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Hierarchical models (2 layers)

θ p(θ)����
?

f p(f|θ)����
?
H

����g p(g|f)

p(f,θ|g) ∝ p(g|f) p(f|θ) p(θ)

Objective: Infer on f,θ

JMAP:

(̂f, θ̂) = arg max(f ,θ) {p(f,θ|g)}

Marginalization:

p(f|g) =

∫∫
p(f,θ|g) dθ

p(θ|g) =

∫∫
p(f,θ|g) df

VBA:
Approximate p(f,θ|g) by q1(f) q2(θ)
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Hierarchical models (3 layers)

θ p(θ)����
?

z p(z|θ)����
?

f p(f|z)����
?
H

����g p(g|f)

p(f, z,θ|g) ∝ p(g|f) p(f|z) p(z|θ) p(θ)

Objective: Infer on f, z,θ

JMAP:

(̂f, ẑ, θ̂) = arg max(f ,z,θ) {p(f,θ|g)}

Marginalization:

p(f|g) =

∫∫
p(f, z,θ|g) dz dθ

p(z|g) =

∫∫
p(f, z,θ|g) df dθ

p(θ|g) =

∫∫
p(f, z,θ|g) df dz

VBA:
Approximate p(f, z,θ|g) by q1(f) q2(z) q3(θ)
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JMAP

(̂f, θ̂) = arg max
(f ,θ)

{p(p(f,θ|g)}

Alternate optimization: θ̂ = arg maxθ

{
p(̂f,θ|g)

}
f̂ = arg maxf

{
p(f, θ̂|g)

}
Main advantages:

I Simple

I Low computational cost

Main drawbacks:

I Convergence issues

I Uncertainties in each step are not accounted for
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Marginalization

I Marginal MAP: θ̂ = arg maxθ {p(θ|g)} where

p(θ|g) =

∫∫
p(f,θ|g) df ∝ p(g|θ) p(θ)

and then:

f̂ = arg max
f

{
p(f|θ̂, g)

}
or f̂ =

∫∫
f p(f|θ̂, g) df

I Main drawback: Needs the expression of the Likelihood:

p(g|θ) =

∫∫
p(g|f,θ1) p(f|θ2) df

Not always analytically available −→ EM, SEM and GEM
algorithms
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EM and GEM algorithms

I EM and GEM Algorithms: f as hidden variable,
g as incomplete data, (g, f) as complete data
ln p(g|θ) incomplete data log-likelihood
ln p(g, f|θ) complete data log-likelihood

I Iterative algorithm: E-step: Q(θ, θ̂(k)) = E
p(f |g,θ̂(k))

{ln p(g, f|θ)}

M-step: θ̂(k) = arg maxθ

{
Q(θ, θ̂(k−1))

}
I GEM (Bayesian) algorithm: E-step: Q(θ, θ̂(k)) = E

p(f |g,θ̂(k))
{ln p(g, f|θ) + ln p(θ)}

M-step: θ̂(k) = arg maxθ

{
Q(θ, θ̂(k−1))

}
p(f,θ|g) −→ EM, GEM −→ θ̂ −→ p(f|θ̂, g) −→ f̂
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JMAP, Marginalization, VBA

I JMAP:

p(f,θ|g)
optimization

−→ f̂

−→ θ̂

I Marginalization

p(f,θ|g)

Joint Posterior

−→ p(θ|g)

Marginalize over f

−→ θ̂ −→ p(f|θ̂, g) −→ f̂

I Variational Bayesian Approximation

p(f,θ|g) −→
Variational
Bayesian

Approximation

−→ q1(f) −→ f̂

−→ q2(θ) −→ θ̂
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Variational Bayesian Approximation

I Approximate p(f,θ|g) by q(f,θ) = q1(f) q2(θ)
and then use them for any inferences on f and θ respectively.

I Criterion: KL(q(f,θ|g) : p(f,θ|g))

KL(q : p) =

∫ ∫
q ln

q

p
=

∫ ∫
q1q2 ln

q1q2
p

I Iterative algorithm q1 −→ q2 −→ q1 −→ q2, · · · q̂1(f) ∝ exp
[
〈ln p(g, f,θ;M)〉q̂2(θ)

]
q̂2(θ) ∝ exp

[
〈ln p(g, f,θ;M)〉q̂1(f)

]

p(f,θ|g) −→
Variational
Bayesian

Approximation

−→ q1(f) −→ f̂

−→ q2(θ) −→ θ̂
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VBA, Free Energy, KL and Model selection

p(f,θ, g|M) = p(g|f,θ,M) p(f|θ,M) p(θ|M)

p(f,θ|g,M) =
p(f,θ, g|,M)

p(g|M)

KL(q : p) =

∫∫
q(f,θ) ln

p(f,θ|g;M)

q(f,θ)
df dθ

p(g|M) =

∫∫
q(f,θ)

p(g, f,θ|M)

q(f,θ)
df dθ

≥
∫∫

q(f,θ) ln
p(g, f,θ|M)

q(f,θ)
df dθ.

Free energy:

F(q) =

∫∫
q(f,θ) ln

p(g, f,θ|M)

q(f,θ)
df dθ

Evidence of the model M:

p(g|M) = F(q) + KL(q : p)
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VBA: Separable Approximation

p(g|M) = F(q) + KL(q : p)

q(f,θ) = q1(f) q2(θ)

Minimizing KL(q : p) = Maximizing F(q)

(q̂1, q̂2) = arg min
(q1,q2)

{KL(q1q2 : p)} = arg max
(q1,q2)

{F(q1q2)}

KL(q1q2 : p) is convexe wrt q1 when q2 is fixed and vise versa:{
q̂1 = arg minq1 {KL(q1q̂2 : p)} = arg maxq1 {F(q1q̂2)}
q̂2 = arg minq2 {KL(q̂1q2 : p)} = arg maxq2 {F(q̂1q2)} q̂1(f) ∝ exp

[
〈ln p(g, f,θ;M)〉q̂2(θ)

]
q̂2(θ) ∝ exp

[
〈ln p(g, f,θ;M)〉q̂1(f)

]
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VBA: Choice of family of laws q1 and q2

I Case 1 : −→ Joint MAP{
q̂1(f |̃f) = δ(f − f̃)

q̂2(θ|θ̃) = δ(θ − θ̃)
−→

f̃ = arg maxf

{
p(f, θ̃|g;M)

}
θ̃= arg maxθ

{
p(̃f,θ|g;M)

}
I Case 2 : −→ EM{
q̂1(f) ∝ p(f|θ, g)

q̂2(θ|θ̃) = δ(θ − θ̃)
−→

Q(θ, θ̃)= 〈ln p(f,θ|g;M)〉
q1(f |θ̃)

θ̃ = arg maxθ

{
Q(θ, θ̃)

}
I Appropriate choice for inverse problems{
q̂1(f) ∝ p(f|θ, g;M)
q̂2(θ) ∝ p(θ|f, g;M)

−→
{

Accounts for the uncertainties of

θ̂ for f̂ and vise versa.

Exponential families, Conjugate priors
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JMAP, EM and VBA
JMAP Alternate optimization Algorithm:

θ(0) −→ θ̃−→ f̃ = arg maxf

{
p(f, θ̃|g)

}
−→f̃ −→ f̂

↑ ↓
θ̂ ←− θ̃←− θ̃ = arg maxθ

{
p(̃f,θ|g)

}
←−f̃

EM:

θ(0) −→ θ̃−→ q1(f) = p(f|θ̃, g) −→q1(f) −→ f̂
↑ ↓

θ̂ ←− θ̃←−
Q(θ, θ̃) = 〈ln p(f,θ|g)〉q1(f)
θ̃ = arg maxθ

{
Q(θ, θ̃)

} ←− q1(f)

VBA:

θ(0) −→ q2(θ)−→ q1(f) ∝ exp
[
〈ln p(f,θ|g)〉q2(θ)

]
−→q1(f) −→ f̂

↑ ↓
θ̂ ←− q2(θ)←− q2(θ) ∝ exp

[
〈ln p(f,θ|g)〉q1(f)

]
←−q1(f)

A. Mohammad-Djafari, VBA for Learning and Inference in Hierarchical models, Seminar at AIGM, Grenoble, France, 12/42



Applications in Inverse problems

I Deconvolution

g(t) = h(t) ∗ f (t) + ε(t)→ g i =
∑
k

hk f i−k + εi → g = Hf + ε

Given h and g estimate f.

I System identification (Supervised Learning)

g(t) = h(t) ∗ f (t) + ε(t)→ g i =
∑
k

hk f i−k + εi → g = Fh + ε

Given f and g estimate h.

I Blind deconvolution (Learning and deconvolution)

g(t) = h(t) ∗ f (t) + ε(t)→ g = Hf + ε = Fh + ε

Given g estimate h and f.
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Applications in Factor Analysis
I PCA, ICA, NNMF, Blind Sources Separation (BSS)

gm(t) =
N∑

n=1

Am,nf n(t) + εm(t) −→ g(t) = Af(t) + ε(t)

I PCA, ICA: A mixing matrix, B separating matrix

g(t) = Af(t) −→ f̂(t) = Bg(t)

PCA: find B such that components of f̂(t) be, as much as
possible, uncorrelated.
ICA: find B such that components of f̂(t) be, as much as
possible, independent.

I Non-Negative Matrix Factorization (NNMF):

g(t) = Af(t) −→ G = AF

Given G find both A and F (Factorization).
I BSS: Given g(t) = Af(t) + ε(t) find both A and f(t)
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Measuring variation of temperature with a therometer

Forward model: Convolution

g(t) =

∫
f (t ′) h(t − t ′) dt ′ + ε(t)

f (t)−→
Thermometer

h(t) −→ g(t)

Inversion: Deconvolution

f (t) g(t)
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Deconvolution/Identification (1D case)

a) f (t) b) h(t)

c) g0(t) = h(t) ∗ g(t) d) g(t) = g0(t) + ε(t)

I Deconvolution: Given g(t) and h(t) estimate f (t).

I Identification: Given g(t) and f (t) estimate h(t).
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Deconvolution/Identification (1D case)

a) f (t) b) h(t)

c) g0(t) = h(t) ∗ g(t) d) g(t) = g0(t) + ε(t)

I Deconvolution: Given g(t) and h(t) estimate f (t).

I Identification: Given g(t) and f (t) estimate h(t).
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Making an image with an unfocused camera
Forward model: 2D Convolution

g(x , y) =

∫∫
f (x ′, y ′) h(x − x ′, y − y ′) dx ′ dy ′ + ε(x , y)

f (x , y) - h(x , y) -���+?
ε(x , y)

-g(x , y)

Inversion: Deconvolution

?
⇐=
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Deconvolution/Identification (2D case)

a) f (x , y) b) h(x , y)

c) g0(x , y) = h(x , y) ∗ f (x , y) d) g(x , y) = g0(x , y) + ε(x , y)

I Deconvolution: Given g(x , y) and h(x , y) estimate f (t).
I Identification: Given g(t) and f (x , y) estimate h(x , y).
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Deconvolution/Identification (2D case)

a) f (x , y) b) h(x , y)

c) g0(x , y) = h(x , y) ∗ f (x , y) d) g(x , y) = g0(x , y) + ε(x , y)

I Deconvolution: Given g(x , y) and h(x , y) estimate f (t).
I Identification: Given g(t) and f (x , y) estimate h(x , y).
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Deconvolution: Simple prior, Supervized case

g(t) = h(t) ∗ f (t) + ε(t) −→ g = Hf + ε

θ2

?

fp(f|θ2I)����
?

H

����g p(g|f, θ1)

θ1

?
ε����
�
��	

p(f|g,θ) ∝ p(g|f,θ1) p(f|θ2)

Objective: Infer f

MAP: f̂ = arg maxf {p(f|g,θ)}

Posterior Mean (PM): f̂ =

∫∫
f p(f|g,θ) df

A. Mohammad-Djafari, VBA for Learning and Inference in Hierarchical models, Seminar at AIGM, Grenoble, France, 21/42



Deconvolution: Simple Gaussian prior, Supervized case

g(t) = h(t) ∗ f (t) + ε(t) −→ g = Hf + ε

vf

?

fp(f|vf I)����
?

H

����g p(g|f, vε)

vε

?
ε����
�
��	

p(f|g,θ) ∝ p(g|f,θ1) p(f|θ2)

Objective: Infer f

Caussian case:p(g|f, vε) = N (g|Hf, vεI)∝ exp
[
−1
2vε
‖g − hf‖2

]
p(f|vf ) = N (f|0, vf I) ∝ exp

[
−1
2vf
‖f‖2

]
p(f|g, vε, vf ) ∝ exp

[−1
2 J(f)

]
MAP: f̂ = arg minf {J(f)} with
J(f) = 1

vε
‖g − |Hf‖2 + 1

vf
‖f‖2

Posterior Mean (PM)=MAP:
p(f|g,θ) = N (f |̂f, Σ̂)

f̂ = (HtH + vε
vf

I]−1Htg

Σ̂ = (HtH + vε
vf

I]−1
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Deconvolution: Simple prior, Unsupervized case
g(t) = h(t) ∗ f (t) + ε(t) −→ g = Hf + ε

β0

?

θ2����
?

α0

?

θ1����
?
ε����f����

?
H

����g

�
�
�	

p(f,θ|g) ∝ p(g|f,θ1) p(f|θ2) p(θ)

Objective: Infer (f,θ)

JMAP: (̂f, θ̂) = arg max(f ,θ) {p(f,θ|g)}
Marginalization 1:

p(f|g) =

∫∫
p(f,θ|g) dθ

Marginalization 2:

p(θ|g) =

∫∫
p(f,θ|g) df followed by:

θ = arg maxθ {p(θ|g)} → Simple case

MCMC Gibbs sampling:
f ∼ p(f|θ, g)→ θ ∼ p(θ|f, g) until convergence
Use samples generated to compute mean and variances

VBA: Approximate p(f,θ|g) by q1(f) q2(θ)
Use q1(f) to infer f and q2(θ) to infer θ
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Deconvolution: Simple prior, Unsupervized Gaussian case
g(t) = h(t) ∗ f (t) + ε(t) −→ g = Hf + ε

αf0 , βf0
?
vf����
?

αε0 , βε0
?
vε����
?
ε����f����

?
H

����g

�
��	

p(g|f, vε) = N (g|Hf, vεI)∝ exp
[
−1
2vε
‖g − hf‖2

]
p(f|vf ) = N (f|0, vf I) ∝ exp

[
−1
2vf
‖f‖2

]{
p(vε) = IG(vε|αε0 , βε0)
p(vf ) = IG(vf |αf0 , βf0)

p(f, vε, vf |g) ∝ p(g|f, vε) p(f|vf ) p(vε) p(vf )

JMAP: (̂f, v̂ε, v̂f ) = arg max(f ,vε,vf ) {p(f, vε, vf |g)}
Alternate optimization:

f̂ =
(

H′H + v̂ε
v̂f

I
)−1

H′g

v̂ε = β̃ε
α̃ε
, β̃ε = βε0 + ‖g −Hf̂‖2, α̃ε = αε0 + M/2

v̂f = β̃f
α̃f
, β̃f = βf0 + ‖f̂‖2, α̃f = αf0 + N/2

VBA: Approximate p(f, vε, vf |g) by q1(f) q2(vε) q3(vf )
Alternate optimization:
q1(f) = N (f|µ̃, Σ̃f )

q2(vε) = IG(vε|α̃ε, β̃ε)
q3(vf ) = IG(vε|α̃f , β̃f )
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Deconvolution: Simple prior, Unsupervized Gaussian case
JMAP: (̂f, v̂ε, v̂f ) = arg max(f ,vε,vf ) {p(f, vε, vf |g)}
Alternate optimization:

f̂ =
(

H′H + v̂ε
v̂f

I
)−1

H′g

v̂ε = β̃ε
α̃ε
, β̃ε = βε0 + ‖g −Hf̂‖2, α̃ε = αε0 + M/2

v̂f = β̃f
α̃f
, β̃f = βf0 + ‖f̂‖2, α̃f = αf0 + N/2

VBA: Approximate p(f, vε, vf |g) by q1(f) q2(vε) q3(vf )
Alternate optimization:
q1(f) = N (f|µ̃, Σ̃f )

q2(vε) = IG(vε|α̃ε, β̃ε)
q3(vf ) = IG(vε|α̃f , β̃f )

f̂ = µ̃ =
(

H′H + v̂ε
v̂f

I
)−1

H′g

Σ̃ =
(

H′H + v̂ε
v̂f

I
)−1

v̂ε = β̃ε
α̃ε
, β̃ε = βε0+ < ‖g −Hf̂‖2 >, α̃ε = αε0 + M/2

v̂f = β̃f
α̃f
, β̃f = βf0+ < ‖f̂‖2 >, α̃f = αf0 + N/2
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Sparsity enforcing models
I Generalized Gaussian model (p.c.: Double Exponential)

GG(f |α, β) ∝ exp
[
−α|f |β

]
I Student-t model (p.c.: Cauchy, heavy tailed)

St(f |ν) ∝ exp

[
−ν + 1

2
log
(
1 + f 2/ν

)]
I Infinite Gausian Scaled Mixture (IGSM) equivalence

St(f |ν) =

∫ ∞
0
N (f |, 0, 1/z)G(z |α, β) dz , with α = β = ν/2



p(f|z) =
∏

j p(fj |z j) =
∏

j N (fj |0, 1/z j) ∝ exp
[
−1

2

∑
j z j f

2
j

]
p(z|α, β) =

∏
j G(z j |α, β) ∝

∏
j z

(α−1)
j exp [−βz j ]

∝ exp
[∑

j(α− 1) ln z j − βz j
]

p(f, z|α, β) ∝ exp
[
−1

2

∑
j z j f

2
j + (α− 1) ln z j − βz j

]
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Deconvolution: Generalized Gaussian prior, Supervized

g(t) = h(t) ∗ f (t) + ε(t) −→ g = Hf + ε

α, β

?

vε

?
ε����f����

?
H

����g

�
��	

p(g|f, vε) = N (g|Hf, vεI) ∝ exp
[
−1
2vε
‖g − hf‖2

]
p(f|α, β) ∝ exp [−α‖f‖β] ∝ exp

[
−α

∑
j |f j |β

]
p(f|g, vε, α, β) ∝ p(g|f, vε) p(f|α, β)

MAP: f̂ = arg maxf {p(f|g, vε, α, β)}

Optimization:

f̂ = arg minf {J(f)}
with
J(f) = 1

2vε
‖g −Hf‖2 + α‖f‖β

= 1
2vε
‖g −Hf‖2 + α

∑
j |f j |β

Link with LASSO
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Deconvolution: Generalized Gaussian prior, Unsupervized
g(t) = h(t) ∗ f (t) + ε(t) −→ g = Hf + ε

αf0 , βf0
?
vf����
?

αε0 , βε0
?
vε����
?
ε����f����

?
H

����g

�
��	


p(g|f, vε) = N (g|Hf, vεI) ∝ exp

[
−1
2vε
‖g − hf‖2

]
p(f|α, β) ∝ exp [−α‖f‖β] ∝ exp

[
−α

∑
j |f j |β

]
p(f|vf , β) ∝ exp

[
− 1

2vf
‖f‖β

]
∝ exp

[
− 1

2vf

∑
j |f j |β

]{
p(vε) = IG(vε|αε0 , βε0)
p(vf ) = IG(vf |αf0 , βf0)

p(f, vε, vf |g, β) ∝ p(g|f, vε) p(f|vf ) p(vε) p(vf )

JMAP: (̂f, v̂ε, v̂f ) = arg max(f ,vε,vf ) {p(f, vε, vf |g)}
Alternate optimization:{
J(f) = 1

2vε
‖g −Hf‖2 + 1

2vf
‖f‖β

= 1
2vε
‖g −Hf‖2 + 1

2vf

∑
j |f j |β{

v̂ε = β̃ε
α̃ε
, β̃ε = βε0 + ‖g −Hf̂‖2, α̃ε = αε0 + M/2

v̂f = β̃f
α̃f
, β̃f = βf0 + ‖f̂‖β, α̃f = αf0 + N/2

VBA: Approximate p(f, vε, vf |g) by q1(f) q2(vε) q3(vf )
Alternate optimization:
q1(f) = N (f|µ̃, Σ̃f )

q2(vε) = IG(vε|α̃ε, β̃ε)
q3(vf ) = IG(vε|α̃f , β̃f )
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Deconvolution: Generalized Gaussian prior, Unsupervized
p(f, vε, vf |g, β) ∝ p(g|f, vε) p(f|vf ) p(vε) p(vf )

JMAP: (̂f, v̂ε, v̂f ) = arg max(f ,vε,vf ) {p(f, vε, vf |g)}
Alternate optimization:{
J(f) = 1

2vε
‖g −Hf‖2 + 1

2vf
‖f‖β

= 1
2vε
‖g −Hf‖2 + 1

2vf

∑
j |f j |β{

v̂ε = β̃ε
α̃ε
, β̃ε = βε0 + ‖g −Hf̂‖2, α̃ε = αε0 + M/2

v̂f = β̃f
α̃f
, β̃f = βf0 + ‖f̂‖β, α̃f = αf0 + N/2

VBA: Approximate p(f, vε, vf |g) by q1(f) q2(vε) q3(vf )
Alternate optimization:
q1(f) = N (f|µ̃, Σ̃f )

q2(vε) = IG(vε|α̃ε, β̃ε)
q3(vf ) = IG(vε|α̃f , β̃f )

f̂ = µ̃ =
(

H′H + v̂ε
v̂f

I
)−1

H′g

Σ̃ =
(

H′H + v̂ε
v̂f

I
)−1

v̂ε = β̃ε
α̃ε
, β̃ε = βε0+ < ‖g −Hf̂‖2 >, α̃ε = αε0 + M/2

v̂f = β̃f
α̃f
, β̃f = βf0+ < ‖f̂‖2 >, α̃f = αf0 + N/2
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Deconvolution: Nonstationnary noise, Student-t prior
g(t) = h(t) ∗ f (t) + ε(t) −→ g = Hf + ε

αf0 , βf0
?

vf����
?

αε0 , βε0
?

vε����
?
ε����f����

?
H

����g

�
��	

{
p(g|f, vε) = N (g|Hf,Vε), Vε = diag [vε]
p(f|vf ) = N (g|0,Vf ), Vf = diag [vf ]{
p(vε) =

∏
i IG(vεi |αε0 , βε0)

p(vf ) =
∏

i IG(vfj |αf0 , βf0)

p(f, vε, vf |g) ∝ p(g|f, vε) p(f|vf ) p(vε) p(vf )

JMAP: (̂f, v̂ε, v̂f ) = arg max(f ,vε,vf )
{p(f, vε, vf |g)}

Alternate optimization:
f̂ =

(
H′Vε

−1H + Vf
−1)−1 H′g

v̂εi = β̃ε
α̃ε
, β̃ε = βε0 + (g i − [Hf̂]i )

2, α̃ε = αε0 + 1/2

v̂f j = β̃f
α̃f
, β̃f = βf0 + (f̂ j)

2, α̃f = αf0 + 1/2

VBA: Approximate p(f, vε, vf |g) by q1(f) q2(vε) q3(vf )
Alternate optimization:
q1(f) = N (f|µ̃, Σ̃f )

q2(vεi ) = IG(vεi |α̃εi , β̃εi )
q3(vfj ) = IG(vε|α̃fj , β̃fj )
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Deconvolution results 1

a) f (t) and g(t) b) f (t) and f̂ (t)

c) g(t) and ĝ(t) d) f (t) and Thresholded f̂ (t)
A typical result obtained with VBA: a) f (t) and g(t), b) f (t) and
f̂ (t) c) g(t) and ĝ(t) and d) f (t) and thresholded f̂ (t). The
relative distances between f (t) and f̂ (t) and between g(t) and
ĝ(t) and the number of missing values (mv) and the number of
false alarms (fa) are given.
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Deconvolution with sparse dictionnary prior

g = Hf + ε, f = Dz, z sparse, g = HDz + ε → f̂ = Dẑ.

αz0 , βz0
?

vz����
?

z����
?D

αε0 , βε0
?
vε����
?

f����
�

�
�	

ε����
?

H

����g

{
p(g|z, vε) = N (g|HDz, vεI)
p(z|vz) = N (z|0,Vz), Vz = diag [vz ]{
p(vε) = IG(vε|αε0 , βε0)
p(vz) =

∏
i IG(vz j |αz0 , βz0)

p(z, vε, vz |g) ∝p(g|z, vε) p(z|vz)
p(vε) p(vz)

JMAP:
(ẑ, v̂ε, v̂z) = arg max

(z,vε,vz )
{p(z, vε, vz |g)}

Alternate optimization.

VBA: Approximate
p(z, vε, vz |g) by q1(z) q2(vε) q3(vz)
Alternate optimization.
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Deconvolution with sparse dictionnary prior

αz0 , βz0
?

vz����
?

z����
?D

αε0 , βε0
?

vε����
?

αξ0 , βξ0
?
v ξ����
?����ξ
@
@R f����

�
�
�	

ε����
?

H

����g

g = Hf + ε, f = Dz + ξ, z sparse
p(g|f, vε) = N (g|Hf,Vε), Vε = diag [vε]
p(f|z) = N (f|Dz, v ξI),
p(z|vz) = N (z|0,Vz), Vz = diag [vz ]
p(vε) =

∏
i IG(vεi |αε0 , βε0)

p(vz) =
∏

i IG(vz j |αz0 , βz0)
p(v ξ) = IG(v ξ|αξ0 , βξ0)

p(f, z, vε, vz |g) ∝p(g|f, vε) p(f|zf ) p(z|vz)
p(vε) p(vz) p(v ξ)

JMAP:

(̂f, ẑ, v̂ε, v̂z , v̂ ξ) = arg max
(f ,z,vε,vz ,vξ)

{p(f, z, vε, vz , v ξ|g)}

Alternate optimization.

VBA: Approximate
p(f, z, vε, vz , v ξ|g) by q1(f) q2(z) q3(vε) q4(vz) q5(v ξ)
Alternate optimization.
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Deconvolution/PSF Identification/Blind Deconvolution

g(t) = h(t) ∗ f (t) + ε(t) −→ g = Hf + ε = Fh + ε

Deconvolution Identification
g = H f + ε g = F h + ε

p(g|f) = N (g|Hf,Σε = vεI) p(g|h) = N (g|Fh,Σε = vεI)
p(f) = N (f|0,Σf = vf [D′f Df ]−1) p(h) = N (f|0,Σh = vh[D′hDh]−1)

p(f|g) = N (f |̂f, Σ̂f ) p(h|g) = N (f|ĥ, Σ̂h)

Σ̂f = vε[H
′H + λf D′f Df ]−1 Σ̂h = vε[F

′F + λhD′hDh]−1

f̂ = [H′H + λf D′f Df ]−1H′g ĥ = [F′F + λhD′hDh]−1F′g

I Blind Deconvolution: Joint posterior law:

p(f,h|g) ∝ p(g|f,h) p(f) p(h)

p(f,h|g) ∝ exp [−J(f,h)]

with J(f,h) = ‖g −Hf‖2 + λf ‖Df f‖2 + λh‖Dhh‖2

I iterative algorithm
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Blind Deconvolution: Unsupervized Gaussian case

g(t) = h(t) ∗ f (t) + ε(t) −→ g = Hf + ε = Fh + ε

αf0

βf0
?

vf����
?

f����
?

g����

αε0
βε0
?
vε����
?
ε����

αh0

βh0
?

vh����
?

h����
�
�	

@
@R


p(g|f, vε) = N (g|Hf, vεI)
p(f|vf ) = N (f|0,Vf )
p(h|vh) = N (h|0,Vh)
p(vε) = IG(vε|αε0 , βε0)
p(vf ) =

∏
j IG(vf k |αf0 , βf0)

p(vh) =
∏

k IG(vfj |αf0 , βf0)

p(f,h, vε, vf , vh|g) ∝ p(g|f, vε) p(f|vf ) p(h|vh)
p(vε) p(vf ) p(vh)

JMAP: (̂f, v̂ε, v̂f ) = arg max(f ,vε,vf ) {p(f, vε, vf |g)}
VBA:
Approximate p(f,h, vε, vf , vh|g) by
q1(f) q2(h) q3(vε) q4(vf ) q5(vh)
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Super-resolution: Unsupervized Gaussian case

gk(x , y) = hk(x , y)∗f (x , y)+εk(x , y) −→ gk = D(Hk f+εk) = D(Fhk+εk)

αf0

βf0
?

vf����
?

f����
?

g0����
?D

g����

αε0
βε0
?

v εk����
?
εk����

αu0

βu0
?

uk����
?

hk����
�
�	

@
@R

{
p(gk |f, vε) = N (g|Hf, v εk I)
p(f|vf ) = N (f|0, vf I){
p(vε) = IG(vε|αε0 , βε0)
p(vf ) = IG(vf |αf0 , βf0)

p(f, vε, vf |g) ∝ p(g|f, vε) p(f|vf ) p(vε) p(vf )

JMAP: (̂f, v̂ε, v̂f ) = arg max(f ,vε,vf ) {p(f, vε, vf |g)}
Alternate optimization:

f̂ =
(

H′H + v̂ε
v̂f

I
)−1

H′g

v̂ε = β̃ε
α̃ε
, β̃ε = βε0 + ‖g −Hf̂‖2, α̃ε = αε0 + M/2

v̂f = β̃f
α̃f
, β̃f = βf0 + ‖f̂‖2, α̃f = αf0 + N/2

VBA: Approximate p(f, vε, vf |g) by q1(f) q2(vε) q3(vf )
Alternate optimization:
q1(f) = N (f|µ̃, Σ̃f )

q2(vε) = IG(vε|α̃ε, β̃ε)
q3(vf ) = IG(vε|α̃f , β̃f )A. Mohammad-Djafari, VBA for Learning and Inference in Hierarchical models, Seminar at AIGM, Grenoble, France, 36/42



Blind Deconvolution:
Variational Bayesian Approximation algorithm

I Joint posterior law:

p(f,h|g) ∝ p(g|f,h) p(f) p(hh)

I Approximation: p(f,h|g) by q(f,h|g) = q1(f) q2(h)

I Criterion of approximation: Kullback-Leiler

KL(q|p) =

∫
q ln

q

p
=

∫
q1 q2 ln

q1 q2
p

KL(q1 q2|p) =

∫
q1 ln q1 +

∫∫
q2 ln q2 −

∫
q ln p

= −H(q1)−H(q2) + 〈− ln p((f,h|g)〉q

I When the expression of q1 and q2 are obtained, use them.
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Joint Estimation of h and f with a Gaussian prior model..
I Joint MAP:

h(0) −→ H−→ f̂ =
(
H′H + λf I

)−1
H′g −→ f̂

↑ ↓

ĥ←− ĥ =
(
F′F + λhI

)−1
F′g ←−F

I VBA:

h(0) −→ H

Σ
(0)
h −→ Σh

−→
−→

f̂ =
(

H′Σ̂−1h H + λf Σf

)−1
H′g

Σ̂f = σ2ε (H′Σ̂hH + λf Σf )−1

−→
−→

f̂

Σ̂f

⇑ ⇓

ĥ

Σ̂h

←−
←−

ĥ =
(

F′Σ̂−1f F + λhΣh

)−1
F′g

Σ̂h = σ2ε (F′Σ̂f F + λhΣh)−1

←−
←−

F
Σf

I Link with Message Passing and Belief Propagation methods
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JMAP, EM and VBA for Bayesian BSS
g(t) = Af(t) + ε(t)

JMAP Alternate optimization Algorithm:

A(0) −→ Ã−→ f̃ = arg maxf

{
p(f, Ã|g)

}
−→ f̃ −→ f̂

↑ ↓
Â←− Ã←− Ã = arg maxA

{
p(̃f,A|g)

}
←−f̃

EM:

A(0) −→ Ã−→ q1(f) = p(f|Ã, g) −→q1(f) −→ f̂
↑ ↓

Â←− Ã←−
Q(A, Ã) = 〈ln p(f,A|g)〉q1(f)
Ã = arg maxA

{
Q(A, Ã)

} ←− q1(f)

VBA:

A(0) −→ q2(A)−→ q1(f) ∝ exp
[
〈ln p(f,A|g)〉q2(A)

]
−→q1(f) −→ f̂

↑ ↓
Â←− q2(A)←− q2(A) ∝ exp

[
〈ln p(f,A|g)〉q1(f)

]
←−q1(f)
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VBA with Scale Mixture Model of Student-t priors
Scale Mixture Model of Student-t:

St(f j |ν) =

∫ ∞
0
N (f j |0, 1/z j)G(z j |ν/2, ν/2) dz j

Hidden variables z j :

p(f|z) =
∏

j p(f j |z j) =
∏

j N (f j |0, 1/z j) ∝ exp
[
−1

2

∑
j z j f

2
j

]
p(z j |α, β) = G(z j |α, β) ∝ z

(α−1)
j exp [−βz j ] with α = β = ν/2

Cauchy model is obtained when ν = 1:

I Graphical model:

αz0, βz0- nz - f����
?

����g����ε -

nH
@Rnzε -αε0 , βε0

-
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VBA with Student-t priors Algorithm

p(g|f, zε) = N (g|Hf, (1/zε)I)
p(zε|αz0, βz0) = G(zε|αz0, βz0)
p(f|z) =

∏
j N (f j |0, 1/z j)

p(z|α0, β0) =
∏

j G(z j |α0, β0)

q1(f|µ̃, Σ̃) = N (f|µ̃, Σ̃)

µ̃ = 〈λ〉q Σ̃H′g

Σ̃ = (〈λ〉q H′H + Z̃)−1,

with Z̃ = z̃−1 = diag [z̃]



q2j(z j) = G(z j |α̃j , β̃j)
α̃j = α00 + 1/2

β̃j = β00+ < f 2j > /2

q3(zε) = G(zε|α̃zε, β̃zε),
α̃zε = αz0 + (n + 1)/2

β̃zε = βz0 + 1/2[‖g‖2
−2 〈f〉′q H′g + H′ 〈ff ′〉q H]



< f >= µ̃

< ff ′ >= Σ̃ + µ̃µ̃′

< f 2j >= [Σ̃]jj + µ̃2
j

λ̃ = α̃z/β̃z

z(t)j = α̃j/β̃j

λ̃−→

z̃−→

q1(f |̃z, λ̃) = N (̃f, Σ̃)

f̃ = λ̃Σ̃H′g
Σ̃ = (λ̃H′H + z̃−1)−1

f̃−→

Σ̃−→

q2j (z j |̃f) = G(z j |α̃j , β̃j )

α̃j = α00 + n+1
2

β̃j = β00 + 1
2

〈
f 2j

〉
q

z(t)j = α̃j/β̃j

f̃−→
Σ̃−→

z(t)j−→

q3(τ |̃f) = G(τ |α̃z , β̃z )

α̃z = αz0 + n+1
2

β̃z = βz0 + 1
2
[‖g‖2

− 2 < f >′ H′g + H′ < ff′ > H]

λ̃ = α̃z/β̃z

λ̃−→

z̃−→
6

6
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Open problems

I Other factorizations

p(f, z,θ|g) ' q1(f) q2(z) q3(θ)

or
p(f, z,θ|g) '

∏
j

q1j(f j) q2j(z j)
∏
k

q3k(θ)

I VBA with separable approximation insures the equality of
expected values (first moments). How about the second order
or higher moments?

I Optimization by other methods than alternate optimization

I Convergence of algorithms

I How to measure the quality of different approximations?

I Application in real problems

A. Mohammad-Djafari, VBA for Learning and Inference in Hierarchical models, Seminar at AIGM, Grenoble, France, 42/42


