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1. Introduction

The Dempster-Shafer theory of evidence is a method developed to model and manipulate uncertain, imprecise, incom-
plete, and even vague information. It was originated by Dempster’s concept of lower and upper probabilities [6], and extended
by Shafer [26] as a theory. The basic representational structure in this theory is a belief structure, which consists of a family
of subsets, called focal elements, with associated individual positive weights summing to one. The fundamental numeric
measures derived from the belief structure are a dual pair of belief and plausibility functions. Since its inception, evidential
reasoning has emerged as a powerful methodology for pattern recognition, image analysis, diagnosis, knowledge discovery,
information fusion, and decision making [37,41,48].

Another important method used to deal with uncertainty in information systems is the theory of rough sets [20,21].
As a mathematical method to deal with insufficient and incomplete data, it is a set-theory-based technique to handle
data with granular structures by using two sets called the rough lower approximation and the rough upper approxima-
tion to approximate an object. By using this method, knowledge hidden in information systems may be revealed and
expressed in the form of decision rules and its main idea is using the existing knowledge to approximate uncertain con-
cepts and phenomena [21]. The theory of rough sets has obtained many achievements in both theoretical researches and
application aspects. It provides some practical solutions for certain problems in information science, such as artificial in-
telligence, data mining, pattern recognition, knowledge discovery, knowledge representation and intelligent control. The
classical definition of a Pawlak rough set is with reference to an equivalence relation. From both theoretical and practical
viewpoints, the classical equivalence relation is a very stringent condition that may limit applications of rough sets. Var-
ious theories were therefore developed from an equivalence relation to more general mathematical concepts: algebraic
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methods of the theory of rough sets [2,16,46], a neighborhood system from topological space [27,28,45,54], a similarity
relation and tolerance relation or arbitrary binary relation based on rough sets [30,33,53,56] and rough set theory has
been successfully used for reducing redundant attributes, describing dependency among attributes, evaluating the sig-
nificance of attributes, and dealing with inconsistent and incomplete data in knowledge and data analysis [12,19,31]. On
the other hand, most of the knowledge in real life applications is fuzzy. Therefore, to promote Pawlak rough set model
to fuzzy environment is a very natural problem. In fact, various fuzzy kinds of generalizations have been proposed in
[5,8,9,18,22,35,47,50]. For example, Dubois and Prade firstly introduced the rough fuzzy set [8]. Alternatively, a fuzzy
similarity relation can be used to replace an equivalence relation. They proposed the definition of fuzzy rough set in [9].
Meanwhile, the rough fuzzy set model may be used to deal with knowledge acquisition in information systems with fuzzy
decisions [29]. Most types of the above-mentioned binary relation can be viewed as a covering or a fuzzy covering on
the universe of discourse. So we pay more attention to the development of the covering and fuzzy covering based on
rough set model. In [51], Zakowski gave covering-based rough set model. In [57], Zhu and Wang discussed the reduction
for this model, and studied the axiomatic characterization of the lower approximation operator. Whereafter, several mod-
els of covering-based rough sets and comparison already appeared in literature [1,17,24,32-34,55,58]. Recently, Chen et
al. [3] and Yang and Li [42] proposed a way to reduce the covering systems without decision attribute, which are data-
bases characterized by coverings. Li and Yin [14] gave ways to knowledge reduction of covering decision systems based
on information theory. Deng et al. [7], Feng et al. [10] and Li et al. [13] even established fuzzy rough set models based on
coverings.

There are strong connections between rough set theory and Dempster-Shafer theory of evidence. It has been demon-
strated that various belief structures are associated with various rough approximation spaces such that the different dual
pairs of lower and upper approximation operators induced by the rough approximation spaces may be used to interpret the
corresponding dual pairs of belief and plausibility functions induced by the belief structures [4,23,40,44,45]. The Dempster-
Shafer theory of evidence may be used to analyze knowledge acquisition in information systems. It is well known that
knowledge reduction is one of the hot research topics in rough set theory. Many authors studied attribute reduction based
on the theory of evidence in various information systems, for example, in complete information systems [52], in incomplete
information systems [15], in incomplete decision systems [36] and in ordered information systems [38] and if crisp set is
replaced by fuzzy set, Yao et al. [43] discussed how to reduce the reflective fuzzy decision system by the belief function
and the plausibility function. In most of the papers mentioned above, the probability assignment of various granules are
the same or every element in the universe of discourse has the same probability. The reductions studied in these litera-
tures are to maintain some approximation or probability estimate of decision classes unchanged. They did not consider
the changes of the mass function and reduce the information system maintaining the mass function unchanged. If an in-
formation system is generated by a fuzzy covering, then the basic granules are also generated by the fuzzy covering and
we think that probability assignment of a granule should be strongly related to the elements covered by the granule. It
is clear that the probability space of the universe of discourse is not a classical probability model. So we attempt to pro-
pose a new mass function by employing the ratio of the elements covered by every granule in a fuzzy covering system.
Then we use the corresponding belief function and the plausibility function to reduce the information system ensuring
the probabilities of every element and mass function unchanged. Meanwhile, though there are a lot of papers studied
the evidence theory combined with rough set theory, most of them concentrate on attribute reduction based on the ev-
idence theory or generating belief and plausibility functions by lower and upper approximation operators. They did not
discuss information fusion using the set of basic granules, or the set of all focal elements of the fusion mass function
may not be the set of basic information granules. That is, the above information fusion is not based on rough set theory.
Therefore, another motivation of this paper is how to fuse the multi-information systems based on rough set theory. If
there are more than one fuzzy coverings, we should consider the multi-information fusion combining with some feature
of multi-fuzzy covering systems to ensure the set of focal element being a normalized fuzzy covering of the universe of
discourse. By the fused mass function, the new belief function and plausibility function can be obtained by the evidence
theory and we investigate how to generate the fuzzy rough approximation operators by the new belief (plausibility) func-
tions.

In this paper, we study fuzzy evidence theory based on fuzzy coverings. In Section 2, we review the fuzzy covering
lower and upper approximations generated by a fuzzy covering in a finite universe of discourse. Section 3 gives a pair of
belief and plausibility function and homologous mass function with respect to the lower and upper approximation oper-
ators based on a fuzzy covering. Then we discuss the reduction of a fuzzy covering by using the plausibility function in
information systems and in decision tables respectively. In Section 4, we propose an information fusion method of multi-
fuzzy coverings in fuzzy covering systems. We first define a new fusion mass function, and discuss the properties and
applications of the corresponding belief and plausibility function. We then give lower and upper approximation operations
generated by the belief function and plausibility function in two special cases: (1) the number of the focal elements in
a fusion mass function is smaller than the number of the elements in U; (2) the number of the focal elements in a fu-
sion mass function is bigger than the number of the elements in U, and the mass function value of the focal elements,
assigned to the same object, in a fusion mass function are the same. Finally, in Section 5, we conclude the paper with a
summary.
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2. Basic concepts
2.1. Fuzzy covering approximation space

Let U be a finite and nonempty set called the universe of discourse. The class of all subsets (respectively, fuzzy subset) of
U will be denoted by P(U) (respectively, by F(U)). For any A € F(U), the «-level and strong «-level of A will be denoted by
(A)¢ and (A)q+, respectively, thatis, (A)y = {x € U : A(x) > o} and (A)q+ = {x € U : A(x) > «a}, where @ € [0, 1], the
unitinterval, (A)g = U,and (A)1+ = @ and (AUB)(x) = max{A(x), B(x)}, (ANB)(x) = min{A(x), B(x)}, ~ A(x) = 1—A(x),
VA, B € F(U). A class of fuzzy sets C C F(U) is called a fuzzy covering (introduced in [7]) of U, if (1) U{A|]A € C}(x) = 1,
Vx € U,(2) D ¢ C.If each fuzzy set A in fuzzy covering C is normalized, i.e. A(x) = 1 for at least one x € U, then C is said to
be normalized. For a fuzzy covering C,A € C, if A(x) = 1, then x is covered by A.

Definition 2.1. Suppose U is a finite and nonempty universe of discourse, and ¢ = {Cy, C3, ..., Gy} is a fuzzy covering of
U.Foreveryx € U,letCx = N{G; : G € C, Cj(x) = 1}, then Cov(C) = {Cx : x € U} is another fuzzy covering of U, which
is called the fuzzy covering of U induced by C.

For every x € U, Cy is the minimal fuzzy set in Cov(C) such that Cy(x) = 1, that is, Cy is the most complete fuzzy
description of x with respect to C. For every x,y € U, if Cx(y) = 1then Cy 2 Cy. Thus if Cx(y) = 1 and Cy(x) = 1, then
Cx = Cy. Obviously, any element in Cov(C) cannot be written as the union of other elements in Cov(C). The core of a fuzzy
set Ais all the elements of U which covered by A: (A); = {x € U : A(x) = 1}. Obviously the cores of the fuzzy sets in a fuzzy
covering form a covering. In the crisp case, Cov(C) is a covering but may not be a partition.

Definition 2.2. Vo € [0, 1], (Cx)e = {y € U : Cx(y) > «}, then (Cy)q is a crisp set in U. VX € P(U), define:
CoX)={xe€U : (Ca SX};
CoX)={x€U : (Cx)o NX # 0}.

Cy(X) and Cy (X) are called a-level fuzzy covering lower and upper approximation of a crisp set X, respectively.

Definition 2.3. Suppose C is a fuzzy covering of U, Cov(C) is the fuzzy covering induced by C. VA € F(U), define
cA =\ @nci_o((Aer); CcA =\ @nNc((Aa)),

«el0,1] ael0,1]

where & denotes the constant fuzzy set with its membership function @(x) = «, Vx € U. Then C(A) and C(A) are called
fuzzy covering lower and upper approximations of a fuzzy set A, respectively. C and C are referred to fuzzy covering lower
and upper approximation operators, respectively. (U, C) is a fuzzy covering approximation space.

It is easy to verify the following conclusions:

Theorem 2.1. Suppose C is a fuzzy covering of U. The fuzzy covering upper and lower approximation operators satisfy the following
properties: VA, B € F(U), a € [0, 1],

(1) cW) =0, cU) =U;

(2) c(A) CACCA);

(3) C(A) =~ C(~ A), C(A) =~ C(~ A);

(4) cAUa@)=cA)Vva, CANa) =CA) Aa;

(5) C(ANB) = C(A) NC(B), C(AUB) = C(A) UC(B);

(6) AC B = C(A) CC(B), C(A) CC(B);

(7) c(AUB) 2 C(A) UC(B), C(ANB) C C(A) NC(B).
Theorem 2.2. Let U be a finite and nonempty universe, C be a fuzzy covering of U. The fuzzy covering upper and lower approxi-
mations satisfy the following equations: VA, B € F(U), x € U,

cAH = N1 -cWMIVAR)Y:  CAKE =V {Gy) AA)).

yeu yeu

Assume 1(y) denotes the fuzzy singleton with value 1 at y and 0 elsewhere; 1y denotes the characteristic function of X,
X CU.
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Proposition 2.3. Suppose C is a fuzzy covering of U, then

(1) C(1y)(x) = G(y), Vx,y € U.

(2) cupp) @) =1—C(y), Vx,y € U.

(3) C(1x)(x) = max{Cx(y) |y € X}, Vx e U,X € P(U).

(4) c(1x)(x) = min{1 —C(y) |y € X}, Vx e U,X € P(U).
(5) c(@) =c@) =a, Yo € [0, 1].

Proposition 2.4. Suppose C is a fuzzy covering of U. B C C is also a fuzzy covering of U, then VX € F(U), Vx € U,

(1) By 2 Cy;
(2) BX)(x) < c(X)(x) and B(X)(x) > C(X)(x).

2.2. Belief and plausibility functions

Basing on the concept of information granularity and the theory of possibility, Zadeh first generalized the Dempster—
Shafer theory to fuzzy situation [49,50]. First of all, the belief structure should be generalized to fuzzy environment.

Definition 2.4 [37]. Let U be a nonempty finite set. A set function m : F(U) — [0, 1] is referred to a basic probability
assignment (also called mass function) if it satisfies axioms (M1) and (M2):

MD)m@) =0, (M2) > m(A)=1.

AeF(U)

Afuzzy set X € F(U) with m(X) > 0is referred to a focal element of m. We denote by M the family of all focal elements
of m. The pair (M, m) is called a fuzzy belief structure. In the following discussions, all the focal elements are supposed to
be normalized, i.e., for any A € M, there exists an x € U such that A(x) = 1.

Based on a fuzzy belief structure (M, m) on a finite universe of discourse U, Zadeh [48] defined the expected certainty,
denoted by Bel(X), and the expected possibility, denoted by PI(X), as a dual pair of generalization of Dempster-Shafer belief
and plausibility functions: for all X € F(U),

Bel(X) = > m(A)inf(A=X); PIX) = > m(A)sup(X NA),
AeM AeM
where inf (A = X) measures the degree to which Aisincluded in X and sup(X MNA) measures the degree that X intersects with
A. It is easy to verify that the expected certainty and the expected possibility degenerate into the crisp belief and plausibility
functions when the belief structure (M, m) and X are crisp.
In what follows, let (U, P(U)) be a measurable space, P(A) = Z A(x)P(x), YA € F(U), where P(x) = P({x}) and

(U, P(U), P) is a probability space. Wu et al. [37] studied the fuzzy bellef and fuzzy plausibility functions in infinite universe
of discourse.

Definition 2.5 [37]. Let U be a nonempty universe of discourse which may be infinite, and Z an implicator on [0, 1]. For
A,B € F(U),wedefineI(A C B) = AxcyZ(A(x), B(x)) = Axeu(A =71 B)(x), whereI(A C B) measures the degree to which
Aisincluded in X.

Definition 2.6 [37]. Let U be a nonempty universe of discourse which may be infinite, (M, m) a fuzzy belief structure on U,
and 7 an implicator on [0, 1]. A fuzzy set function Bel : F(U) — [0, 1] is referred to a generalized fuzzy belief function on
UifforallX € F(U),

BelX) = >, mAIACX) = D m(A) Axeu Z(AX), X(x)).

AcF(U) AeF(U)
The fuzzy set function Pl : F(U) — [0, 1] is referred to a generalized fuzzy plausibility function on U:
PI(X) =1 — Bel(~ X), X € F(U).

Definition 2.7 [37]. If U is a countable set, P is a probability measure on U, W is a nonempty set which may be infinite, R is
a serial fuzzy binary relation from U to W, then we call ((U, P), W, R) a fuzzy belief space.
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Theorem 2.5 [37]. Let ((U, P), W, R) be afuzzy belief space, and Z an left and right monotonic, semicontinuous, border implicator
on [0,1]. Ry and Ry are the Z-fuzzy rough approximation operators defined as the following: VX € F(W), x € U

Rz(A)(x) = AyeuZ(R(x,¥), AW));  Rz(A)(x) =~ Rz(~ A).

Denote Bel(X) = P(Rz(X)), X € F(W), PI(X) = P(Rz(X)), X € F(W). Then Bel : F(W) — [0, 1]and Pl : F(W) — [0, 1]
are a dual pair of fuzzy belief and plausibility functions.

3. Reduction of a fuzzy covering based on the evidence theory

Reduction of an information system is an important issue in rough set theory. In this section, we discuss the reduction of
a fuzzy covering based on the evidence theory.

3.1. Belief and plausibility functions induced by general fuzzy covering rough sets

Suppose C is a fuzzy covering on U. In the following, we assume N = U, where {J denotes the set which does not contain
any element of F(U). (Since (F(U), C) is a complete lattice with #J being the least element and U the maximum element). In
most cases, the probability of various granules is not always the same. Especially in a fuzzy covering space (U, C), {Cx : x € U}
is the basic granule. Every covering class can cover many elements in U and every element in U maybe covered by more
than one covering classes, every covering class must be used many times for approximating an object. So we should use a
method of non-classical probability model to define the probability of granules. It is well know that {B, : x € U, B C F(U)}
is a fuzzy covering of U if and only if {(By)1 : x € U} is a covering of U. Since {(Cx); : x € U} is a covering of U, we can use
{(Cx)1 : x € U} to define mass function.

Theorem 3.1. Let U = {x1, X2, ..., Xy} be a nonempty and finite universe of discourse, C a fuzzy covering of U. VX € F(U),
define
[(X)1] _ .
o) = | Sremolmi X € VO = (G- G
0, otherwise.

Then m¢ is a mass function. Denote

[(A)1]

|(A)1]
BeleX) = >, ————— NA-AD) VX)), PeX)= > =———— \/A®AX®).
acconc) 2vecov@ M1l yey acconc) 2vecov(@) N1l &y
Bel and Pl are belief and plausibility functions on U respectively.
. _ [(X)1] _ _ . .
Proof. Since > xc ) Me(X) = 2xecov(c) m = 1 and m¢(¥) = 0, then we know m¢ is a mass function.

By Definition 2.6, if Z be an S-implicator based onat-conorm S, 7 at-normdual to S,and Z(A(x), X(x)) = (1—A(x))VvX(x),
T(A®KX), X(x)) = A(x) AX(x),YA, X € F(U), x € U, then we have

Bele(X) = > mc(A) Axev Z(AX), X(x))
AeEM

= > me@ A1 —AW) VX))

AeM yeu
= 2 me@® A\ —AW) VX))
AeCov(C) yeu
A
= > A - ae) v X)),

AeCov(C) ZYECov(C)|(Y)1| yeu
Thus Bel; is a belief function on U. Pl being a plausibility function can be proved similarly. [

If C is a fuzzy covering of U, then {Cy, x € U} = M.

Theorem 3.2. Let U be a nonempty and finite universe of discourse, C a fuzzy covering of U. Bel and Pl satisfy the following
statements: VA € F(U),

1. Belc(VJ) = Plc(@) =0, Belc(U) = Plc(U) =1;
2. Belz(A) < Pl-(A);
3. Belc(A) + Belc("’ A) <1;
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4. Belq and Pl are all monotone about A;
5. Belo(A) + Ple(~ A) = 1;
6. Belo(A) = Pl¢(A) if and only if C(A) = A = C(A).

Proof. It is trivial by Wu et al. [37]. O

Proposition 3.3. Let U = {x1, X2, ..., Xy} be a nonempty and finite universe of discourse, C a fuzzy covering of U. Then
VX € F(U),

A
Bl = Y —— 1A (1A vxe) = 3 0 wPe),

AeCov(C) ZYECOV(C) |(y)1| yeuU xeU

A _
Pe(X)= > - V (A0 AX) = D CX)®)Pe(),

AeCov(C) ZYECDV(C)KY)ll yeu xeU

[(C)1]
2yecovie)[(1lllyeU:cy=Cy}|

where Pe(x) =

Proof. VX € F(U),x € U,

_ |C)1l
Zreu COWPRX) = Zrey Q/E\U{“ — GOV X(”)}) Sreamo O heUG=aT

= Shccovio) Iy € U2 ¢y = A} (yé\u{“ — AWV xw)}) Sy T bETE=AT

= Zhecon©) (yé\u{“ —AY)] vxcm)  SANOn
= BelC(X).

Similarly, we can prove that Plo(X) = > ey C(X) (X)Pe ().
Thus, we can find that the probability of every element of the domain is not necessarily the same. [

3.2. Reduction of a fuzzy covering

In this subsection, by using the plausibility function, we discuss the reduction of a fuzzy covering to maintain the mass
function unchanged.

3.2.1. Reduction of a fuzzy covering without decision attribute
Firstly, we study the reduction of a fuzzy covering without decision attribute.

Definition 3.1. Suppose U is a finite and non-empty universe of discourse, Cov(C) is an induced fuzzy covering of U by C.
B C Cis a subcovering of U, and By = Cy, Vx € U, then B is called a consistent set of C. Furthermore, if VB C B, B isnota
subcovering of U or Ix € U such that B, # C, then B is a reduction of C.

Theorem 3.4. Let (U, C) be a fuzzy covering information space and B C C a subcovering. Then the following conditions are
equivalent:

(1) Bis a consistent set of C.
(2) B(1y) =C(1y), Vx € U.
(3) B(~ 1) =C(~ 1x), ¥x € U.

Proof. It is easy to prove by Definition 3.1. O
Proposition 3.5. Let (U, C) be a fuzzy covering information space and B C C. B is a consistent set of C then
(1) mB(X) = mc(X), VX e .'F(U)

(2) Pg(x) = Pe(x),Vx € U.
(3) Plg(X) = Plo(X) andBels(X) = Belo(X), VX € F(U).
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Proof. (1) Since B is a consistent set of C, we know that By = Cy, Vx € U. Then m¢(X) = mg(X), VX € F(U) (see
Theorem 3.1).

(2) By By = Cy, Yx € U, we have P¢(x) = Pg(x), Vx € U. So (2) holds.

(3)Using By = Cy, VX € U and the definition of fuzzy covering upper and lower approximation, we have Plz(X) = Pl (X)
and Belz(X) = Bel.(X), VX € F(U).

Thus we know that a consistent set of C ensures not only the basic granules but also the probabilities of every element in
U unchanged. O

Obviously, we can use the dependency degree to reduce the fuzzy covering. But the dependency degree does not reflect
the probability distribution of the basic granules. So we define another measure using plausibility function to reduce the
fuzzy covering. This measure should be closely related to basic granules and probability distribution of the universe of
discourse.

Definition 3.2. Let U = {xq, X2, ..., X;} be a nonempty and finite universe of discourse, C a fuzzy covering of U. B C C,
then define

|(Bon 7
n iev (zmv@ I(Y)lH{yEU!Cy:CxH) B(1x) ()

re.0=I1 Plo(1)

as the closeness degree of B to C.

Proposition 3.6. Let U = {x1, X2, ..., Xy} be a nonempty and finite universe of discourse, C a fuzzy covering of U. B C Cisa
subcovering of U, then B is a reduction of the fuzzy covering C iff y (B, C) = 1, and for any non-empty proper subset B C B,
y (B/, C) > 1or B isnot a subcovering of U.

Proof. If B C C is a subcovering, then

B -
n 2%V Sy cioney T Tveugy=ca B (1x) (%)

i=1 PlC(lxi)

=1 (by Proposition 3.3)

[(B)1l =
L ZXGU (Y U:C,=Cyx B(lxi)(x)
& Zrecon I€ )ll(!{}fl y =Gl =1 (by Proposition 2.4)
=1 2x€U Ty ooy T Tlyeig, =, Cx (%)

|81 -
2V Sy oo T Tyeu g =aa B (1) (¥)

(Gl 4
2XeU Sy cconiey T el =0, Cx (Xi)

[(Bx)11Bx (x;) B [(Cx)1lCx(x)
S vecovey My eV =Yl S Zyvecwey M1Ilfy €U ¢y =l
< [(Bx)1l = [(Co1] and By(xi) = Cx(xi), Vx, x; € U (by Proposition 2.4)

=1, WxjeU

N4

VXiEU

& By =0Cx, Vx e U.

Thus B is a fuzzy covering of U and a reduction of C iff y (B, C) = 1 and for any B C B, y(B,, C) > lor B is nota
subcovering of U. [

Example 3.1. LetU = {a, b, c},c = {C; =1/a+0/b+0/c, C; =0/a+1/b+0.7/c, C3 =0/a+0/b+1/c, C4 =
1/a+0.3/b+1/c}.

Cq=1/a+0/b+0/c, C,=0/a+1/b+0.7/c, C.=0/a+0/b+1/c.

1 1 1.7
Ple(la) = 5. Ple(1p) = 5. Ple(lc) = —-.

LetB=C—{C4},B,=1/a+0/b+0/c,B, =0/a+1/b+0.7/c,B. =0/a+0/b+1/c. y(B,C) = 1, and for every
proper subset B of B, y(B/, C) # 1.Thus B is a reduction of C.
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Theorem 3.7. Let (U, C) be a fuzzy covering information system and B C C a subcovering of U.

(1) IfPe(x) < Pg(x), Vx € U, then B is a consistent set of C if and only if Plzg(X) = Plo(X), VX € F(U).
(2) IfVx,y € U, Cx =Cy & By = Byand Vx € U, (Bx)1 = (Cx)1, then Bis a consistentset of C if and only if
Pls(X) = Pl-(X), VX € F(U).

Proof. It is obvious that (1) hold, we only prove (2).
(2) Since Plg(X) = Plo(X), VX € F(U), we have Plz(15) = Plo(1x), Vx € U.

Thus, Vx € U,
[(A)1] [(A)1]
ST VA AL = 2, SN \ AW) A 1)).
AeCov(C) ZYECOV(C) |( )1| yeu AeCov(B) ZYECOV(B) |( )1| yeu
_ _ _ [(C)1l _ [(Bx)1l
IfVx,y € U, Cx = Cy & By = By,and Vx € U, (Bx)1 = (Cx)1, then S econto) 1] = ZchOv(ml(Y)ll'vx € U. Hence

B(1x) = C(1y), that is, B is a consistent set of C. The proof of the converse is obvious. [

Example 3.2 (Following Example 3.1). B, = 1/a 4+ 0/b 4+ 0/c, B, = 0/a + 1/b + 0.7/c, B. = 0/a + 0/b + 1/c.
Plg(1g) = % = Pl-(14), Plg(1p) = % = Plo(1p), Plg(1;) = 13—7 = Plo(1p), then B is a consistent set of C.

3.2.2. Reduction of a fuzzy covering decision system

Let U be a non-empty and finite universe, C a fuzzy covering of U, and D a set of decision attributes, then (U, C, D) will be
called a fuzzy covering decision system. It is discussed that the reduction of a reflexive fuzzy decision system only maintaining
the upper approximation of every decision class unchanged in [43], and the probability assignment of every focal element
is the same. In the following, we study attribute reduction of a fuzzy covering decision system in probability space keeping
the upper approximation of every decision class and mass function of every basic information granule unchanged.

Definition 3.3. Let (U, C, D) be a fuzzy covering decision system, U = {x1, ..., %,}. U/D = {Dq, Do, ..., D;} is a set of
decision equivalence classes, B C C.If for every D; € U/D, B(D;) = C(D;) and [(Bx)1] = [(Cx)1], VX € U, then Bis called a

relative consistent set of C about D. Furthermore, for any proper subset B c B,3D; € U/D, B (D)) = C(Dj) or 3x € U such
that [(B,)1] # |(Cx)1], then we call B a relative reduction of C.

We can obtain directly the following property.

Proposition 3.8. Let (U, C, D) be a fuzzy covering decision system, U = {xq, ..., X3}, U/D = {D1, Dy, ...,D:}, B C C.IfBis
a relative consistent set of C, then

(2) Pe(x) = Pp(x), Vx € U, whenCy = Cy & By = By, Vx,y € U.

Definition 3.4. Let (U, C, D) be a fuzzy covering decision system,U = {x1, ..., x,},U/D = {D1, D2, ..., D:}, B C C,define

|(Bx)1‘ B ;
- (ZXEU 2yecov(c) |(Y)1||{y€UICy=Cx}‘B(Dl)) ®)

B,D) =
7.0 E i=1 Ple(Dy)

Then y (B, D) is called the closeness degree of 5 to D.

Theorem 3.9. Let (U, C, D) be a fuzzy covering decision system, U = {x1, ..., xn}, U/D = {D1, Do, ...,D;}, then B C Cisa
relative reduction of C iff y (B, D) = 1, and for any nonempty proper subset B C B, we have y (B/, D) > 1.

Proof

|(Bx)1| B :
IL[ (eru e © \(Y)1||{yeU:Cy=Cx}|B(D1)) (x) B
bl er:l Pl (D;)

|(Bx)1| B :
(ZXEU 2.yeCov(c) \(Y)lllb’EU?Cy:CX”B(DI)) ®)

[(€1] a(D:
=1 2xeu 2yvecov(c) |(Y)1||{y€UiCy=Cx}|C(Dl)(X)

1

=1 (by Proposition 2.4)
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sy [(B)11B(D;) (0] _ [(Cx)11C(Dy) (%)

el 2YeCov(C) [(Y)1[{y € U: ¢y =Gl <2U 2vecov(@) [(V)1|H{y € U: ¢y = &) '
< | (B)1|B(D)(x) = |(Cx)11C(Di)(x), Vx € U,i=1,...,r (byProposition 2.4)

& B(Dj)(x) = C(Dy)(x) and |(Bx)1| = |(Cx)1l, YVx € U.

i=1,2,...,r1

So Bis a reduction of C iff y (B, D) = 1 and for any B C B, y(B/, D) >1. O

The purpose of relative reduction of a fuzzy covering decision system is to find a minimal subset of a fuzzy covering to
preserve the upper approximations of decision classes and the mass function unchanged.

Example 3.3. LetU = {a,b,c},C = {C; =1/a+0/b+0/c, G =0/a+1/b+0.7/c, (3 =0/a+0/b+1/c, C4 =
1/a+0.3/b+1/c},U/Rp = {{a}, {b, c}}.

Cq=1/a+0/b+0/c, C,=0/a+1/b+0.7/c,Cc =0/a+0/b+1/c.

1 2
Ple({a}) = 3 Ple({b, c}) = 3

Let B = C — {C4}, ¥ (B, D) = 1, and for every subset B of B, y(B/, D) # 1.Then B is a relative reduction of C.

We consider the relation of the belief function (plausibility function) with respect to a fuzzy covering and a relative
consistent set of the fuzzy covering. Then we can easily obtain the following conclusion.

Theorem 3.10. Let] = (U, C, D) be a fuzzy covering decision system and B C C. Then we have

(1)If B is a relative consistent set of C about D, and Vx,y € U, Cx = Cy & By = By, then Pg(x) = P¢(x), Vx € U.
(2)IfVx,y € U, Cx = Cy & Bx = By, and Bis a relative consistent set of C about D, then B(D;) = C(D;) < Belg(D;) =
Bel-(Dy), VD; € U/D.
(3)IfVx,y € U, Cx = Cy & By = By, and B is a relative consistent set of Cabout D, then Plz(D;) = Pl¢(D;), VD; € U/D.
(4)IfVx € U, Pg(x) = Pe(x), then B is a relative consistent set of C about D if and
only if Plg(D;) = Pl-(D;), VD; € U/D.

4. Information fusion and approximation in multi-fuzzy covering systems

In practical problems, we need to consider the information coming from multiple sources, thus we should study how to
fuse the information systems. In this section, we extend Dempster evidence fusion function to multi-fuzzy covering systems.

4.1. Information fusion in multi-fuzzy covering systems

Definition 4.1. Suppose U is a nonempty and finite universe of discourse, A = {Cq, C2, ..., Cp} is a set of fuzzy coverings.
Then we call (U, A) a multi-fuzzy covering system.

By Section 3, we can obtain a mass function m; for each fuzzy covering C;. Thus we must consider how to get a new fusion
mass function using {my, ..., m,} in order to get that the set of all focal element in fusion information is the set of all new
granules generating a new approximation space.

Let (U, A) be a multi-fuzzy covering system, F; the set of all focal elements of m; with respect to C;. B; € F; denotes an
arbitrary element B; in F;.

Zﬂ?:l {BjeFj)=A myq(B1)ma(B)...mu(Bp)

mA(A) — Z(ﬂlﬂ 1{BieFiD1#0 my (B1)ma(Bz)...mu(Bp) *

(A1 # 0;
0, otherwise.

Then mx is a mass function.

Thus the fuzzy information fusion rule is an improvement of Dempster rule, which is introduced in [25]. The influence of
conflict evidence to every focal element is not considered, that is, the influence of > ma (A),A € F(U),and A € {N_,{B; €
F} : (N{_4{Bi € Fi})1 = ¥} is not considered. But the conflict evidence has different relevance to every focal element of
ma. So they can affect the fusion results. Thus, we want to integrate the influence into the fusion function. Now we propose
a new method of evidence fusion which can be seen as improvements in conjunctive rules.
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Definition 4.2. Suppose U is a finite and nonempty universe of discourse. A, B € F(U), denote

[(A)1N(B)] .
d(A, B) _ [(B)1] s (B)l 7é ij
1, otherwise.

Then d(A, B) is called the inclusion degree on F(U).

The concept of inclusion degree is introduced in [39]. It is obvious that d(A, B) € [0, 1]. Then we can use the inclusion
degree to revise mass assignment, that is, use inclusion degree to distribute the conflict evidence.

Denote To = {N;{Bi € Fi} : (Ni{Bi € Fi})1 # @, F;is the set of focal elements of m; w.r.t.C; € A}.

405
c

A

Example41 LetU_{a b, c} (C1)a_ T4149 =241+ C)e =
)y =22+ +1 (Cz)c: +°3+ Ta = {5+%+°2 %+%+%,74+% o4
(Ba= 3507 482 py = o 4 [y 85 a, 208 £ 001 where A = {0y £ @00 = Ty €

By Example 4.1, we have Tn D {Ay : x € U} and Vx € U, JA € T such that A(x) = 1. Thus Tx is a new normalized
fuzzy covering of U.

Theorem 4.1. Let U be a nonempty and finite universe, (U, A) a multi-fuzzy covering system. Define for each A € F(U),

n L, dAB) n _
zﬂ?=1{3ieFf}=A (Hi=1mi(3i)) + z(ﬂL] {BicFi}), = [licymi® | A € Ta;

m*A(A) = >A; ETA - Z d(A;,By)

0, otherwise.
Then m’, is a mass function. We call it the fusion mass function.

Proof. (1) m} () = 0.
(2)VA € F(U),ifA € Ta, then A € {Ni{B; € F;} : (Ni{Bi € Fi})1 # @}. Conversely, if X € {N;{Bi € F} : (Ni{B; €
Fi})1 # ¥}, then3By € Fy,...,By € F,, X =By NBy N ...NByand (X); # @. Thus

>, My = > my (A

AeF(U) AEeTA

x|z (fnw)e oz (TR i)

n . .
ﬂ{BxeFx}—Ak ! (N {BieF}), =¥ 2 ety 2z A B) g

=> | = (ﬁmd&)) + > > ( Ziea 08 B) ﬁmf<3i>>

ﬁ{B'er}=Ak A€Ta \ (N, {BicFi}), =0 ZAjETA Zi:l d(Aﬁ B) i=1
i=1

=>| X (ﬁmiwo) + 2 (ﬁmf<3f>>

) (BicFi)=Ax = (Ni BicFi)), =0 V=1
i=1

=1- > (Hml(B)) . > (Hml(3)> =1.

(01 1{3161:1})1 BIEFI})l

Thus m7, is a mass function. O

A fuzzy set X € F(U) with m} (X) > 0 is referred to a focal element of m} . We denote by M the family of all focal
elements of m’, . Then M is a fuzzy covering of U and the elements in M are the basic information granules.
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Example4.2. LetU = {a,b,c},(C1)a= 1+ B + 2 =2+ 1+ L C)e=1+;+1 (@a=1+%2+2
@p=""+5+% @c=g+5+ ¢

Ta = {(C1)as (C1p, (C2)p, (C1)c}and (C1)a N (C2)p = B, (C1)p N (C2)a = V. Let A = (C1)a, B = (C1)p, C = (C2)p,
D = (C1)¢. Then

1
a

1 1 1
ml(A)=8, m1(3)=§, m1(C)=0,m1(D)=5'
= B) = _! Dy =2
my(A) = < my(B) =0, my(C) = 5 my(D) = -

Thus ma (A) = 55, ma(B) = 2, ma(C) = . ma(D) = 5.

However, m}, (A) = &2, m (B) = a5, m}\ (C) = §3%, mjy (D) = 2.
Then ma (A) = m} (A), ma(B) > mj (B), but ma (C) < my (C), ma(U) < m} (U). m} is a minor adjustment to ma.

By Example 4.2, we know that the probability assignment of C and U become greater, and the probability assignment of
A and B become smaller, that is, the influence to C and U by {iL,{B; € Fi} : (NiL,{B;i € Fi})1 = ¥} is greater than A and
B. From this aspect, m}, is more reasonable than mx. So we use T» and m’, to define the belief function and plausibility

function on U.

Definition 4.3. Let U = {x1, X2, ..., X} be a nonempty and finite universe of discourse, A a multi-fuzzy covering system
of U.VX € F(U), denote

Bela(X) = >, myiA) A ((1—AQW) VX)), PaX)= > mi@) \/ Ay AXY)).

AeF(U) yeu AcF(U) yeu

Then Belx and Pl are belief and plausibility functions on U, respectively.
Theorem 4.2. Belp and Pl satisfy the following statements: VX € F(U),

1. Belp(?) = PIn () = 0, Belp(U) = PIp(U) = 1;
2. Belp(X) < PIn(X);

3. Belp(X) + Bela(~X) < 1;

4. Bela and Pl are all monotone about X;

5. Belp(X) + PIpn(~ X) = 1.

Let U be a non-empty and finite universe, A be a multi-fuzzy covering system of U, and D be a set of decision attributes,
then (U, A, D) is called a fuzzy covering decision system. Now we can compute the belief degree of every decision class by
using operator Bel . It will help us to classify the objects. So we give the decision rules in the following.

Suppose U is a nonempty and finite universe of discourse, D is a decision attribute set. U/D = {Dq, ..., D;}isacrisp parti-

S p;eu/p Bela (D) - _ \/ 3 p;eu/p(Bela (D) —E(D))?
~umpr and standard deviation o (D) = 07Dl

tion of U. Define mathematical expectation E(D) =

Assumption 4.1. Let U be a nonempty and finite universe of discourse, A a multi-fuzzy covering system of U. U/B and U/D
are two decision partitions. Then we can use the following rules to decide which decision partition is better than the other.

(1) VB; € U/B, if Bel(B;) > Bel(D;) for every D; € U/D with B; N Dj # , then U/B is better than U/D.

(2) If (1) is not satisfied, then compute E(D) and E(B). If E(D) > E(B), then the classification effects of U/D is better
than U/B. If E(B) > E(D), then the classification effects of U/B is better than U/D. If E(B) = E(D), we consider ¢ (D) and
o (B), and we think that classification effects of the variance smaller one is better than the other. Otherwise, we believe the
classification effects of the two decisions are both good.

Assumption 4.2. Let U be a nonempty and finite universe of discourse, A a multi-fuzzy covering system of U. D is a decision
attribute and U/D is a partition of U. If the classification of the elements is known expect one element x € U, we compute
Bela (D;U{x}) for each D; € U/D.Select D* satisfying Belp (D* U {x}) = max{Bela (D;U{x}) : D; € U/D}.Then we determine
that x belongs to decision class D*.

Example 4.3. Let U = {x1, X2, X3, X4} be a set of four patients, E = {aq, ay, as, a4} be a set of four attributes. a; =: Heat,
a, =: Cough, a3 =: headache, a4 =: URL. D = {1 =: commoncold, 2 =: influenza}. For attribute a; we have C;:

C1 ={1/x1 +0.7/x3 + 1/x3 + 0.4/x4, 0.3/x1 + 1/x3 + 0.3/x3 + 1/x4}.

For attribute a, we have C5:
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C = {1/X1 + 1/X2 + 0.3/X3 + 0.7/)(4, O.S/X] + 0.7/X2 + 1/X3 + 1/X4}.
For attribute a3 we have C3:
C3 = {1/)(1 ~|—0.7/X2 + ]/X3 + 1/X4, 0.4/)(1 + 1/X2 + 1/X3 + 0.7/X4}.
For attribute a4 we have Cy4:
Cq = {1/x1 +0.7/%3 + 1/x3 + 0.5/x4, 0.4/x1 + 1/x2 + 1/x3 + 1/x4}.
Thus for C; we have:
Cix, = Cix; = 1/x1 +0.7/x3 + 1/x3 + 0.4 /x4,

Cix, = Cixy, = 0.3/x1 + 1/x2 +0.3/x3 + 1/x4,

M) = M1 = 5. MCr) = mCra) = 3
For C, we have:

Caxy = Cax, = 1/%1 4 1/x2 4+ 0.3/x3 4 0.7 /x4,

Coxs = Cax, = 0.8/x1 +0.7/x +1/x3 + 1/x4.

N[ =

M(Can) = MCo) = 5. M) = M(Cay,) =
For C3 we have:

C3y, = C3x, = 1/X1 +0.7/%2 + 1/x3 + 1/x4,

C3y, = 0.4/%1 +1/x2 +1/x3 + 0.7 /x4,

C3x; = 0.4/x1 +0.7/x3 + 1/x3 + 0.7 /x4.

1 1 1
m(C3X1) = m(CZX4) = 5» m(CZXZ) = 65 m(CZX3) = 5

A = {A1 = 1/X1 + 0.7/X2 + 0.3/)(3 + 0.4/X4, A2 = 0.8/X1 + 0.7/X2 + 1/X3 + 0.4/)(4, A3 = O.4/X1 + 0.7/X2 +
1/x3 4+ 0.4/x4, Ay = 0.3/x1 + 1/x3 + 0.3/x3 + 0.7 /x4, As = 0.3/x1 + 0.7/x3 + 0.3/x3 + 1/x4} and ma (A1) ~ 0.188,
ma(Ay) & 0.246, ma (A3) ~ 0.246, ma (A4) =~ 0.130 ma (As) =~ 0.190

(1) If there are two decisions D = {D; = {x1,x2}, D2 = {x3,x4}}, B = {B1 = {x1, X3}, By = {x2, X4}} given by two
doctors, then we can compute Bela (D1) and Bela (D5) in two conditions. Moreover, we can determine the reasonable one
of D1 and D, by using the belief degree of D; and D,. In the case of decision D,

Bela(Dy) = 0.152, Beln(Dy) = 0.18.

The belief degree of D; is 0.152. The belief degree of D, is 0.18.

Butif B = {By = {x1, X3}, B, = {X2, X4}}, then Belxp (B1) = 0.204, Belx (B;) = 0.224. Obviously, the belief degree of
every set in B is bigger than D. Thus, we can believe that the classification effects of B is better than D.

(2) If we know D1 = {x1, X2}, D = {x4}, but we do not know which decision class x3 belongs to, we compute that
Bela ({x1, X2, x3}) = 0.4776, and Bela ({x3, x4}}) = 0.18. So we think that x3 belongs to D;.

4.2. Induced fuzzy covering approximation operators

In Section 3, a fuzzy approximation space generates a serial lower (upper) approximations, we know that the lower
(upper) approximation can induce the belief (plausibility) function. A nature problem is under what conditions, lower
(upper) approximation operator can be generated from the Bel(PI) functions? And how to do it? In this subsection, we study
these questions by using the theory of maximum flow [11]. The definitions about graph, network, maximum flow, etc, can
be found in [11].

Let |Ta| denote the number of elements in Ta, and |Ta| # o00. Let A; in T denote a vertex a;, Vi = {a; : A; € Tpa}, and
xj in U denote a vertex xj, Vo = {x; : x; € U}. If Aj(x;) = 1, then there is a directed edge from g; to x;. Denote v;j = (a;, X;).

Definition 4.4. A directed bipartite graph (or bigraph) is a directed graph whose vertices can be divided into two disjoint
sets U and V such that every directed edge connects a vertex in U to one in V; that is, U and V are independent sets.

Proposition 4.3. IfV = V; U V,, E = {e;;} denotes the set of directed edges, then G(V, E) is a directed Bipartite graph.
Since there must exist an element A; in T such that A;(x;) = 1, Vx; € U, we have the following conclusion.

Proposition 4.4. There are at least one directed edge connected to x;, Vx; € V.
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In the following, we discuss the lower (upper) approximation operator generated by the Bel(Pl) functions in two cases.
Case 1. |Tao| < |U|.

Add a new vertex s, and let s connect every vertex a; € V1, we denote e; = (s, a;) and add a new vertex t, let t connect
every vertex x; € Vo, we denote e; = (x;, t). Thus we can get a new graph G . The capacity on each directed edge e; = (s, a;)
is |U|, the capacity on each directed edge e; = (x;, t) is 1, and the capacity on each directed edge e;; = (a;, x;) € Eis 1. Then
G is a network. A flow on a graph is a nonnegative integer-valued function f from the set of directed edges to Z,.. The flow
on directed edge e;; is f;j, the flow on directed edge e; is fs;, the flow on directed edge e; is f;;. Now we can get a maximum
flow on G . Let F be a flow and F(G) be the value of the flow F on G.

Proposition 4.5. If G is a network defined as above, |Ta| < n, then the value of a maximum flow on G is Finax (G/) = |U|.

By the method of maximum flow, the proof of Proposition 4.5 is obvious. By Proposition 4.5 we know that fiy = 1,
Vx; € V. Thus for every x; € V> there exists only one vertex a; such that fj = 1 and the following proposition holds.

Proposition 4.6. Let G be a network defined as above, |Ta| < n. Then there exists a maximum flow F such that F (G/) = |U]|
and fs; > 1,Va; € Vj.

Proof. Firstly, we give a feasible flow F such that fsi = 1foreverya; € Vqy and fi < 1 for every x; € U. Thus there are at
least |[U| — |V1] edges ejj € E such that fj = 0 but ¢;; = 1. Secondly, we try to increase the flow fy; for a; € V; to get a new
feasible flow. If f;; can not be increased, then consider f;», and repeat the same action one by one. Finally, we always can get
a maximum flow F such that F(G ) = |U| and fs; > 1,Va; € V4. O

Theorem 4.7. Suppose F is a maximum flow ofG/ such thatF(G/) = |U|andfs; > 1,Ya; € V1.Iffj = 1inF, thenlet A% = {A;}
be a fuzzy neighborhood of x;. Every A; € Tx is a fuzzy neighborhood of at least one elements in U and for every x; € U, there
exists one neighborhood.

LetU = {x1, X2, . . ., X;} beanonempty and finite universe of discourse, A a multi-fuzzy covering system of U.If |To| < n,
then VX € F(U),

Bela (X) = Sacrw) M () Ayey((1 — AY) VX(),  (by Theorem 4.7)
= Sper, I € U 8 = 8] Ay (1 = B0 VXOD ears )
= eu Ayeu((1 = 5%0)) V XO) [y

* AX
Let P(x) = m, Vx € U, then the above equation is equivalent to

Bela(X) = > /\ (1 = A% (1) vV X(1)P().

xeUyeU
Similarly, we can get PIp (X) = > xey Vyeu (A*(Y) AX(Y))P(x).
Denote
Apr, X)x) = A\ (1= &%) VX¥)),
yeu
Apra(X)®) = \/ (A% (1) AXY)).
yeu

Then Apr A and Apr » are called upper and lower approximation operators of A induced by the Bel function and the Pl
function, respectively. Thus
Beln (X) = D Apr , (X)(X)P(x),

xeU
PIA(X) = D> Apr o (X)(x)P(x)
xeU

The properties of lower and upper approximation operators induced by the belief function and the plausibility function
are shown below.
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Theorem 4.8. Suppose A is a multi-fuzzy covering system of U. The lower and upper approximation operators induced by the
belief function and the plausibility function satisfy the following properties: VA, B € F(U), @ € [0, 1],

(1) Aprp (%) = 9, Apr, (U) = U;

(2) Apr, (A) € A C Aprp (A);

(3) Apr , (A) =~ Apr (~ A), APr 5 (A) =~ Apr , (~ A);

(4) Apr, (AUG) = Apr, (A) V &, Apra(AN @) = AprA(A) A G

(5) Apr, (AN B) = Apr , (A) N Apr, (B), Apr (AU B) = Apr o (A) U Apr » (B);
(6) A C B = Apra(A) C Apra(B), Apr, (A) C Apr , (B);

(7) Apr, (AUB) 2 Apr, (A) UApr, (B), Apr (AN B) C Apr o (A) N Apr 5 (B).

Proof. It is easy to prove by the above definition of Apr , and Apr. O

Example 44. U = {a,b,c,d}, Tn = {Ay = 1/a+0.5/b+03/c+1/d, A, = 01/a+1/b+1/c+ 1/d, A3 =
1/a+ 0.5/b+ 1/c + 0.2/d}. Thus we can obtain a network G and a feasible flow on G as follows:

Now we can get a maximum flow

Then A® = Ay, AP = Ay, A® = A3, AY = A;.Thus we can compute the lower and upper approximations of every fuzzy set
inU.IfX = 0.5/a+0/b+0.1/c+1/d, thenApr , (X) = 0.5/a+0/b+0.1/c+0.5/dandAprp(X) = 1/a+1/b+0.5/c+1/d.

Case 2. |Ta| > |U|.

Similarly to Case 1, we assume that the flow capacity on each directed edge e; = (s, ;) is 1, the capacity on each directed
"
edge e; = (x;, t) is |Ta[, and the capacity on each directed edge e; = (a;, x;) € E is 1, which form G . Hence we can get a
maximum flow on G .

Proposition 4.9. IfGN is a network defined as above, |Ta| > |U|, then the value of a maximum flow on G is F(G//) = |Tal.

By the method of maximum flow, Proposition 4.9 is obvious. From Proposition 4.9, we know that f;; = 1, Va; € V7. Thus
for every a; € V; there exists only one vertex x; such that f;; = 1. Then we obtain that if G is a network defined as above,
|Ta| > |U], then there exists a maximum flow F such that F(GN) = |Taland fir > 1,Vx; € V.

In the following we give the method of finding the maximum flow of G .
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Firstly, we give a feasible flow F such that fit = 1foreveryx; € V, and f5; < 1 for every a; € V1. Thus there are at least
ITa| — |U| directed edges e;; € E satisfying f;j = 0, and then f;; = 0.

Secondly, we try to increase the flow fs; for a; € V; to get a new feasible flow such that fiy > 1, Vx; € V5. If fi; can not
be increased, then consider f;>, and repeat the same action one by one.

Finally, we can always get a maximum flow F such that F (GU) = [Tal and fjr > 1,Vx; € V5.

Theorem 4.10. Suppose F is a maximum flow ofG// such that F(G//) = |Taland fir > 1,Vx; € Vo. Let AY = {A; : fj = 1},
Vxj € Vy, then AN # (), Vx; € V5.

LetU = {x1, X2, ..., X;} be anonempty and finite universe of discourse, A a multi-fuzzy covering system of U.If |To| > n
and for every x € U, m’ (A;) = m) (A4)), VA;, Aj € A%, then VX € F(U),

Bela(X)= > mi(A A ((1—A®Y)) VX)) (by Theorem 4.10)
AeF(U) yeU

= ( > AN =AW vx<y>)> m’ (A)

xeU \AeA*yeU

o Zaenr Nyeu((1—A®) VX))
=2, |AX|

(mj (A)|AY))
xeU

Let P(x) = m}, (A)| A%, then

Bel(x) = 3 2 aenx Nyeu (1 —A(y)) \/X(V))P(x)
xeU |AX|
Similarly, we get
Pl (X) = Z 2 Aenx Vyeu(:‘(y) AX(V))P(X).
xeU |A |
Denote
/ e X c ]—A X J— e AX c A X
o G0 = e u«m ODVXG) o o = Zacer Vo |UA(X|(V)/\ »)

Then @/A and Apr  are called upper and lower approximation operators of A induced by Bel and PI, respectively. Thus

Belpn (X) = 2xeu @/A X) ()P (), PIa(X) = Sxey AP o (X)(X)P(x).
The properties of lower and upper approximation operators induced by the belief function and the plausibility function
are shown below.

Theorem 4.11. Suppose A is a multi-fuzzy covering system of U. The upper and lower approximation operators induced by Bel
and Pl satisfy the following properties: YA, B € F(U),

(1) Apra(®) = 9, Apr, (U) = U;
(2) Apr, (A) C A C Apra(A);
(3) Apr, (A) =~ Apr o (~ A), Apr 5 (A) =~ Apr , (~ A);
(4) A C B = Apra(A) S Apra(B), Apr, (A) S Apr , (B).
Example 4.5 (Following Example 4.3). By |Ta| = 5 > |U|, we have A*! = {A1}, A = {A4}, A = {A;, A3}, A = {As},

and |A%] = 2.1fX = 1/x; + 1/x3 4 0.3/x3 + 0/x4, then Apr , (X) = 0.6/x1 + 0.3/x; + 0.3/x3 4 0/x4, Aprp(X) =
1/x1 4+ 1/x2 4 0.75/x3 4 0.7 /x4.

5. Conclusion
In this paper we first gave the definition and properties of a dual of fuzzy covering upper and lower approximation

operators. Then we defined a new pair of belief function and plausibility function based on the fuzzy covering upper and
lower approximation operators, and discussed their properties based on fuzzy coverings of a universe and then, we studied
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the reduction of a fuzzy covering on the belief and plausibility functions and presented a method to compute a reduction by
use of plausibility functions. Moreover, we proposed a fusion mass function over a multi-fuzzy covering system and discussed
the application of the fusion mass function. Finally we discussed the question how to get lower and upper approximations in
a evidence theory space of information fusion in two special cases. In the future, we will develop the proposed approaches
to more generalized and more complex information systems such as fuzzy decision systems.
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