presents two results. On the one hand, we build a density estimator which proves to be
adaptive for the pointwise risk over some classical classes of regularity. Such estimators have been
constructed using kernel methods in Butucea [5], with the same adaptivity properties, along with
minimax results over Sobolev classes. Nevertheless, our estimator is completely data driven, whereas
the estimation procedure in Butucea [5] brings into play upper bounds on unknown quantities. The
second result proceeds from the application of the above density estimation procedure to residuals from
the framework (1). We get an estimator of the error density whose pointwise rate of convergence is the
maximum of these two rates: the pointwise minimax rate of estimation of f we would get if the errors
(¢;) where observed and the L?-minimax rate of estimation of b.

The paper is organized as follows. In Section 2, we introduce the definitions and notations, in
particular, we define spaces of regularity and collections of models. Section 3 presents the density
estimator and its convergence properties. This density estimation procedure is used in Section 4 to
produce an estimator of the error density. Section 5 is devoted to numerical results. The proofs are
gathered in Sections 6, 7 and 8. Section 6 is devoted to the results about density estimator, Section 5
contains the proof of error density Estimation Theorem, and proofs of minor results are gathered in
Section 8.

2. DEFINITIONS AND NOTATION
2.1. Notation
Let ¢ be a function defined on an interval I of R and p be a density on I. We consider several norms

of t:
el = suplea)l, 1l = / t2<x>dx)1/2, el = / t2<m>u<az>dm)1/2.

Besides, we consider the following spaces of functions over I:
LA = {t: T > R, < +o0},  L¥(I) = {t: I — R, ||t]lec < +50}.
Moreover, we denote by Supp(t) the closure of the set {z € I,t(x) # 0}. I ¢ is a function &k times

differentiable, we denote by (¥ its kth derivative.

For every set S, we denote by 1¢ the indicator function of S, thatis 1g(z) = 1ifx € Sand 1g(x) =0
otherwise.

For every function t: R — R, we denote by ¢t* the Fourier transform of ¢:

t*(u) = / t(z)e™ " du, Yu € R.
Tz€R

For every linear space S, we denote by t,, the L?-orthogonal projection of ¢ onto S,,.
Finally, for every z € R, we denote by E(x) its integer part, that is E(x) € Z and:

E(x) <z < E(zx)+1.

Let I C Jbetwo subsets of R, wedenoteby J\ I = {x € J,x ¢ I}. Finally, we denote by o(1) a quantity
such that lim,,_, 4 0(1) = 0.
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ESTIMATION OF THE DENSITY OF REGRESSION ERRORS 3

2.2. Spaces of Functions

We consider the following Sobolev classes, for every o, L > 0:

W(a, L) = {F € I2(R), 21 /\F*(u)\2u2a du < L2}.

2
The Holder classes are defined as follows. For every 8, L > 0, and r the largest integer less than g, let

(3, 1) = {F € I2(R), [FD(2) - FO(y)| < Liw — y"", ¥o,y € R}.

2.3. Collections of Models
Sine-cardinal basis: Let ¢ be the function defined on R by:

b(z) = sin(mc)7 vz € R,

T™r

and ¢(0) = 1. Foreverym > 0, k € Z, set
bmp(x) = Vmo(mz — k),  VreR,

and set
Ay, = vect{dpm i,k € Z}. (2)

Let 2, be the collection of models which incorporates the models (A4,,) for m belonging to a grid of step
1/B, B being a fixed positive integer:

A, = {Am,m € éN,m < Mn}

and M,, < n. The following results hold.
Proposition 2.1. (1) The family {¢m i, k € Z} is orthonormal.

> Okl <m

kEZ

(2) Foreverym >0,

(3) Forevery0 <m <m/, Ay, C Apy.

This result is proved in Section 8.

Wavelet basis: We consider also a collection of functions on [—1, 1] constructed from the compact
wavelet decomposition. We only recall here the definition of wavelet bases, the reader is referred to
Meyer [16] for more details. Let ¢ be an r times differentiable function, called mother wavelet, supported
on a compact set [—B, B] and satisiying the following conditions:

(1) 4,...,9) are bounded on [~ B, B;

(2) For every 0 < k < and £ > 1 there exists a constant C; such that |¢®)(z)| < Cp(1 + |z])~¢,
Vx € [-B, B;

(3) [P et p(a)dz =0 V0 <k <r;
(4) The set of functions {tj: @ — 23/2:(2/%z — k), (j, k) € Z2} is an orthonormal basis of L2(R).

Consider an r times differentiable function ¢, called the father wavelet, supported on [-B, B] and
satisfying conditions (1) and (2) above, as well as the following conditions:
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4 PLANCADE

(3) [Tpele)dr=1;

(4') The set of functions {¢g: v — p(z — k), k € Z} U{¢;x,j € N,k € Z} is an orthonormal basis

of L?(R).
See Meyer [16] for examples of such functions ¢ and ¢. The set {1;;,7 > 0,k € Z} U {pi, k € Z}
is an orthonormal basis of L?[—1,1]. As 1 is supported on [—B, B], the restriction of ¢, 5 to [~1,1]
is identically equal to zero for all j € N and k ¢ [-27 — B,27 + B]. Let us denote I'(j) = Z N [-27 —
B, 27 + B). Similarly, ¢, is identically equal to zero forall k ¢ [-B — 1, B + 1] = I(0). Set
By = vect ({5,) = 0,...,m — 1,k € D(j)} U {px, k € T'(0)}). (3)
It is clear that for every positive integers m’ > m, B,, C B,,». Now, we define
B, = {Bm,m € N, 2™ < M,}

with M,, < n. The following result holds.

Proposition 2.2. There exists a constant K, which only depends on the father and mother
wavelets v and v, such that, for every m € N¥,

HZ PORTED DI I o (4)

J=0 ker'(j) keI’ (0)

This result is proved in Section 8.

3. DENSITY ESTIMATION BY POINTWISE MODEL SELECTION
In this section, we present a density estimator which is adaptive for the pointwise risk, over classical
classes of regularity. In Section 4, this procedure will be applied to the pseudo observations €; of ¢; to get
an estimator of the error density.

3.1. Framework and Assumptions
Let

Vi, .ooy Vay) (5)
be an i.i.d. sample drawn from a density g supported on I C R, which satisfies:
Hgens: SUPger |g(1")‘ = v < +00.
Let M,, = {S;m,m =1,...,N,} be a collection of subsets of L*(I) and {D,,,m=1,...,N,} a
collection of positive integers smaller than or equal to n such that the following assumption holds.
H,,oq: The collection M,, is nested, that is:
51CSQC"'CSN”. (6)
Thus, there exists an L?-orthonormal basis {x, A € I,,} of Sy, such that, for every model m, S, is
spanned by {xx, A € I,,,}, where I,, is a subset of I,,. Moreover, we suppose that D,,, < D,/ for every
m<m.
Moreover, assume that for some positive constant K, the following condition holds:

H Z XiH < K?D,,, vm € {1,...,N,}. (7)
AElm o

Finally, we assume that there exists a constant A > 1 such that for every n € N and every a €]0, 1] with
n*M < Dy, there exists a model m which satisfies

(lo’;n>a < Dy, <M<1ogn>a' (8)

Hpias(8): Let 8> 0. Denoting by g,, the L?-projection of g on S,,,, we assume that for some
positive constant Cy,

g — gmlleo < CoDP,  Vme{l,...,N,}. (9)
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ESTIMATION OF THE DENSITY OF REGRESSION ERRORS 5
3.2. A Preliminary Risk Bound for Non-Adaptive Estimators

We split the sample (5) into two independent sequences:
Zo= Viiett,ny, 21 = (Vi)ic{nt1...2n)- (10)

The sequence Zj is used to compute the collection {g,,, m = 1,..., N, } of non-adaptive estimators,
and the sequence Z; to estimate the parameter v = ||g||o that appears in the penalty. Let z( be a fixed
pointin I. For every model m € {1, ..., N, }, the projection estimator g,, of g on S,,,, computed from the
sample Zj is defined by

in=3 (2 000 (1)
Aelm =1

Observing that E[g,, (x0)] = gm(z0) for every model m, the squared risk of the estimator g,, at the point
o can be written as:

E[(Gin — 9)*(x0)] = E[(Gm — 9m)*(20)] + (gm — 9)*(z0).

Moreover,
n

E[(Gm — gm)*(z Val"[Z( ZX)\ )X)\x()} Val“[ (ZX,\ X,\ivo)}

Aelm i=1 A€l

S

The (V;) are i.i.d, thus

Bl — 9m)*(m0)] = + Var [ 3 V)] < E[( 2 mixat) ]

Aelm Aelm

2 2
/(ZX)\ XA960> ()d95</<ZXA Xxxo)dﬂf-
N el vl Aelm

By developing the square in the integral, we get
~ v
E[(Gm — gm)*(z0)] < " > [/X,\(OC)XN(«T) dm] XA (zo)x (o).
ANELy Sy

Besides, the family {xx, A € I,;,} is orthonormal, which ensures that

ElGn — 9)*(@0)] < 7 3~ X (o).
Aelm

and inequality (7) yields

~ D,
E[(gm — gm)z(xo)] < Kz”?' (12)
This bound is standard for a variance term. Finally, for every model m € {1,..., N,,} we have the

following non-adaptive bound for gy,:
N D,
E[(Gmn — 9)%(@0)] < (9~ gm)?(w0) + K2 (13)

In Section 3.4, we will select a model by a penalized criterion, which requires to estimate the variance
term K2vD,, /n. Thus, we present an estimator 7, of v.
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6 PLANCADE

3.3. Estimation of v

In this section, we propose an estimator 7, of v = ||g|| c constructed from the sample Z;. We consider
a collection of models which satisfies the following properties:

H,(3): Let M, ={S],,m=1,...,N]} be a collection of models. We suppose that for every

model m, {&y, A € I!} is an L2-orthonormal basis of S/, and the (£,) are continuous on 1.

Moreover, letting g,(ﬁ) = argmineg; |lg — t]|?, we assume that [|g — gﬁ,{) oo < CoD!, P for some

positive integers (D), )m=1,.. N’

- n

Let mg be a model such that py = D,y,, satisfies (&)’y < po < M ()" for somey €]0,1/2[. We
define:

2n
N 1 5 — 3
-y (n 3 mvi))g and 7 = |0

Proposition 3.1. Suppose that Assumptions Hgens and H,(3) hold. Then for every n such that

_ 1%
(A1) Copy” < =

6
we have
—~ 1 nv
<yl < S
P[Vn_2y} _2€Xp( 84K2p0)' (14)
If in addition:
Po v
A — < ,
(Az) vn = 12K?
then
~ nv
P[VnZQV]Sexp<—7456K2po>. (15)

This result is proved in Section 6.2.

Comment 1.

(1) There exists an integer N depending on (K, 3, Cp) such that foreveryn > N, (A;) and (A2) hold.
(2) The collections of models in which 77, and gy, are computed can be different.

3.4. Construction of the Adaptive Estimator

The model selection procedure developed by Birgé and Massart relies on the following idea: the “best”
model among the collection M,, is the one which minimizes the bias-variance sum in the right hand-
side of (13), thus the natural idea consists in building an estimator of this sum and selecting the model
m which minimizes it.

On the one hand, the variance term K2vD,, /n is estimated by K?D,, D, /n.

On the other hand, the estimation of the bias term (g — g)?(o) is the main distinct point between
pointwise and global model selection procedures. In classical L?-model selection, the bias term ||g —
gm||? is estimated, up to a quantity independent of m, by — |G ||? (see Massart [15]), but this procedure
cannot be carried over to the pointwise bias.
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ESTIMATION OF THE DENSITY OF REGRESSION ERRORS 7

We note that, as j tends to infinity, the model S; grows and g; tends to g. Therefore, instead of
estimating (g — gm)?(zo), we estimate the term sup; ,,<;<n. (9j — gm)?(x0), which has same order.
This heuristic is confirmed as follows. By (9) in Assumption Hypas(53),

sup (gj = gm)*(@0) <2 sup (g — g)*(20) + (gm — 9)*(20)]
Jm<j<Nn Jm<j<N,

<2 sup [CoD;* + CoD;,2% < 4CoD,
Jm<j<Npn

and (g — gm)(z0) has order Dp2” as well.

Now, let the best theoretical model m,,; be defined by
Mopt =arg min [ sup  (g;(z0) — gm(x0))? + pen(m)]
me{l,....Nn} " jm<j<N,
=arg min [Crit(m)], (16)
me{ }

yeesdVn

where pen(m) = AK?x,,0, 2m -m Ais a constant greater than or equal to 1, and

2

4 Dy,
Ty 1= ;log(1+D )max{ ——log(1 4 Dy,)— }
n

Vn

Remark about the numerical constant in x,,: If the constant 45/2 is replaced by any constant
B > 8, Theorem 3.1 would still hold, but with different constants (6;) (see Section 3.5). Moreover, the
condition B > 8 appears in theoretical upper bounds, but in numerical simulations (see Section 5) the
value B = 5 seems to perform well. Nevertheless, the empirical calibration of this constant, as well as
the constant in the penalty below, involves a lot of simulation experiments. This is a general problem in
model selection and it is not specific to pointwise model selection.

In view to estimate Crit(m), the natural idea would be to replace (g; — gm)?(z0) by (g — 9m)*(z0),
but this proceeding is clearly biased. In fact,

E[(Gm — §;)*(z0)] = (9 — gm)? (20) + E[((G; — Gm)(@0) — (g5 — gm)(w0))].

The term E[((g; — Gm)(z0) — (gj — gm)(xo))2] is upper bounded similarly to inequality (12). More
precisely,

E[((ﬁj—ﬁm)(:co)—(g—gm)( 0))"] = Var((§; — Gim) (z0)]
:Var[ Z ( ZX/\ )X)\ xo)}:EVal“[ Z XA(VI)X)\(xO)}

)\Efj\fm )\EIj\Im
v v v D;
< / ( > X,\(CC)X,\(Hfo)> dz = — > A(=o) < - > Xa(xo) < VKQWJ.
zel  ML\Im Ael\Im A€l

Now, the theoretical criterion Crit(m) is estimated by

— = . R D.
Crit(m) = sup [(gj — Gm)?(z0) — KZanj—]} + pen(m) (17)
3m<j<Npn noa+

and m = argming,cq1. . N} (Tr?c(m)
Our estimator of g is Gy,
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3.5. Results
We can prove the following result about the risk of g at zo.

Theorem 3.1. Suppose that Assumptions Hyias(3), Hy(3), and Hpoq hold with the constraint
M (n/logn)Y/ @A+ < N, Suppose that (A;), (Az) and the Jollowing condition hold:

28/(26+1) 1 MK2
(Asg): 1+ Mnlogn<n and (ln ) > 8 ) (18)
ogn v
Then,
__28_
El(Ga — 9)%@0)] < 01 ——)  +R
G — g 0)l = U1 logn n
where
92 2 2 nv 2 nv
B Dot [ s
Rn= "+ W+ K5 max  Dmn)”exp SiK2p,| T 0P0XP |~ e
and

2
6, — max {15, A(3 + ))}(203 +ASAK?Y) + 4C2,

451og(1 + Dy
Nnp

0y = 20K2 (v + 16K2)< >+ Dm)1+1/4>,
m=1

2
M+ 1)K* {15 4(3 —)}
(M + DK ymax (15,4(3+ 15 a7 Dy

_ 154

03 5

Comment 2. Clearly, R,, is negligible with respect to the rate (n/logn)=2%/(26+1),

Assumption Hypias(3) couples the collection of models and the fact that g belongs to a certain space of
regularity (through the exponent 3). The following Proposition gives examples for which this assumption
is satisfied.

Proposition 3.2. (1) Let (3, L) be two positive numbers, let A, be the linear subset of L*(R)
defined in (2), and let h,, = argminge a,, |h — t|, for every h € L*(R), then there exists a constant
K(p) such that

Ih = hllss < K(B)Lm™",  Vhe W(B+1/2,L).

(2) Let (B, L) be two positive numbers, and r be an integer greater than (3, let By, be the linear
subset of L*([—1,1]) defined in (3) and let h,, = argminep,, ||h — t|| for every h € L?([-1,1]), then
there exists a constant K'(3) such that

Ih = Bl < K'(B)L(2™) 77, Vh € H(B,L).

This Proposition is proved in Section 8. Moreover, by Propositions 2.1 and 2.2, the collections 2,
and B, satisfy Assumption Hy,oq for M = 2.

Comment 3. It is well known that the minimax rate of convergence for pointwise density estimation over
W (B4 1/2,L) or H(f3, L) is n=2#/(28+1) (see, e.g., Tsybakov [19] for Holder classes and Butucea [5] for
Sobolev spaces). Our estimator reaches this rate up to a logarithmic factor. Nevertheless, Lepski [12]
defines the adaptive minimax rate, which is the best rate of convergence for adaptive estimators over a
range of regularity classes, and proves that the logarithmic loss is unavoidable in adaptive estimation,
in several frameworks. Following this line, Butucea [5] proves that the adaptive minimax rate over the
classes {W (8, L), 8 > 0} for pointwise density estimation is (n/logn)~2%/(26+1) Hence if we consider
the collection of models 2A,,, i, is adaptive minimax over Sobolev classes. Similar results are proved
over Holder classes, for example, in a white noise model (see Lepski and Spokoiny [13]), so we expect
that the adaptive minimax rate in pointwise density estimation has the same order. Then if we consider
the collection B,,, our estimator should be adaptive minimax over Holder classes.
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ESTIMATION OF THE DENSITY OF REGRESSION ERRORS 9
3.6. Comparison with Lepski’s Method

The reference method in pointwise estimation is the one originally presented by Lepski [12] and
developed in many others papers. In particular, it was adapted to density estimation by Butucea [5]. This
procedure provides adaptive rates of convergence and even exact adaptive results (see Butucea [5]). This
means that the estimator gets the adaptive rate of convergence and also the best asymptotic constant
on given classes of functions. Lepski estimators have better asymptotic properties than the estimator
presented in this paper, but the theoretical results remain asymptotic, whereas the results presented
here are non-asymptotic. One can object than the large constants which appear in the term R,, in
Theorem 3.1 require large-size samples, but these constants are much larger than the effective ones,
as proved by simulations.

In more recent works, Lepski and Goldenshluger [14] prove oracle inequalities in the Gaussian white
noise framework, but as far as the author knows, these results have not been developed in density
estimation framework.

4. ERROR DENSITY ESTIMATION
4.1. Framework, Outline and Preliminary Results

We consider a 3n-sample
(X, Yi)ic{—n,...—1}U{1,...2n} (19)

from the regression framework (1), where the (X;) are i.i.d. with density fx supported on [0, 1], the (¢;)
are i.i.d. independent of the (X;) and E(e;) = 0. This section presents an estimation procedure of the
density f of the (¢;). Let us outline this procedure, which can be decomposed in three steps.

Step 1: From the sequence
Z7 = (Xi,Yi)ie{—n,..—1}5 (20)

we compute an estimator b of the regression function b.
In Section 4.4, we recall an example of adaptive estimation procedure of the regression function, but
the result that we establish in Theorem 4.1 holds for any estimator b of b computed from the sequence Z~.

Step 2: We compute the residuals of the sequence (X, Y;)(1, .. 2n}, namely

=Y, —-b(X;), Vie{l,... 2n}.

Noting thate; = Y; — b(X;), the € are natural proxies for the unobserved (¢;). Given Z—, the (€;) are i.i.d.
Let us denote by f~ their common density, which only depends on the sequence (X, Y;)ie{—n,..,.—1}- For
every integrable functiont: R — R

1
Et(@) | 27] = E[{(b - B)(X1) + 1) Z7] = / / H(b— B)(@) + v) fx (2)f(y) dy da

1
f(2) = /f(z—(b—z)(x))fx(x)dx, Vz € R. (21)

Step 3: We apply the density estimation procedure described in Section 3 to the residuals (€;).
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10 PLANCADE

Thus, the risk of the estimator of f results from two consecutive approximations of different nature:
the first one consists in replacing the true (¢;) by the residuals, and the second one is a density estimation
error.

These two approximations appear in the following inequality:

El(fa — 1)*(0)] < 2{E[(Fg — £7)2(@o)] + E[(f~ = f)2(zo)]}. (22)
We suppose that the error density f satisfies the following assumption.

Herror: f is Lipschitz with constant Lip(f), that is:

[f(x) = f()| <Lip(f)lz —yl,  Ve,yel.
Besides, sup,c;|f(z)] = v < +o0.

We consider a collection of models M,,, which satisfies Assumption Hy,,q and such that one of the
following two alternative assumptions holds:

3 1 (8): f € H(B,L) and there exists a constant Cy(3, L) such that, for every model

bias—error

Sm e M?’l?
Ih = hillos < Co(B,L)D,7,  Vh € H(B,L).

2 1 (B8): feW(B+1/2,L) and there exists a constant Cy(3, L) such that, for every

bias—error

model S,,, € M,,
Ih = hlleo < Co(B, LD, Vhe W(B+1/2,L).

Remark 1. According to Proposition 3.2, Assumption i)

bias—error

(B) is satisfied if f € H(3, L) and the

collection M,, that we consider is the wavelet collection 9B,,, and Assumption H? () is satisfied

bias—error
if f e W(B8+1/2,L) and M,, is the sine-cardinal collection 2L,.

Remark 2. Assumptions Héilis_ermr(ﬁ) and Hg;s_ermr(ﬁ) are less general than Assumption Hy,s in
the density estimation Theorem. In fact, in order to apply the result of Section 3, we need the density f~

of the residuals to satisfy the Assumptions of Theorem 3.1, which is guaranteed under Héilis_erwr(ﬂ) or
()
H

bins—error (3)- This fact comes out of the following proposition.

Proposition 4.1. (1) For every x € R, |f~(x)| < v a.s.
(2) For every 3, L positive, f € H(3,L) = f~ € H(B,L)a.s.
(3) For every 3, L positive, f e W(B+1/2,L) = f~eW(B+1/2,L)a.s.

Proposition 4.1 is proved in Section 8.

We consider another collection M}, = {S/,,m =1,...,N,} (which can be equal to or different
from M,,) and for every m, S, = vect{&\,\ € I } and the (£)) are continuous on I. For every
h € L2(I), let hY = argmineg || — t[|>. We suppose that one of the following two alternative
assumptions holds:

H(Vl_)error(ﬂ): f € H(B, L) and for every model S/, € M,,
I =l < Co(B,L)D;,°, Vh e H(B,L).
H(Vz_)error(ﬂ): feW(B+1/2,L) and for every model S}, € M,,,

Ih = h{)llee < Co(B, L)D,?,  VYhe W(B+1/2,L).
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4.2. Definition of the Estimator

Let us consider the 3n-sample (19). Let b be any estimator of b constructed from the sequence Z~
(see 20). Set

~

6 =Y, —b(Xy), Vi=1,...,2n.
Let M,, = {S,m = 1,..., N, } be a collection of subsets of L2(I), {Dy,,m = 1,..., Ny} a collec-
tion of positive integers, and /3 a positive number such that Assumptions Hy,oq, and Héilgsfermr(ﬁ) or
2
ngiéis—error(/g) hold.
For every model S,,, = vect{xx, A € I}, let
—~ 1 <& N
fm =Y (n ZXA(Q‘))XA- (23)
AEly, 1=1
Let M/, ={S! m=1,...,N!} be a collection of subsets of L?(I), {D!,,m=1,...,N,} a col-

lection of positive integers such that Assumption H,El_)error(ﬂ) or HﬁQ_)error(ﬁ) holds. Let mg be in
{1,..., N}, } such that pg = D,,, satisfies

gl ¥
n <pp <M i
logn logn

2n
P = 1) Ve where ()0 = 32 (03 6@)en

eI, i=n41

for some v €]0,1/2][, and

Finally, let

U D
~ . — ~\2 9 ~—1Lj _
= i - j 7i| }7
m = arg o in { [j,msgl}rg)Nn(fJ fon)(x0) — K<z, ol + pen” (m)
where pen~(m) = AK?x, U, D ith

m™n n

45 9K? D
X, = 5 log(1 + Dy,) max {1, — log(1 + Dm)nm}

Un

4.3. Result

For the estimator J?,Q the following result holds.

Theorem 4.1. Suppose that Assumptions Hk()gs_error(ﬁ) and H,Si_)error(ﬁ) hold fori = 1or2and for
some 3 > 3" > 3/4, where 3 is known. Suppose that Assumption Hy,oq holds with

n 1/(28'+1) 1/(26'+1)
()" <o)

logn logn

Consider

1 _ 1 468 +1
Te ] FEF T 1)’m1“{ﬂ'+ I 3(2ﬂ’+1)}['
Then, for every n such that 1 + Mn/logn < n, we have
)—25/(254-1)

n

E[(f5 — /)(0)] < 9’1( T CE[b— bl2,] + R (24)

logn
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where

/I 2 2
0 = |20} + 4540 K )max(15,3—|—451 TN )+ 3]+ ),

Co = Lip(f)2 + 2logn [(y(logn)l/(mﬂ) + K2M)2

X (3608( n )2/(2’6/+1)_26’W+<18MK2)2 n >(2—4B’)/(2,@’+1))}
logn )

anz(,,JerM(lOgn)l/(erl))Q

and 05 is defined in Theorem 3.1.

Remark 3. We have C,, = Lip(f)? + o(1) and R,, < K /n, where x} depends on (v, M, K, 3').

Comment 4. By (24), the rate of convergence of our estimator is upper bounded by the maximum of the
two following rates:

e the rate of convergence of the estimator b of b.

e the minimax rate of estimation we would obtain for f if the (¢;) were directly observed, that is
(n/logn)~20/(26+1),

According to Comment 3 in Section 3.5, the rate of convergence of Ji is clearly lower bounded by
(n/logn)~2%/(2B+1)_On the other hand, the term E[|[b — bl ] seems to be avoidable. In an integrated
risk context, Efromovich [8] proposes an error density estimator whose rate of convergence does not

depend on the risk of b. Nevertheless, stronger conditions are required. In particular, the densities of X;
and ¢; are supposed to be two times differentiable and the errors (¢;) are supposed to be symmetrical.
The convergence results in Efromovich [8] are based on properties of the trigonometric basis and are not
easily transposable in a pointwise context.

Besides, in numerical examples, our error density estimator performs nearly as well as the estimator
we would obtain if the (¢;) were observed (see Fig. 3, Section 5).

4.4. An Estimatorof b

In this section, we briefly exhibit an estimator b of b which suits to our setting. This is the estimator
which is implemented in the simulations. The regression function estimator presented here results from
Baraud’s works (see Baraud [3] and Baraud [2]), gathered in Plancade [17]. Consider the following
conditions.

Hy,: The density fx of X; is supported on a compact J, and is lower bounded by mg > 0 and
upper bounded by m; < 4oc.

Let us consider a collection of finite-dimensional models ¥,, which satisfies the following assumption.

Hiod—b: Y is included in a global model S,, with dimension smaller than n'/2=¢ for some
d > 0. Furthermore, there exists some nonnegative constants I' and R such that for every
integer n,

{m € %,: D,, = D} <TD
for every D € N*. Finally, there exists a constant K such that

tlloo < KA/Nalltll,  Vt€E S
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For every model m € 3, let Em be the least squares estimator of b:

—1
- 1

m = i n h n = - E - i 27
b = arg min 7, (t),  where (t) = > (Vi - (X))

m .
1=—Nn

and the selected model is 7 = arg minges, [yn(bm) + A'G2 22 ], where A’ > 1 and 2 is an estimator

of the variance of e1: let V}, be a space of dimension E(n/2) which includes the global model S,,, then:

1
~9 . 2
0 = ———+——— inf h —t XZ .

Let us define b = by if H/b\mH < nand b = 0 otherwise.
Proposition 4.2. Under Assumptions Hy, and Hyoq—b,

~ D Cl
B2 1< C b2y g2Em) Y
Ellb =Bl < € inf (16— bul?+0>5") +

for some constants C depending on A" and my and C" depending on (o, E[e}], mg, m1).

Finally, classical results about approximation theory in Besov spaces lead to the following statement:
if b belongs to the Besov space B3> (for a definition of Besov space, see DeVore and Lorentz [7]), then

E[|[b — bl|3, ] < Cn~2e/(GetD) This entails the following Corollary:

Corollary 4.1. Suppose that the assumptions of Theorem 4.1 hold, as well as Assumptions Hy
and Hyoq—p. Then, if b belongs to the Besov space By for somep > 0and a > 3 > 1/2,

- n -2
£la - 7o) <o)

for some constant 6 independent of n.

In other words, if b is smoother than f, the rate of convergence of f& is the optimal rate we would get

if the (¢;) were directly observed. We do not provide a detailed proof of Corollary 4.1, and the reader is
referred to the remark at the end of Theorem 5.1 in Plancade [17].

5. SIMULATIONS
5.1. Density Estimation

This section illustrates the density estimation procedure presented in Section 3 with the sine-cardinal
collection of models A, described in (2). We choose B = 10 and M,, = y/n. We draw 50 samples
(Vi,...,Vy) of sizen = 200, 500, 2000 of i.i.d. variables with Gaussian distribution (denoted by (0, 1))

and with Laplace density g(z) = § exp(—||) (denoted by £(1)). Let J be the set of 150 regularly spaced

points in [—5, 5]. For each sample and for every point z € J we compute an estimator gy, () as follows,
assuming that the maximum of the density v is known:

e First we compute the projection density estimators (g,,(x)) for every m € %ON, m < M,, and
every x € J (see(11)).

e Then for every x € J, we select the best model as:

m = argmin{ sup [@J — m)?(z) — avlog(l —i—j)l + frlog(l + m)m}

m<j<Nn ni+ n

with o = 5 and 8 = 10.

e We plot the set of points {(z, gi,(2)),z € J}.
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n=200 n=>500

n=2000

n=200 n=>500

n=2000

Fig. 1. Beam of 50 density estimators curves (dotted lines) built from i.i.d. samples of size n = 200, 500, and 2000 of
densities A/(0, 1) and £(1) (thick lines), in sine-cardinal bases.
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ESTIMATION OF THE DENSITY OF REGRESSION ERRORS 15

In Figure 1, each graph presents 50 estimated curves of gy, for a given density g; and a given n.

Figure 2 presents a comparison between our pointwise model selection estimator and a global model
selection estimator computed following the procedure developed by Massart [15], Section 7, for sample
of size n = 500, 2000 with common density x?(3). The global model selection estimator (dotted line) is
computed in a mixed piecewise polynomial and trigonometric polynomial basis using matlab programs
available on Yves Rozenholc’s web page (http://www.math-info.univ-paris5.ir/ rozen/). The pointwise
model selection estimator (solid line) is built following the procedure described above, on the set J of 150
regularly spaced points on [—1, 15]. We observe that the pointwise model selection estimator (solid line)
fits the true density (thick line) for a smaller sample size better than the global model selection estimator.

n=500 n=2000

Fig. 2. Pointwise model selection estimator (solid line) and global model selection estimator (dotted line) for a sample
of size n = 500, 2000 of density x?(3) (thick line).

5.2. Error Density Estimation

This section proposes illustrations of the error density estimator described in Section 4, with the
following procedure:

e We draw a sample (Xi,..., Xa,) with common density fx uniform on [0,1] and x?(3). We
draw also a sample (ey, ..., €2,) with common density f from a distribution A'(0,1) and £(1).

We choose a regression function b(z) = 2® + 5z and b(x) = exp(—|z|) and compute the sample
(Y1,...,Ys,), where Y; = b(X;) + ¢;.

e From the sample {(X;,Y;)}i=1..n, we compute an estimator bof b following the procedure
described in Section 4, using mixed piecewise polynomial and trigonometric polynomial basis
(see Comte et al. [6]).

e We compute the residuals from the second sample (€;)i=p+1,... 2n, Where € = Y; — Z(XZ»).

o Let Jbeasetof 150 regularly spaced points on [—5, 5]. We apply the density estimation procedure
described in Section 5.1 to the residuals (€ )i=n+1,... 2n-

Figure 3 presents the error density estimator (dotted line) and the theoretical estimator we obtain by
applying the density estimation procedure of Section 5.1 directly to the sample (€;)i=n+1,....2n. The thick
line is the true density of €;.

We have also checked that the error density estimator hardly depends on the design’s distribution.
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X; ~U[0,1], & ~ N(0,1), b(z) = 23 + 5

n=200 n=500

n=2000

Xi ~x2(3), & ~ L(1), b(z) = exp(—a])

n=200 n=500

n=2000

Fig. 3. Error density estimator (solid line), theoretical estimator we would get if the errors were observed (dotted line)
and true density (thick line).
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6. PROOFS OF SECTION 3
6.1. Proof of Theorem 3.1

The proof is divided in four claims.

Let us denote by Ei[-] = E[- | Z1] the conditional expectation given Z; and Pi[| = P[- | Z1] the
probability given Z;.

Claim 1. Suppose that Assumptions Hgens and Hyoq hold. Then
E1[(Gn — 9)°(20)] X 1ip,50/2)

< 2(gmopt - 9)2(1‘0) + 11 sup (gj — gmopt)z + (12 +
Jmopt <j<Np

62
> pen(mept) + P

xmopt

This entails the following result.

Claim 2. Under Assumptions Hgens, Himod, Hpias(3), and (As)
E1[(G — 9)*(20)] X Lip, 512

D 0s
< 7 inf D, 4 log Dy —2| + =,
< max(rz, Untiy) {m:l,...,Nn,(9K2/b,llI)llog(lJrDm)Dm/ngl} m 08 Lm n
where
45AK?
R1 = 4(3 + m), K9 = 203[111&}{(157 Hl) + 2], R3 = max(15, Hl) 9 .

We can deduce from Claim 2 the following inequality.

Claim 3. Suppose that Assumptions Hgens, Hmod, Huias(3) and (As) hold. Moreover, suppose that
M (logn/n)Y/28+1) < Dy, then

—23
1 0
~ 2 ~ 26+1 2
(G — 0)°(r0)] % Lo,y < max(rz, Pus) (M + 1) ()7 42
Besides, the following result holds.
Claim 4. Under Assumptions Hgens and Hyoq, for every model m € {1,..., N, } and every x € I,

|gm (z)] < K?D,, a.s.

The inequalities stated in Claims 3 and 4 allow us to prove Theorem 3.1. Indeed, on the one hand, by
Claim 3,

n )_25’314_92

logn n

E[(Gin — 9)2(20)1 (0, 502)] < Elmax(sz, )] (M + 1)
Moreover,

E[max(k2, Unks)] < E[kg + k3lpn] < k2 + 2k30 + K3E[Un1ip, >0.1]-

By Claim 4, 7, < K?pg almost surely, hence E[max(ko, Upk3)] < k2 + 2vks + k3K 2po P[Dy, > 2v/], and

under Assumptions (Ay) and (As), inequality (15) of Proposition 3.1 yields

E[max(kg, Unks)] < ko + 2vks + /{3K2p0 exp ( — %),

which induces that

El(Gn — 9)*(20)1(p,>0/2}]
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18 PLANCADE

< <I€2+2VK,3+I€3K2poeXp {— LD(M—}—D (n>2§i1 —l—@. (25)
- 456 K 2pg logn n

On the other hand, by Claim 4 and inequality (14) in Proposition 3.1,
~ —~ 1%
El(Gn — 9)(20)1(n, <] < (v + K max  Dpn)?P|o < 5]

m=1,...,Np,
< 2 2 __ "
<@+ K max D) exp |~ g ], (26)
and inequalities (25) and (26) provide the result of Theorem 3.1. O
Proof of Claim 1. Forevery j € {1,..., N, }, denote
H(j) = K%jan&
n
The proof of Claim 1 is based on the following steps: we exhibit a quantity ¢, such that
o [E;[Uopt] has order Crit(mgpt).
. fo P1[(Gin — 9)*(20) — Uopt > x]1(p, 5,2} da decreases to 0 with rate 1/n.
Thus, inequality
E1[(Gn — 9)°(20) 1,502y < (E1[(G — 9)°(w0) — Uopt) ] + B [Uopt]) 1, > j20}
+oo
< ( / Py [(@l& - 9)2(3;0) - Z/[opt > CC} dx + El[uopt]) 1{bn21//2} (27)
0

yields the result of Claim 1. Let us consider the first result:

Lemma 6.1. For every 6 > 0, x > 0 and [or every model m:

Np,
Pi[Crit(m) > (1 +0) Crit(m) + 2] <2 Y exp[~C(z,4,8)],  where
j=m

0te.0)=min{ ety (B + K% 1 (- 5y ) |

Proof of Lemma 6.1. The empirical criterion C/Ec(m) (defined in (17)) is built from Crit(m) (defined
in (16)) by replacing the unknown (g; — g,) by its empirical counterpart (g; — i), so the deviation

between ér\lt(m) and Crit(m) is upper bounded with Bernstein Inequality, which is recalled in Section 9,
Theorem 9.1. More precisely:

P [ér\lt(m) > (14 0) Crit(m) + ]

= Pl[ Csup (@5 —Gm)?(x0) — H(j)) . > (1+6)  sup  (g; — gm)*(z0) + w}
Jm<j<Np Jm<j<Np

As sup; ,<i<ny (95 — gm)*(20) +  is positive, we omit the positive part (-)4..
P [C/r\lt(m) > (1+ 0) Crit(m) + ]
=Pi[ s (@~ Gn)*(20) = H(G)) = (148)  sup (g5~ gm)*(w0) + ]

§,m<j<Np Jm<j<Nyn
Ny,
< Zpl i — Gm) ( )Z(1+5)(9j_gm)2($0)+$+H(j)] :ZPj,m (28)
j=m

MATHEMATICAL METHODS OF STATISTICS Vol. 18 No.4 2009



ESTIMATION OF THE DENSITY OF REGRESSION ERRORS 19

and for every (j, m),

P = @5 G0 > (14905 =97+ (14 1) (|22 ).

We recall that for every 7,y € R, (z + y)? < 22(1 + 1/8) + y?(1 + 6), thus

P, < Py -(/g\j - §m)2(x0) > <’<g : ?li_f }
I 0
= P1||(gj — Gm)(z0)| = I(9; — : 1+f ]
I )

< 71135 = Gn)la) (55 = ) )]+ 1005 — g )00)] 2 1005 = gm) )] + | T |
L 0
_ i w —Ew, z+ H()
= A|| S rw] = A (29)

where
Ui =Y xa(Vxal@o) — Y xaVxalzo) = D xa(Vi)xa(o)
A, Aelm Xel\Im

and E(U;) = (g; — gm)(z0). We are going to upper bound the term (29) with Bernstein’s Inequality
(Theorem 9.1). Let us compute the terms v and ¢ involved.
Similarly to (12) we get:

E,(U?) <v Z 3 (zg) < v Z X3 (z0) < vK2D; = v. (30)
AL\ xel;

Let ¢ be an integer greater than 2, then,

-2
E(U)4] < E1UF] < US2 <o) D2 (A
)\EIj\Im *
£—2
Q) | Q|
AEL NI AEL NI,

and according to (7) in Hpoa, E1[(U1)4] < v[K2D;)'~2. So, we set
c= K2Dj. (31)
Finally, we denote by

x+ H(j) 1 -
1+1/6 > m(ﬁ"‘ \/H(]))‘ (32)

Then by Bernstein’s Inequality,

2
nes ne
P. < 2 [ N i (7; 7)} )
im < 2exp min T de

Moreover:

ne? 1 xn ne 1 Van n
S . — e 2 K Dn— .
m 4uf<2<1+1/6><Dj+ > NIESI] K< AT Dj)

This provides an upper bound of P;,, for every (j,m), which, being inserted in inequality (28), ends the
proof of Lemma 6.1. O
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We derive from Lemma 6.1 the following result.

Lemma 6.2. For every positive numbers § and x and every sequence Z,

1) P [{@m — 9)%(w0) > (1 + 5)(jm swp_ (95~ )2(20) + Crit(mopt)) + 2} N {1 > mopt}]

Np,
<43 exp[~Cla,m, )}
m=1
(2) Pl [{(gdm - 9)2(‘730) > 2(/g\mopt - g)Q(xO) + 2}I(Tnfopt) + 2(1 + 6) Crit(mopt)} N {7/7\7/ < mopt}:|

Nn,
<2 Z exp[—C(z, J,9)].

j:mopt

Proof. e Let us prove inequality (1):

Pi {0 — 9)*(z0) = (1 + N 5w (95— 9)"(wo) + Crit(map)) + 2} 0 {7 > Mop}]

<P [{@m —9)%wo) = (1+0)  sup  (g; — 9)*(xo) + Crit(m) + x} N {7 > mopt}}
JiMopt <j<Nn

+ Py [Crit(i) > (1 + 8) Crit(mopr) ] (33)
By definition of m, (ﬁ(ﬁz) =inf,—1 N, (ﬁ(m) < C/r\it(mopt). Hence, by Lemma 6.1,
Py [Crit(im) > (1 + 6) Crit(mop)] < P[Crit(mop) > (14 8) Crit(mop)]
N, Ny,
<2} expl-C(2,7,0)] <23 exp[-Cla,m, 8. (34)
j:mopt m=1
Besides it is clear that for every model m, Crit(m) > pen(m), and if m > myy,, then

sup (g5 — 9)*(z0) > (9 — 9)*(20).
j:moptSjSNn

So,
Pi[{(Ga — 9)*(x0) = (1+6)  sup_ (g5~ 9)*(w0) + Crit(@) + x} (1 {2 > mope} |
JyMopt <J<Npn
< Pi|(Go — 9)(@0) = (1+8)(9a — 9)*(w0) + pen(i) +
N, Ny,
<3 1[G — 9(0) 2 (14 8)(gm — 9 (w0) +pen(m) +2] = 3" P (35)
m=1 m=1
Foreverym € {1,..., N,,}, we have almost surely

(G~ 9)*(0) < (14 5)(g — g @0) + (1+ 2 ) G — 9m)?(w0)

and pen(m) = AH(m) > H(m), so

Py < P14 5) G — 9m)? (o) > pen(m) + 2]

)
H(m)ﬂc} :Pl[:lzn:(Ui_E(Ui))‘Z H(m)ﬂc}’

< T — 2 >
—Pl[Kgm gm)"(@0)| 2 1+1/5 £ 1+1/5
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where U; = >y c; - Xa(Vi)xa(zo). Similarly to the proof of Lemma 6.1, we apply Bernstein’s Inequality
with the parameters defined in (30), (31), and (32), and we get

Pon < 2exp(~C(z,m, ). (36)
Combining inequalities (33), (34), (35) and (36), the result of Lemma 6.2 (1) follows.

e Let us prove now inequality (2) in Lemma 6.2. By definition of m, C/r\lt(ﬁm) < C/r\it(mopt), SO

Py [Crit(mopt) > (1+ 8) Crit(mop)] > Pr[Crit() > (14 8) Crit(mop)]

> P sup (G5~ G)2(x0) — H()] + pen(i) > (1+ ) Crit(mop)]
Jm<j<Nn

> Pt | {(Gimepe — Gn)?(20) = H(mopt) + pen(ii) = (1 +6) Crit(mope) } 0 {t < mopr} |- (37)
Besides, (Gin — 9)2(20) < 2(Fmp — G)2(@0) + 2(Gmop — 9)2(w0), therefore
G — G (0) > 3 (G — 9)*(70) ~ (Gnipe — ) (0).
So we derive from (37) that
P [Grit(mept) > (14 6) Crit(mape)] = Pi [{ 2 (Gin — 9)*(20) — Gy — 9)*(0)
> (1+6) Crit(mop) + H(mope) = pen(in) b 0 {ii < mope} |-

As pen(m) is positive, we get
Py [Crit(mopr) > (1+ 8) Crit (mop)]

> P [{@m — 9)2(20) = 2(Gmope — 9)° (0) + 2H (mope) + 2(1 4 8) Crit(mgpe) } N {i < mopt}]

By Lemma 6.1, inequality (2) of Lemma 6.2 follows. O]

Let us prove Claim 1. Consider

Z/{opt = 2<§m0pt - g)Q(xO) + 2(1 + 5) Crit(mopt) + 2H(mopt) + sup (gj - 9)2(330)'
jvmoptSjSNn

Then, by inequalities (1) and (2) in Lemma 6.2, we get

Nn
P (G — 9)*(w0) > Uppt + 7] < 4 Z exp[—C(x,m,d)].

m=1

Take 6 = 4, then

+00
E1[((Gn — 9)*(w0) = Uopt) , | < / Py (G — 9)*(w0) > Uopt + 2] da
0

400 N,

<4 / ( exp[—C(:v,mA)]) dz. (38)
0 m=1
We recall that, for every positive constant C”:
too 1 +o0 )
/ eXp(_Cl'x) dx = 57 / eXp(—C’\/E) dx = @
0 0
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Therefore, according to the expression of C'(x, m, d) defined in Lemma 6.1,
S Q- 9 Dm TmVn
0/ ;exp[—C(az,m,él)] dr < mz_:l [SI/K — " exp [_ = ]
D? 1 n
B e

Besides, assuming that v,, > v/2,

45 45 7,
T > ?log(l + D) = T > Zﬁi log(1+ Dy,) < exp {— xm;/nj| < (1 + Dy,)~ /4
n

~

< D exp [‘ x?f”} < (1+ Dy,)~ 1+ (39)

and similarly,

45 9K? D 1 n
Tm 2 5 X —= 1021+Dm7m<:>ex |:— W}< 1+Dm_(2+1/4)
SRR S S RNGT) D)= )
1 n
< Dy ex [— :Em/l/\n—} < (14 D,,)~ /D (40
P 2\/EK\/7Dm = ) (40)
Hence
+oo N, N, 1
/ Z exp[—C(z,m,4)]dz < 5K*(v + 16K2)( Z (1+ Dm)1+1/4> )
n
0 m=1 me1

Plugging these upper bounds in inequality (38) yields

Np,
E1[((G — 9)*(z0) — Uopt)+] < 20K2(v + 16K2)( S+ Dm)1+1/4) 1_ 02

el n n
It remains to upper bound E [Uop]:

Eq [uopt] = 2E[(§mopt

~ D o
- 9)2(370)] + 2VnK2$m0pt e

+  sup (gj — Gmop)” (20) + 10 Crit(mey)
jumoptSjSNn

D ~ Dy,
<2 (gmopt - 9)2('7;0) + VKQ% + 2VnK2xmopt et

+ sup (gj - gmopt)Q(xO) +10 Crit(mom)-
j7mopt§j§Nn

Thus on the set {7, > v/2} we have

~ 2 Dm,,
El[uopt]]-{DnZV/Q} < 2(gmopt - 9)2($0) + 4VnK2Tt

D
+ (2 + 104)0, K 2y, ,, —— 22

+ 11 sup

jvmom <j<Nn

(g] - gmopt )2

(g] - gmopt)2

< 2<gmopt - 9)2($0) +11 sup
j7mopt§j§Nn

+(12+

) pen(mept).
Mopt

(42)
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Putting together inequalities (27), (41), and (42), we get
E1[(Gi — 9)*(20)] X 1, >1/2)
< 2(Gmepe — 9)* (o) + no sw  gi- gmape)? + (12 + wmom) pen(mopt) + %,
which ends the proof of Claim 1. O

Proof of Claim 2. First of all, note that

4(3+

2 2
xmopt) = 4<3 + 45log(1 + Dmopt)> = 4<3 * m) -
Suppose that 7, > /2 and denote
{F(m) = Dy 4 log(1 + Dyy) 2o,
my = argmin{F(m), m =1,..., Ny, (9K?/0,)1log(1 + Dp,) Dy, /n < 1}.
Thus, 2, = (45/2)1log(1 + D,y ). We consider two cases: mgp¢ > my and mepe < my.

o If mop > my, by Hpias(8), (gmope — 9)(20) < C’ngnzft < C2D;2" . Besides, it is obvious that
11 < k1. Thus by Claim 1, we get

~ _ . 0
El[(gm - g>2(x0)]1{bn21//2} < QCgDm?/B + K1 Crlt(mopt) + 2

As mepr = argming,—1,..n, Crit(m), Crit(mep) < Crit(mq). Then,

~ _ ) 0
E1[(G — 9)*(20)] 1,510y < 203 D,2% + k1 Crit(ma) + ;2

A5AK? D,,, 0
<2021+ k)D2 4 11 2AET5 og(1 4 Diy) i, O
45AK? _ 0
< max{QCg(l + K1), K1 > Vn}F(ml) + f (43)

o]f Mopt < M1, then

(Imope — 9)°(20) < 2(Gmope — Gmy)*(0) + 2(gm, — 9)*(0)
S 2 Sup (g] - gmopt)Z(xO) + 2CgDT:L?ﬁ
jvmoptSjSNn
Hence,

E1[(9m — 9)2($0)]1{bn2y/2} <15 sup
j:moptSjSNn

02

(g5 — gmopt)Q(xo) + K1 pen(mept) + 4C’§D;§ﬁ + "

0
n
)

n

< max(15, k1) Crit(mep) + 4C§D;§ﬁ +
< max(15, k1) Crit(mq) + 403D77§ﬁ +
0
< max(15, k1) [203 D2 + pen(my)] +4C3D, 2 + =2
n

45AK? }

Un

< max {203 [max(15, k1) + 2], max(15, K1)

0
F(my) + f (44)
Moreover, it is clear that

45AK> 45AK>
2C2(1 + K1) < 2C2[max(15, k1) + 2], K1 < max(15, k1) 5

Therefore, inequalities (43) and (44) yield the proof of Claim 2.
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Proof of Claim 3. Let my be a model such that

1 1
()™ < Dy < M () 7T (45)
logn logn

On the set {7, > v/2}, by Assumption (As),

2 18 K2 —283/(26+1)
Ik 10g(1—|—Dm2)Dm2 < BK ( n ) <1

v \logn

Un

Hence, by definition of my,
20 28

_1 28
F(m) < Flma) < MOET (L YPT4 (LYTE  agy(L) T
n \logn logn logn

Thus we derive from Claim 2 that

N N n =28 0
E1[(Gin — 9)%(20)] Lo, 50/2) < max(ra, Duri)(M + 1) (bgn) w2 O

Proof of Claim 4. For every model m, (G — 9)%(20) < (|gm(20)| + v)? almost surely. Besides,

2 2
G0 = Y (- ZXA DX (@0) ) s—z(zm Dxa(0))
ANl i=1 M€l
2
2 42
<| X | =x'p (46)
Aelm
which provides the result of Claim 4. O
6.2. Proof of Proposition 3.1
Let us prove inequality (14). Let z; € I be such that g(z1) > 5v/6, then by definition of 77,
5 o<V (1) v (W _ v v
Plo. < 2] < Pla @) < 5| = PG = gmo) (@1) < %5 = ginga1) — 5
~ v
< P|(39) = gma)(@1) < (9= gimo) 1) = 5]
By Assumption Hy;as(3),
v N g v
P[Vn < 5} < P[(gﬁig — gmo) (1) < Lpy” — g]
and by condition (Ay),
1% 1% 14
U< 2| < () _ < -7l < 7 _ >Z
P[on < 2] < PG = gmo)(@1) < —%] < P[5 = gmo)@1)] > 7]
v
_PU Z Ui — E(U 6} (47)

1=n+1

Now, apply Bernstein’s Inequality (Theorem 9.1) with the following parameters:

E[U7] = [( Z Ex(V1)éx(21) ) ] :/( Z Ex(@)én(z1) )2 (v) dx

T Aelmg
< ¥ | [owet >dm}@<m>§»<x1>=u S &),
AN EDmg = AEImg
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since the family {£)} is orthonormal. Finally, Assumption (7) in Hy,q yields
E[U}] < vK*py = v.
Let [ be an integer greater than 2,

BI(4)') < BUH x U2 < o 3 et
AEDm,
\/H Z 5)\ Vl ‘ \/Z f)\ o) ]1_2 SU(KQPO)Z_z.
A€l

Hence we set ¢ = K?py. By Bernstein’s Inequality, we derive from inequality (47) that

vV nv
P[A <7]<2 {_7]
Yn= 9] =P LT K,

which is the result we wanted to prove.

Let us prove inequality (15). Let ; € I be such that gp,(Z1) > 5b" Similarly to (47), under
condition (A1),

Moreover,

zel T i=n-+1 )\EI,,LO
~ 1 2n U
=P|sup— > %(Vi)zf}-
L xel n . 6
1=n+1

We have in view to apply Talagrand’s Inequality recalled in Section 9, Theorem 9.2, but the set of
functions

F={e ERPILT Bl&(2)r(V1), w € 1}

is not countable. Nevertheless, the (£)) are continuous, thus for every u the mapping = — ¢, (u) is
continuous. Hence, since the set Q N I is dense in I, we have

2n 2n

1 1
Z=suw- i:nz;l pe(Vi) = sup i_;l a(Vi),
o)
Un 1 & v
P[u < ?} < P[Izl}rg@n ZH 0e(Vi) > 6}
and Q N I is countable. Let x € I, by the Cauchy—Schwarz Inequality,
2n 2n 2n
E Y em) <t Y @oy="3 (¥ 60)-Eati)am)
[ [ — (L s— AElm,
2n
<3 (Y &) (X @) -Ea)’).
i=n+1  A&lm, AELm,
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Then, by Assumption Hyod,

2n 2n
G em) < 3 (X @0 -E&0h)?).
i=n+1 =n+1  A&lm,

Hence,

(&]

2n
1
sup — > pa(Vi)

xeInQ M i

DZSEK sup 1i§: %(%))2}

=n+1 =n+1
2n 2
Ko 3 E[L 3 (60w - Bl = SB[ 3 (60h) - Ble (i)’
A€l z n+1 AE€@m,
2 2 4,2
=5 S vare () < [ YD g0 < B0
n AELmy " A€, n
Thus,
E[ sup 1 i 0z(Vi) } < Koo = H.
mEIani:n—f—l o \/ﬁ

Let us compute the terms v and ¢ involved in Talagrand’s Inequality. For every z € I,

var (Y 6(h)a) < [(Z@Vl@ )] = /(Z& () g(u) du

AELmg AElmg
< V/(AEZL;O SA(U)EA($)> U_VA,\%;"LO [/& )éx (u du}&( )& (@).

The family {&x, A € Iy, } is orthonormal, so
(ZfAVlfA )<VZ§,\ ) < vK?py = .
AElmg AElmy

Besides,

< K2p0 =b.

ng

A€l

| 3 awal, < ¢ 3 &) x
Aelmg T

Moreover, Assumption (Az) yields

P[ug’i"]gp[zzqu[zzHJr(z— pO)}gP[zzHJri]
2 6 6 n 12

Finally, Talagrand’s Inequality provides the following upper bound:

n(v/12)? ]
2(vK?po + 4(K?po)?/v/n + 3K?po(v/12)) |
Applying once again Assumption (Asz), we get

P[ZZH-F%I/} gexp[—

exp [_ n(v/12)? ]
2w Kpo + 4K o)/ /i + 3K2po(v]12))
< exp [_ n(v/12)? ]
- 2(vK?po + 4K?po(v/12)//n + 3K?po(v/12))

nv
—exp| - —2 |, O
eXp[ 456K2p0]
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7. PROOF OF THEOREM 4.1
The proof is based on the decomposition (22).

7.1. Upper Bound of E[(f — f~)*(z0)]
Proposition 7.1. Suppose that f is Lipschitz, then

E[(f~ — f)*(x0)] < Lip(f)*E[|lb — b3, ]- (48)

In fact, for every Z~

< Lip(s) [ [6=D)@]*xw)d = Li()llo~ B3,
0
and by considering the expectation of the above inequality we get the result of Proposition 7.1. O

7.2. Upper Bound of E[(fy — f~)2(x0)]

Now, the term IE[(}; — f7)?(x0)] in (22) is upper bounded with the results of Section 3. By
Proposition 4.1, under the assumptions of Theorem 4.1, for every fixed sequence Z~, f~ satisfies the
assumptions of Theorem 3.1. Indeed, let Z~ be fixed, and suppose that Assumption Héilis_ermr(ﬂ) holds,
then f € H(B, L), and by Proposition 4.1, f~ € H(f3, L). Besides, for every t € H(B, L), ||t — tm|lco <
LD, thus N )m = oo < LD, and f~ satisfies Assumption Hp;as(/3). The same argument holds
with Assumption Hé?is_error(ﬁ). Similarly, if f satisfies Assumption Hlsl_)error(ﬂ) or HlEQ_)error(ﬂ), then f~
satisfies H,. Thus we have,

Proposition 7.2. Suppose that Assumption Héilis_error(ﬂ) or Hggs_error(ﬂ) holds for some 3 >
B’ > 3/4. Let py satisfy (n/logn)? < py < M(n/logn)? for some

1 1 48 +1
. . 4
v grrr {5 mmren )| )
Then
~_ _\2 n _2ﬂ/(26+1) -~ 2
E[(f — /)0 <4 (o) + CLE[b = bll7,] + Ro
with
0] = (k2 + 2vK3)(M + 1),
Cl, =2logn y( n >26’1+1 + K?M : 3602< n )zafzﬂw”*
" & logn 9\logn
2—4p' 3y 4B/ 11
a2 T\ 2541 3y2( "\ 2
+ (18MK7) (logn) ) +(12K7) <logn) }’
_ (V@D Co aqaee) | B2
Rn_Q[V—i_KM(logn) ] exp( 14K2" >+ n’
Moreover, lim C), =0and R, < k|/n for some constant k', which depends on (M, K, ,v).

n—-400
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Let us define the following sets, which depend on the sequence Z~:

= {om? <) ap = (R o) g = (B oy

n V- logn

The proof of Proposition 7.2 comes out of the following decomposition:
E[(fp = /) @0)] = El(f — f7)*(@0)Ly-nac] + El(f = £ 72 (@0)L (4myeiar)e]
<E[(Fp — 1) @0) L 50 jmynas) + BT — )2 (@0) g <o oya]
+E(fip = /) @01 (4o yeuazel (50)

Then, the following claims provide an upper bound for each term in the right-hand side of (50). There
exists an integer ng, which depends on (o2, 3), such that for every n > ny,

Claim 5.
El(fp — f7)2($0)1(A;)cU(A;)c]

logn)”}“f x {(66;0)2 + (18MK2)2(bgn)_23ﬂE[u6—b;}x].

< 210gn(u+K2M(

Po
Claim 6.
1
~ _ n F11) 2 Co n
El(fa — £ (@001, <o jpnar] < 2(v + MK2<10gn) ) e (- 14K2p1+ﬁ>'
0
Claim 7.

E[(f,gb - f_)2(330)1{b;2y7/2}mAg]

< {I—ig-{-/{g(ZV—}—QszoeXp( \3/5;) +2(12K3)?2 lognpoE[Hb—beX])}
__2B8 0
) 2@+1+72.

n

X (M + 1)(logn

These claims lead to the proof of Proposition 7.2. Indeed,

[(f?ln f7)% (o)) < (/‘62—1—21/%3)(M_|_1)(10gn> R

+2logn[(y+K2M(n)2ﬁ'l+1>2(36C§ +(18MK2)2(n)_23i1)

logn pgﬁ logn
+ (12K (0 ¢ >(”)‘2§il E[ljb - b3, ]
logn Ix
1
2 n \zr)? Vny | b
+2<V+K M(logn) ) exp( 7 )+ n

By the conditions 8 > " and (n/log)” < po < M(nlogn)?, we have

1 2 2 __48 _ 28
(V+K2M< n )2"“) (36200+(18MK2)2(—” ) 2"“)+(12K3)2p0(M+1)< ) e
logn poﬁ logn logn

no o\~ 277\? of N \zar 20 232(_"N #ﬂ
< (v() + K2M) (3603 () + (18MK2)? ()T
logn logn logn

+1

3Y—55 71
4 (12K3)2<L> 2ﬁ +1 — Cl
logn

MATHEMATICAL METHODS OF STATISTICS Vol. 18 No.4 2009



ESTIMATION OF THE DENSITY OF REGRESSION ERRORS 29
According to assumption (49), 2/(26" +1) =267 <0 and 3v— (46" +1)/(26'+ 1) <0, hence

limy,—, 400 C;, = 0. Moreover,

C__n ):exp(_&nl—mww)

exXp ( T K 14K?

and 1 — (1 + ') > 0, which entails that R,, < «/ for some constant .

Let us prove these Claims. First of all, the probabilities P[(A; )], P[(A5 )¢], and P[(Aj5 )¢] are upper
bounded via the following lemma.

Lemma 7.1. Consider a sequence (o) of positive numbers such that o, = o(1/v/logn). Then for
everyn € Nsuch that

2
+o%a?logn <

1
Viogn =2

where 0% = E[¢?], we have

(€)

Plv™ < a,) < 2logna2E[[[b - blf3, ).

Hence there exists an integer ng, which depends on (o2, 3, Cy, K), such that, for every n > n,

2
PI(A7 )] = Pl < 6Cay "] < 210 51 ) BB 0l ] (51)
Py p2 A
PN@Y?:PP‘Slﬂ@é%}§2byme%%$MM—bﬁA, (52)
and
— - n _% N2 1 _251% N 2
ﬂmgﬂ:pp <mMK%a&) }gm%MBMK)(@%> E[|b—b2,]. (53)

Proof of Lemma 7.1. Given Z~, ¢; and (b — 3)(X1) are independent, which entails
E[e} | Z27) = Ele} | 27] + E[(b — 0)*(X1) | 27] + 2E[er (b~ )(X1) | Z7].
Moreover, E[¢; | Z7] = 0, thus
E[e} | Z7]=o%+ b —bl3,.
Then for every A,, > 0,
_ 1 _ 1 ~
[ rwa<g [ md< g o+,
ly[>An ly[>An

which entails

o+ b— b2
[

A7
ly|<An
On the other hand, fly|<An f~(y)dy < 2v~ A, by definition of v~. Hence,

2 72

+1|b—10

v > 1 1_0 | fo
24, A2

n
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for every A,, > 0. Thus,

_ o? + ||b — b3 o2\ _ IIb—0l3
Ply™ < ay] < P[l g < 2Anan} = P[l ~ (24000 + P) < A2fx]

n n

Let us consider 4,, = 1/(an/logn), then condition (C') gives

P~ <ayp] < P[l — ( + 02a? log n) <o —ZH?X logna,ﬂ

2
Vviogn
1 ~ ~
< P[5 < [1b— b}, logna2] < 2lognaZE(b - bil%, )
Proof of Claim 5. According to Claim 4 in Section 6,
(fo — [)*(x0) < (v + K? max_ D)% as.

—hendVn

and v~ < v. Besides, by assumption, max,,—1.__x, D < M(n/logn)'/3,

)7V (PLAT Y + PICAT ).

and inequalities (51) and (53) end the proof of Claim 5. O

E[(fp — )2 @0) L eua e < (v+ K2M<$

Proof of Claim 6. For every Z—,

~ _ _ _ o v _
El(fp = £ ) (@00 e ey poy | Z 14 < (07 + K> max Dm)2p[yn <z }1/41,

m=1,...,Np,
n o\ 3\ 2 nv-
<2(v+ ME ()7 ) oo (= gy )L
=\t logn P 84K 2py/ M
n \I Co n
<2(v+ ME ()7 P eww (- i),
~ v+ log n ) exp 14K2 p(1)+’8

sincev™ > GCgpaﬁ on Ay .

Proof of Claim 7. According to Claim 3 in Section 6,

n >2§Jﬁr1+92

logn n

E[(f,& B f_)2($0)1{b;21/*/2} | Z_]1A§ < E[max(ka, 7, K3) | Z_]IAS— (M + 1)( -

n )‘25&4_92

< (k2 + mE[D, | Z7])(M + 1)(logn z

Y

n

which entails that

2
o —\2 ~ n \"zm1 | b
El(Fa = F @00 sy opnag] < (2 b msBER DM+ 1) (o) 7 452 (54)
Besides,
E, | 27 SB[y 1y | 271+ B0 Ly gy [ 2711, + B[, | 27104

According to inequality (46), v, = H’g\,(ﬁ())Hoo < K?py, thus

o~ _ _ 2 nv 2
Ev, | Z7]<2v” + K PoeXp<— m) + K Pol(A;)c'
On A3, exp(—nv~ /456 K?pg) < exp(—+/n/38) a.s., s
E[7;) < 2v + Kpo( exp ( - gg) + Pl(A7)])
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and with (52),

2 Vvn 3 2p0 2
B[] <2+ K poexp<—§> + 210g (12K 2RI - b3, ) (55)
Then inequalities (54) and (55) provide the proof of Claim 7. O

8. ADDITIONAL PROOFS
8.1. Proof of Proposition 4.1

(1)Letx € R,
1

1
Dl< [156 - 0-Dlixwdy<v [ fxt)dy=v s
0

0

(2) Suppose that f € H(S3, L) and 8 = r + o with a €]0, 1]. We have,

1
)@ = g ([ 1= =D sx )
0

1 1
— [ 2 (fa— - D) fx ) dy = [ 176~ 0= Dw)ix ) dy
0

ox"
0

Hence, forevery z, 2’ € R,

() (@) — (

| A

1
/ £ — (b= D)) - fO — (b - D)) fx(y) dy
0

LQI:B —2/|*fx(y) dy = L*|x — y|*,

IN
o _

which proves that f~ € H(S3, L).
(3) First of all, for every u € R, the Fourier transform of f~ is

- [rw "”””df”—//fw—b BY(W) Fx ()™ da dy.

zeR TzER y=
Set z =2 — (b—b)(y), then

Sy

1

/f e~z fzub B (y )deX(y) dy:f*(u) / efiu(bfb)(y)fX@/) dy
€R

y=uz y:O

Hence,
1
|(f) ()] < [ (u)] / e~ ODW)| fy(y) dy = | £ (w)].
y=0

Then, if f € W(B, L),
1

1
_ —\* 2, 28+1 < * 2, 26+1 <72
27T/|(f )" () | u du_%/\f (w)[2u?P! du < L2,

u€R u€eR

so f- e W(B,L).
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8.2. Proof of Proposition 2.1 and Proposition 3.2 (1)
Let us prove Proposition 2.1.
(1) A simple calculus proves that the Fourier transform of 1_ - is 2m¢, then for every u € R,
/ bly)e " dy = — / e dy = 1 () = =1 ().
27 2

Hence, for every (m, k),

O p(u) = (1/y/m)e ™ /My (u). (56)

Then, let m > 0 and &k, € Z, according to the Parseval formula, we have

1
<¢m,k7¢m,l> 2 <¢mk7¢ml 27Tm / k l U/m du _ ]-k; ..

—7Tm

(2) First of all, we recall that for every subset S,,, of L2(I), the two following properties are equivalent
(see Birgé and Massart [4], Lemma 1):

(It < EvVDulitl, ¥t € Sn) & |36k < KD (57)
keZ

So, fort € Sy, and z € R, we prove that [¢(z)| < /m]|t]|. As Supp(t*) C [—-7mm, wm], we have

(t(x))? = [;ﬁ 7t*(u)eiw dur < (2;)2( 7 ]t*(u)]Qdu) « 2mm = ml|t|]?

by Parseval’s Equality, which proves the assertion (2) of Proposition 2.1.

(3) By (56), it is obvious that S, C {t € L?(R), Supp(t*) C [~mm, mm]}. Conversely, let t € L?(R)
be such that Supp(¢*) C [-mm, 7m], then t* decomposes in Fourier series as

£ (u) = (Z akeikw/m) L mmm) € Vect{@% 1, k € Z}
keZ
for some numbers (ay)rez. Thus t € S,,. Hence S, = {t € L?(R), Supp(t*) C [~7m, wm]}. Then it is
obvious that S,,, C S,/ for every m < m/.
e Let us prove (1) of Proposition 3.2. For every h € Lz(R)

1

b = argtrél};n Hh - tHZ = arg minSupp(t*)C[ wTm,mm| o, __ ot Hh* —t* H - (h*]-[ ™m wm])*

Suppose that h € W(5+1/2,L), letz € R,

(h = hu, [ / “‘xdur—[;ﬂ / h*(u)ew%m]2

R |u|>mm
1 / 2, 128+1 1
< |P*(w)|?|u] 2P du x ———du
(2m)? Juf2PH
[u[>mm [u|>mm
L? 5
2B
< 2ﬁ7725+1m =
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8.3. Proof of Proposition 2.2 and Proposition 3.2 (2)
Let us prove Proposition 2.2. Forevery j € N, z € R,

{k €T(5): Yjp(x) 0} < [{k: —B<22—-k<B} <2B+1.
Thus, for everym € N*, t € B, and z € [—1 1], we have,

2
(t(x>)2:( Z SOk, +Z Z %m %k: ))

kel (0) Jj=0 kel(j
m—1 m—1
g( S Gont) + <wj,k,t>2) ( OIS wf-,k@c))
keT’(0) 7=0 keT'(5) keI (0) 7=0 keT'(4)

< 1t x 2B + D) (llgll% + Zzﬂw ) < K222,

where K depends only on the structure of the mother and father wavelets. According to (57), this proves
the result of Proposition 2.2.

e Assertion (2) of Proposition 3.2 follows from Proposition 4 (Section 9, Chapter 2) in Meyer [16].
The result stated there is more general (for Besov spaces and a L9-norm), and we only recall it in the
form we require. Let h € L?(R), then

h()= > (oot Y. > (hhje)tn
kel (0) j>0 kel (j)

and

k:eF/(O) J=0 kel( J)
On the one hand, by Meyer [16], if h € H(B,L) = BE (L) (see Meyer [16] or DeVore and Lorentz [7]
for the definition of Besov spaces),
sup 2’| 2 iin]| = IRl < oo,
320 kel (j

Moreover, there exists a constant, which only depends of ¢ and ¢, such that || ||| < CL for every
h € H(B,L). Thus, for every m > 1,

. -mf /
1= onlloe = || 3 Z (Wi W3] ;C\thﬂzJﬁSCL12_2_ﬁ:K(ﬁ)L' .

2m
j>m kel (j

9. APPENDIX : DEVIATION INEQUALITIES FOR EMPIRICAL PROCESSES

The following inequality, called Bernstein’s Inequality, is stated in Birgé and Massart [4] (Lemma 8,
p. 366).

Theorem 9.1. Let (Xy,...,X,) beindependent random variables. Suppose that:

1 n
EZE[XZ?]SU’ —ZE —vcl 2
i=1

foreveryl > 2. Let S = % Sy Xi — E[X;). Then, Jor every e > 0:
2

P[S > ¢ §exp<—2(vnfcﬁ)), P[S| > ¢ < 26Xp(—2(vnij_ce)).
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The following deviation inequality called Talagrand’s Inequality is originally due to works by Tala-

grand [18] and is stated in this form by Klein and Rio [10].

Theorem 9.2. Let (Xy,...,X,) bei.id., F aset of functions, and

n

Let H, v, and b be such that

E[|Z|] < H, sup Var(¢(X;)) < v, sup ||t||oo < 0.
F teF

Then for every A > 0

1.

Lo~

10.
1.
12.
13.
14.
15.

16.
17.

18.
19.

nA?
Pl|Z|>H+ )] < exp(_ 2(v+4Hb+3bA)>'
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