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The g-Potts Model

Let be G a connected graph with n vertices.
Partition function Z(G,q,v Z e PH;

{on}
The Hamiltonian : H=—J ) " 45,5, with
<i,j>
- g; = 1...q spin variables on each vertex i.

-B=(keT)"

- < i,j > denotes pairs of adjacent vertices.

We denote ,/qv = el —1=¢l/(keT) _ 1,
fv>0<0<T,J>0, for the Potts ferromagnet.

If -1<,/qgv<0&0<T,J <0, for the Potts antiferromagnet.
We call the half plane Re(v) > 0: the ferromagnetic region.
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Pressure and Tutte polynomial

@ Pressure function :
p(G.q.v) = lim In(Z(G.q.v)"/").
@ Relation between partition function and Tutte polynomial
Z2(G,q,v) = (x = 1)(y = 1)"T(G,x,y)

_ T x=1+,/q/v
on the curve (x — 1)(y 1)—q<:>{y:1+\/av

z=x+y—-2=,/q(v+1/v).
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Particular cases of the Tutte polynomial

The chromatic polynomial

P(G,q) = q(—l)”Jr1 T(G,x=1—-q,y=0)

T(G,1,1) number of spanning trees

T(G,2,1) number of spanning forests, (or independent sets)
T(G,2,2) number of spanning subgraphs

T(G,1,2) number of spanning connected subgraphs
T(G,2,0) number of acyclic orientations

T(G,0,2) number of totally cyclic orientations

If G =G*then T(G,x,y)=T(G,y,x)
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Conjecture of Chen, Hu and Wu (1996)

Conjecture of Chen, Hu and Wu (1996)

For finite planar self~-dual lattices and for square lattice with free or
periodic boundary conditions in the thermodynamic limit, the Potts
partition zeros in the Re(v) > 0 half plane are located on the unit
circle |v| = 1.

Graph C : a cycle with an edge of multiplicity three. The Tutte
polynomial of C on the hyperbola with ¢ = 16:

T(C,z) = 2° 4 62% + 12z + 218.

One not positive real root (—2 — (210)'/3) and two conjugated
roots with not negative real part ((210)'/3 /2 — 2 4+ i(210)/31/3/2).
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Useful tools

Let D be a connected open set in C, and let
Q1,. .., QM A1, ..., Ay be analytic functions on D, none of which
is identically zero. For each integer n >0, let define

Zak )k (2)]"

Z(fy) ={ze€ D: f,(z) =0}
- liminf Z(f,) = {z € D : every neighborhood U > z has a
nonempty intersection with all but finitely many of the sets Z(f,)}.
- limsup Z(f,) = {z € D : every neighborhood U > z has a
nonempty intersection with infinitely many of the sets Z(f,)}.
Let k be a dominant subscript z if |Ax(2)| > |A/(2)] for all

le{l...M}.
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Beraha Kahane Weiss theorem

Theorem

Let D be a domain in C, and let \y,... Ay, a1,...,ap be analytic
functions on D, none of which is identically zero. There do not
exist subscripts k # k' such that A\, = wA, for some constant w
with |w| =1 and such that {z € D : k is dominant atz}

(= {z € D : k' is dominant atz}) has nonempty interior. Vn > 0,

M
f(2) = Y o(2)Me(2)"
k=1

Then liminfZ(f,) = limsup Z(f,), z lies in this set if and only if
(a) There is a unique dominant subscript k at z, and ay(z) = 0; or
(b) There are two or more dominant subscripts at z.

o
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Vitali's convergence theorem

Theorem

Let pn(z) be a sequence of functions, each regular in a region D.
Assume that it exists a constant B as |pp(z)| < B for every n and
for all z € D. If p,(z) tends to a limit as n — oo at a set of points
having a limit point inside D, then p,(z) tends uniformly to a limit
in any region bounded by a contour interior to D: the limit
therefore being an analytic function of z.

Jean-Michel Billiot, Franck Corset, Eric Fontenas Unicity of q-Potts measure on a family of self-dual graphs



Analyticity of the pressure
General results 2lyticity ne press

General results

Pﬂz

[0, ()AL (N + Bay ()03, (2))7]

k=1
where M\f (z) and A} (z) are the solutions of

X?—(z4+24a)X+z+qg+1=0
with a, € [0, q].

M (2) = % <z+2+akj:\/(z+ak)24(qak)>.

A2, (2) be the solution between A} (z) and A, (z) with the greatest
magnitude. {c,,,Ba,, k = 1..M} are such that f, stays a
polynomial function in the variable z.
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Analyticity of the pressure

General results

ay = supy_1..n ak and a; = infy_y a1 ay.
Dy_oo—ay—2y={z=c+id;(c,d) € R2, ¢ < —a, — 2},

caieoi ={z=c+id;(c,d) € R?, c > —a}.
1+ [

Theorem

There exists only one dominant eigenvalue at z:

-Vz € DI, 400 \ 1€ € [~a),5up(—ay, —au +2/q — ay)], d = 0},
Aa,(2) is the dominant eigenvalue.

-Vz € D]—oo,—au—2[ \ {C “

[inf(—a, — 2, —a; — 2y/q — aj), —a, — 2], d =0}, A, (2) is the
dominant eigenvalue.

Taking pn(z) = L(fn(z)),

n
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Analyticity of the pressure

Corollary

We have

° IfVze Dj_, oo\ {c €
[—ay,sup(—aj, —ay +21/q — ay)], d =0}, aa,(z) # 0 then
pn(z) — In[A,,(2)] as n — oo.

o IfVze Do 5,21\ {cE
[inf(—a, —2,—a; — 2/q — aj), —a, — 2|, d =0}, Ba,(2) #0
then pp(z) — In[A;,(2))] as n — oo.

Both limits are analytic functions of z respectively on subsets
D]fa,,Jroo[ \ {C S [—a[,SUp(—a[, —ay + 2\/ q— au)]7 d=

0} (1B((0.0), K) and Di_se,_s, o\ {c €

[inf(—ay, — 2, —a; — 2\/q — a;),—a, — 2], d =0} B((0,0), K).
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Strip of triangles with a double edge: G,
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The Tutte polynomial of G,

1—1 o—1
T(Gr) = it + 22— g,
M1 — p2 M2 — H1

On the hyperbola (x — 1)(y — 1) = q, these eigenvalues are of the
form introduced before with a = 1.

T(Gn) = a1 (2N ()" + f1(2) A1 (2))

. _ XN @~1 M@=t
with a1 (z) = NG and f1(z) = INOEYEL
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Proposition

For the family of graphs (Gn)n>0, the location of the degeneration
of the dominant eigenvalue is described in the z complex plane:

-Vg>2
M (2) = M (2)] =
d=0,ce[-1-2yg—1,-1+2\/q—1]
-Vqell,2]

L d=0,ce[-1-2/g=T,—1+2/g=T]
@)= Pt = Rt nsle

-
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Proposition

For the family of graphs (Gn)n>0, the location of the degeneration
of the dominant eigenvalue is described in the v complex plane:
-ifq €[1,25/16]
6 € [arccos(— 1+22\/—Vq L), arccos(= 1*22\/_Vq 2vady g
orve F(C((_q - 170)72 - q))
6 € [arccos(— 1+2\fv ), 7], r=1
-ifq€[25/16,2] § or0=m, re[l/n,n]
orveF(C((—g—1,0),2—q)).

—142\/g—1
ifg>2 0 € [arccos(—5L1— NG ), 7w, r=1
or=m,rell/n;n]

with ri and 1/ry the roots of the polynomial

Varr = (1+2y/q=1)r+,/g=0.
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The wheel: B,
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The Tutte polynomial of B,

T(Bn)=(xy —x—y—1)4pf + ps.

On the hyperbola (x — 1)(y — 1) = q, these eigenvalues are of the
form introduced before with a =1 for {1, u2} and a = ¢ for the
eigenvalue 1. The Tutte polynomial can be written as :

T(Bn) = (9 = 2)\g ()" + M (2)]" + [A{ (2)]"

where A\ (z) = 1.
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Proposition
For the family of graphs (B,)n>0. the location of the degeneration

of the dominant eigenvalue is described in the z-complex plane:
-Vq € [1,5], g # 2, when |\](2)| = |A\{(2)| > 1 or |\i(2)| =1

ce[-¢,-14+2y/q—1] and d=0
= { or

ce[-(q+5)/2,—q]  and d?=—(c+q)?5FL

-Vq > 5, when |\ (2)| = |A\[ (2)| > 1

=ce[-1-2y/g—1,-1+2/g—1] andd=0.

- For g = 2, when |\{ (2)| = |\{ (2)|

=ce[-3,1],d=0.
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Cycle with an edge of multiplicity n: C,
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Strip of triangles with a double edge: G,
The wheel: B,

Examples Cycle with an edge of multiplicity n: Cp,

The Tutte polynomial of C,;:

XY e )"
L oy T v L s I o T P V&

On the hyperbola (x — 1)(y — 1) = q, these eigenvalues are of the
form introduced before with a = 0 for {x,y} and with a = g for

{1, xy}.

T(6n) = 2D @+ 20 @+ = @+ =g ()"
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Strip of triangles with a double edge: G,
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Proposition

For the family of graphs (Gn.n)n>0, the location of the degeneration
of the dominant eigenvalue is described in the complex plane using
respectively variable z and v as follows:

Vg > 1, when |o(2)] = [Ag(2)]

> {(c,d) € R’ cec[-2-q/2,—q/2],

2
d2=—(2c+q+4) {%}

— Vv E A,\/ﬁ/z @) C((*l/\/a,O), 1/\/6)

where A_ /2 is the line Re(v) = —/q/2 and

C((-1/4/q,0),1/,/q) denotes the circle of center (—1/,/q,0) and
of radius 1/.,/9.

-
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Concluding remarks

Concluding remarks

- Include different class of self dual graphs.

- Find other explicit form of eigenvalues.

- Conjecture for other infinite self dual graphs?

- Deep exploration of the antiferromagnetic region.
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